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1. INTRODUCTION 


I have divided this introductory chapter into two blocks. From the research point of view, this thesis is devoted to the 
study of multi-mode quantum phenomena in optical parametric oscillators (OPOs), which, as will become clear as one 
goes deeper into the dissertation, means the generation of squeezed states of light; in the first part of this introduction 
I review what these class of states are, and comment on the state of the art of their generation and applications. On 
the other hand, from a thematic perspective this thesis is quite unusual: Two-thirds of the dissertation are devoted to 
a self-contained text about the fundamentals of quantum optics as applied to the field of squeezing and entanglement, 
and specially to the modeling of OPOs, while only one-third of it is devoted to the original research that I have 
developed during my PhD student years; a detailed discussion about the organization of the thesis is then tackled in 
the second part of this introduction. 

1.1 Squeezed states of light: Generation and applications 

One of the most amazing predictions offered by the quantum theory of light is what has been called vacuum fluctuations: 
Even in the absence of photons (vacuum), the value of the fluctuations of some observables are different from zero. 
These fluctuations cannot be removed by improving the experimental instrumental, and hence, they are a source of 
non-technical noise (quantum noise), which seems to establish a limit for the precision of experiments involving light. 

During the late 1970s and mid-1980s, ways for overcoming this fundamental limit were predicted and experimentally 
demonstrated [T]. In the case of the quadratures of light (equivalent to the position and momentum of a harmonic 
oscillator), the trick was to eliminate (squeeze) quantum noise from one quadrature at the expense of increasing the 
noise of its canonically conjugated one in order to preserve their Heisenberg uncertainty relation. States with this 
property are called squeezed states, and they can be generated by means of nonlinear optical processes. Even though 
the initial experiments were performed with materials having third order nonlinearities [2] , nowadays the most widely 
used nonlinear materials are x^^D^rystals, whose induced polarization has a quadratic response to the applied light 
field [3] . Inside such crystals it takes place the process of parametric-down conversion, in which photons of frequency 
2a;o are transformed into correlated pairs of photons at lower frequencies uji and UJ 2 such that 2a;o = uji + when 
working at frequency degeneracy wi = a ;2 = wq, the down-converted held can be shown to be in a squeezed state [1]. 

In order to increase the nonlinear interaction, it is customary to introduce the nonlinear material inside an optical 
cavity; when x^^D^rystals are used, such a device is called an optical parametric oscillator (OPO). To date, the 
best squeezing ever achieved is a 93% of noise reduction with respect to vacuum [3] (see also mm), and frequency 
degenerate optical parametric oscillators (DOPOs) are the systems holding this record. 

Apart from fundamental reasons, improving the quality of squeezed light is an important task because of its 
applications. Among these, the most promising ones appear in the helds of quantum information with continuous 
variables mm ( as mixing squeezed beams with beam splitters offers the possibility to generate multipartite entangled 
beams [Hllin]) and high-precision measurements (such as beam displacement and pointing measurements [111 112] or 
gravitational wave detection mm- 

In this thesis we offer new phenomena with which we hope to help increasing the capabilities of future optical 
parametric oscillators as sources of squeezed light. 

1.2 Overview of the thesis 

1.2.1 The quantum optics behind squeezing, entanglement, and OPOs. 

As I have already commented, most of this dissertation is not dedicated to actual research, but to a self-contained 
introduction to the physics of squeezing, entanglement, and OPOfl Let me first expose the reasons why I made this 
decision. 

^ There are several books which talk about many of the questions that I introduce in this part of the dissertation, see for example 

[l5l[T6 l [Tn[T8l[T9l[20l[2Tl[ ^ [3l[ ^ [24 l [^. 
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First of all, after four years interiorizing the mathematical language and physical phenomena of the quantum 
optics field, I’ve come to develop a certain personal point of view of it (note that “personal” does not necessarily mean 
“novel”, at least not for every aspect of the field). I felt like this dissertation was my chance to proof myself up to 
what point I have truly made mine this field I will be supposed to be an expert in (after completion of my PhD); I 
believe that evaluation boards could actually evaluate the PhD candidate’s expertise more truthfully with this kind 
of dissertation, rather than with one built just by gathering in a coherent, expanded way the articles published over 
his/her post-graduate years. 

On the other hand, even though there is a lot of research devoted to OPOs and squeezing in general, it doesn’t 
exist (to my knowledge) any book in which all the things needed to understand this topic are explained in a fully 
self-contained way, specially in the multi-mode regime in which the research of this thesis focuses. As a PhD student, 
I have tried to make myself a self-contained composition of the field, spending quite a long time going through all the 
books and articles devoted to it that I’ve become aware of. I wanted my thesis to reflect this huge part of my work, 
which I felt that could be helpful for researchers that would like to enter the exciting field of quantum optics. 

Let me now make a summary of what the reader will find in this first two-thirds of the thesis (numbering of this 
list’s items follows the actual numbering of the dissertation chapters, see the table of contents): 

El The true starting point of the thesis is Appendix El The goal of this chapter is the formulation of the axioms of 
quantum mechanics as I feel that are more suited to the formalism to be used in quantum optics. 

In order to properly introduce these, I first review the very basics of classical mechanics making special emphasis 
on the Hamiltonian formalism and the mathematical structure that observable quantities have on it. I then 
summarize the theory of Hilbert spaces, putting special care in the properties of the infinite-dimensional ones, 
as these are the most relevant ones in quantum optics. 

After a brief historical quote about how the quantum theory was built during the first third of the XX century, 
I introduce the axioms of quantum mechanics trying to motivate them as much as possible from three points of 
view: Mathematical consistency, capacity to incorporate experimental observations, and convergence to classical 
physics in the limits in which we know that it works. 

I decided to relegate this part to an appendix, rather to the first chapter, because I felt that even though some 
readers might find my formulation and motivation of the axioms a little bit different than what they are used 
to, in essence all what I explain here is supposed to be of common undergraduate knowledge, and I preferred to 
start the thesis in some place new for any person coming from outside the field of quantum optics. 

[21 In the second chapter I introduce the quantum description of the one-dimensional harmonic oscillator (which I 
show later to be of fundamental interest for the quantum theory of light), and study different properties of it. 
In particular, I start by showing that its associated Hilbert space is infinite-dimensional, and that its energy is 
quantized. Furthermore, I explain that the energy of the oscillator is not zero in its quantum mechanical ground 
state (the vacuum state) owed to uncertainties on its quadratures, which are just dimensionless versions of its 
position and momentum. 

I then introduce some special quantum mechanical states of the oscillator. First, coherent states as the states 
which allow us to make the correspondence between the quantum and classical descriptions, that is, the states 
whose associated experimental statistics lead to the observations expected for a classical harmonic oscillator; I 
discuss in depth how when the oscillator is in this state, its amplitude and phase are affected by the vacuum 
fluctuations. 

I introduce then the main topic of the thesis: The squeezed states. To motivate their definition, I first explain 
how the phase and amplitude fluctuations can destroy the potential application of oscillators as sensors when 
the signals that we want to measure are tiny, and define squeezed states as states which have the uncertainty 
of its phase or amplitude below the level that these have in a coherent or vacuum state. I also show how to 
generate them via unitary evolution, that is, by making the oscillator evolve with a particular Hamiltonian. 
Entangled states of two oscillators are introduced immediately after. In order to motivate them, I first show how 
their conception lead Einstein, Podolsky, and Rosen to believe that they had proved the inconsistency of quantum 
mechanics; their arguments felt so reasonable, that this apparent paradox was actually a puzzle for several 
decades. I then define rigorously the concept of entangled states, explaining that they can be understood as 
states in which the oscillators share correlations which go beyond what is classically allowed, what is accomplished 
by making use of the superposition principle, the main difference between the classical and quantum descriptions. 
I also show that these states can be generated via unitary evolution, and build a specially important class of 
such states: The two-mode squeezed vacuum states. 

In this same section I will be able to introduce the first original result of the thesis nanz]: I show how by adding 
or subtracting excitations locally on the oscillators, the entanglement of these class of states can be enhanced; I 
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developed this part of the work at the Massachusetts Institute of Technology in collaboration with Raul Garcia- 
Patron, Nicolas Cerf, Jeff H. Shapiro, and Seth Lloyd during a three-months visit to that institution in 2010. 
In the last part of this chapter I explain how one can make a quantum mechanical formulation of the harmonic 
oscillator relying solely on distributions in phase space. This appears to suggest that quantum mechanics enters 
the dynamics of classical systems just as additional noise blurring their trajectories in phase space; however, I 
quickly show that, even though this picture can be quite true for some quantum mechanical states, it is not the 
case in general, as this quantum mechanical phase space distributions do not correspond to probability density 
functions in the usual sense. 

I pay particular attention to one of such distributions, the positive P distribution, as during the thesis I make 
extensive use of it. In the last section of the chapter I show how thanks to it one can reduce the dynamics of the 
oscillator to a finite set of first order differential equations with noise (stochastic Langevin equations), which in 
general are easier to deal with than the quantum mechanical evolution equations for the state of the oscillator 
(von Neumann equation) or its observables (Heisenberg equations). 

[3] The third chapter is devoted to the quantum theory of light. In the first section I review Maxwell’s theory 
of electromagnetism, showing that in the absence of sources light satisfies a simple wave equation, and finally 
defining the concept of spatial modes of light as the independent solutions of this equation consistent with the 
physical boundary conditions of the particular system to be studied. Then I prove that the electromagnetic 
field in free space can be described as a mechanical system consisting of a collection of independent harmonic 
oscillators —one for each spatial mode of the system (which in this case are plane-waves)—, and then proceed to 
develop a quantum theory of light by treating quantum mechanically these oscillators. The concept of photons 
is then linked to the excitations of these electromagnetic oscillators. 

The reminder of the chapter is devoted to the quantization of optical beams inside an optical cavity. In order 
to do this, I first find the spatial modes satisfying the boundary conditions imposed by the cavity mirrors (the 
so-called transverse modes), showing that, in general, modes with different transverse profiles resonate inside 
the cavity at different frequencies. In other words, the cavity acts as a filter, allowing only the presence of 
optical beams having particular transverse shapes and frequencies. In the last section I prove that, similarly to 
free space, optical beams confined inside the cavity can be described as a collection of independent harmonic 
oscillators, and quantize the theory accordingly. 

m Real cavities have not perfectly reflecting mirrors, not because they don’t exist, but rather because we need 
to be able to inject light inside the resonator, as well as study or use in applications the light that comes out 
from it. In this fourth chapter I apply the theory of open quantum systems to the case of having one partially 
transmitting mirror. 

The first step is to model the open cavity system, what I do by assuming that the intracavity mode interacts 
with a continuous set of external modes having frequencies around the cavity resonance. Then, I study how the 
external modes affect the evolution of the intracavity mode both in the Heisenberg and the Schrodinger pictures. 
In the Heisenberg picture it is proved that the formal integration of the external modes leads to a linear damping 
term in the equations for the intracavity mode, plus an additional driving term consisting in a combination of 
external operators, the so-called input operator; this equation is known as the quantum Langevin equation (for 
its similarity with stochastic Langevin equations, as the input operator can be seen as kind of a quantum noise), 
and is the optical version of the fluctuation-dissipation theorem. 

In the Schrodinger picture, on the other hand, the procedure consists in finding the evolution equation for the 
reduced density operator of the intracavity mode. It is shown that the usual von Neumann equation acquires an 
additional term which cannot be written in a Hamiltonian manner, showing that the loss of intracavity photons 
through the partially transmitting mirror is not a reversible process. The resulting equation is known as the 
master equation of the intracavity mode. This is actually the approach which we have chosen to use for most 
of our research, as in our case it has several advantages over the Heisenberg approach, as shown all along the 
research part of this thesis. 

The context of open quantum systems will give me the chance to introduce the work that I develop in collaboration 
with Ines de Vega, Diego Porras, and J. Ignacio Cirac [55], which started during a three-months visit to the 
Max-Planck Institute for Quantum Optics in 2008. I will show that it is possible to simulate quantum-optical 
phenomena (such as superradiance) with cold atoms trapped in optical lattices; what is interesting is that being 
highly tunable systems, it is possible to operate them in regimes where some interesting, but yet to be observed 
superradiant phenomena have been predicted to appear. 

|5| The next chapter is devoted to the measurement techniques that are used to analyze the light coming out from 
the cavity. To this aim, I first relate the output field with the intracavity field and the input field driving 
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the cavity, a relation that can be seen as the boundary conditions in the mirror. Together with the quantum 
Langevin equation, this is known in quantum optics as the input-output theory. 

Then I use an idealized version of a photodetector to show how the techniques of photodetection and balanced 
homodyne detection are somehow equivalent, respectively, to a measurement of the photon number and the 
quadratures of the detected field. 

After this intuitive and simplified version of these detection schemes, I pass to explain how real photodetectors 
work. The goal of the section is to analyze which quantity is exactly the one measured via homodyne detection in 
real experiments, arriving to the conclusion that it is the so-called noise spectrum (kind of a correlation spectrum 
of the quadratures). 

I then redefine the concept of squeezing in an experimentally useful manner, which, although not in spirit, 
differs a little from the simplified version introduced in Chapter [2] for the harmonic oscillator. Even though I 
introduce this new definition of squeezing by reasoning from what is experimentally accessible, it is obvious from 
a theoretical point of view that the simple “uncertainty below vacuum or coherent state” definition cannot be 
it for the output field, as it does not consist on a simple harmonic oscillator mode, but on a continuous set of 
modes having different frequencies around the cavity resonance. 

[H Chapter [5] is the last one of this self-contained introduction to OPOs, and its goal is to develop the quantum 
model of OPOs, and to show that they are sources of squeezed and entangled light. 

OPOs being an optical cavity with a nonlinear crystal inside, the chapter starts by giving an overview of the 
linear and nonlinear properties of dielectric media within Maxwell’s theory of electromagnetism. It is shown 
in particular, how second-order nonlinearities of dielectrics give rise to the phenomenon of parametric down- 
conversion: When pumped with an optical beam of frequency 2u}q, the polarization of the nonlinear material is 
able to generate a pair of beams at frequencies wi and W 2 such that 2ujq = oji-\- uj 2 - It is then shown that, at the 
quantum level, the process can be understood as the annihilation of one pump photon, and the simultaneous 
creation of the pair of down-converted photons (called signal and idler photons). 

The case of an OPO in which the signal and idler photons are indistinguishable, that is, they have the same 
frequency, polarization, and transverse structure, is then analyzed. Such a system is known as the (single-mode) 
degenerate optical parametric oscillator (DOPO). It is shown that the classical theory predicts that the pump 
power must exceed some threshold level in order for the down-converted field to be generated; quantum theory, 
on the other hand, predicts that the down-converted field will have large levels of squeezing when operating the 
DOPO close to this threshold. 

Similarly, it is shown that when signal and idler are distinguishable either on frequency or polarization (or both), 
these form an entangled pair when working close to threshold. On the other hand, for any pump power above 
threshold it is shown that the signal and idler beams have perfectly correlated intensities (photon numbers): 
They are what is called twin beams. 

This chapter is also quite important because most of the mathematical techniques used to analyze the dynamics 
of any OPO configuration in the thesis are introduced here. 

Even though my main intention has been to stress the physical meaning of the different topics that I have introduced, 
I have also tried to at least sketch all the mathematical derivations needed to go from one result to the next one. Hence, 
even though some points are quite concise and dense, I hope the reader will find this introductory part interesting as 
well as understandable. 


1.2.2 Original results: New phenomena in multi-mode OPOs. 

In the last third of the thesis I review most of the research that I have developed in my host group, the Nonlinear and 
Quantum Optics group at the Universitat de Valencia. If I had to summarize the main contribution of these research 
in a couple of sentences, I would say something along the following lines: “Although one can try to favour only one 
down-conversion channel, OPOs are intrinsically multi-mode, and their properties can be understood in terms of three 
phenomena: Bifurcation squeezing, spontaneous symmetry breaking, and pump clamping. Favouring the multi-mode 
regime is indeed interesting because one can obtain several modes showing well marked non-classical features (such as 
squeezing and entanglement) at any pump level above threshold”. 

Apart from my supervisors Eugenio Roldan and German J. de Valcarcel, some of the research has been developed in 
collaboration with Ferran V. Garcia-Ferrer (another PhD student in the group), and Alejandro Romanelli (a visiting 
professor from the Universidad de la Republica, in Urugay). An extensive, analytical summary of this part of the 
thesis can be found in Chapter 1 121 here, I just want to explain the organization of this original part of the dissertation 
without entering too much into the specifics of each chapter (as in the previous section, numbering follows that of the 
actual chapters): 
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[T] In the first completely original chapter I introduce the concept of multi-mode OPOs as those which have many 
down-conversion channels for a given pumped mode. As I argue right at the beginning of the chapter, I believe 
that, one way or another, this is actually the way in which OPOs operate. 

Then, I explain how both the classical and quantum properties of such systems (that is, of general OPOs) can be 
understood in terms of two fundamental phenomena: Pump clamping m and spontaneous symmetry breaking 
[30l |3TJ |32j |33] . This general conclusion is what I consider the most important contribution of my thesis. 

The most interesting feature of these phenomena is that, contrary to the usual OPO model with a single 
down-conversion channel, where large levels of squeezing or entanglement are found only when working close 
to threshold, they allow multi-mode OPOs to generate highly squeezed or entangled light at any pump level 
(above threshold); we talk then about a noncritical phenomenon, as the system parameters don’t need to be 
finely (critically) tuned in order to find the desired property. 

I8I9I Most of the research I have developed during my thesis has been devoted to study in depth the phenomenon of 
noncritical squeezing induced by spontaneous symmetry breaking [21 [Ml HH IHl [S3 IMl 133 ■ In this chapters, and 
using the most simple DOPO configuration allowing for the phenomenon (which have called two-transverse- 
mode DOPO, or 2tmDOPO in short), I consider several features which are specially important in order to 
understand up to what point the phenomenon is experimentally observable, and offers a real advantage in front 
of the critical generation of squeezed light [3l [36] . 

1101 In the previous chapters the phenomenon of spontaneous symmetry breaking is introduced in the spatial degrees 
of freedom of the light field (in particular, the guiding example is the spontaneous breaking of the system’s 
invariance under rotations around the propagation axis). In the first part of this chapter the phenomenon is 
extended to the polarization degrees of freedom of light [SSji by using an OPO in which the down-converted 
photons are distinguishable in polarization, but have the same frequency. 

It is then explained how obtaining frequency degeneracy has been only achieved in experiments by introducing 
birefringent elements inside the cavity [38] . which actually break the symmetry of the system, hence destroying 
the phenomenon of spontaneous symmetry breaking. Nevertheless, we argue that some residual noncritical 
squeezing should survive, and discuss that it has been indeed observed in a previous experiment |38] . 

The hnal part of the chapter is devoted to prove that frequency degeneracy can be also obtained by a different 
strategy consisting on the injection of an optical beam at the degenerate frequency inside the cavity [37] . 

El In the last chapter I consider the system in which we originally predicted the phenomenon of pump clamping: 
A DOPO in which several transverse modes coexist at the down-converted frequency [22] • I show that using 
clever cavity designs, it is possible to get large levels of squeezing in many transverse modes at the same time, 
what could be interesting for quantum information protocols requiring multipartite entanglement (quantum 
correlations shared between more than two parties). 

I would like to remind the reader that an extended summary of these part can be found on the concluding chapter. 
Let me now make a summary of the publications derived from my PhD research: 

1. C. Navarrete-Benlloch, E. Roldan, and G. J. de Valcarcel 

Non-critically squeezed light via spontaneous rotational symmetry breaking. 

Physical Review Letters 100 , 203601 (2008). 

2. C. Navarrete-Benlloch, G. J. de Valcarcel, and E. Roldan. 

Generating highly squeezed Hybrid Laguerre-Gauss modes in large Fresnel number degenerate optical parametric 
oscillators. 

Physical Review A 79 , 043820 (2009). 

3. F. V. Garcia-Ferrer, G. Navarrete-Benlloch, G. J. de Valcarcel, and E. Roldan. 

Squeezing via spontaneous rotational symmetry breaking in a four-wave mixing cavity. 

IEEE Journal of Quantum Electronics 45, 1404 (2009). 

4. G. Navarrete-Benlloch, A. Romanelli, E. Roldan, and G. J. de Valcarcel. 

Noncritical quadrature squeezing in two-transverse-mode optical parametric oscillators. 

Physical Review A 81, 043829 (2010). 

5. F. V. Garcia-Ferrer, G. Navarrete-Benlloch, G. J. de Valcarcel, and E. Roldan. 

Noncritical quadrature squeezing through spontaneous polarization symmetry breaking. 

Optics Letters 35, 2194 (2010). 
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6. C. Navarrete-Benlloch, I. de Vega, D. Porras, and J. I. Cirac. 

Simulating quantum-optical phenomena with cold atoms in optical lattices. 

New Journal of Physics 13, 023024 (2011). 

7. C. Navarrete-Benlloch, E. Roldan, and G. J. de Valcarcel. 

Squeezing properties of a two-transverse-mode degenerate optical parametric oscillator with an injected signal. 
Physical Review A 83, 043812 (2011). 

In addition to these published articles, the following ones are in preparation, close to being submitted: 

8. C. Navarrete-Benlloch, R. Garcia-Patron, J. H. Shapiro, and N. Gerf. 

Enhancing entanglement by photon addition and subtraction. 

In preparation. 

9. R. Garcia-Patron, C. Navarrete-Benlloch, S. Lloyd, J. H. Shapiro, and N. Cerf. 

A new approach towards proving the minimum entropy conjecture for bosonic channels. 

In preparation. 

10. G. Navarrete-Benlloch, E. Roldan, and G. J. de Valcarcel. 

Actively-phase-locked type II optical parametric oscillators: From non-degenerate to degenerate operation. 

In preparation. 

11. G. Navarrete-Benlloch and G. J. de Valcarcel. 

Effect of anisotropy on the noncritical squeezing properties of two-transverse-mode optical parametric oscillators. 
In preparation. 



2. THE QUANTUM HARMONIC OSCILLATOR 


The harmonic oscillator is one of the basic models in physics; it describes the dynamics of systems close to their 
equilibrium state, and hence has a wide range of applications. It is also of special interest for the purposes of this 
thesis, as we will see in the next chapter that the electromagnetic field can be modeled as a collection of one-dimensional 
harmonic oscillators. 

This section is then devoted to the study of this simple system. We first explain how the one-dimensional harmonic 
oscillator is described in a classical context by a trajectory in phase space. The first step in the quantum description 
will be finding the Hilbert space by which it is described. We then show how coherent states reconcile the quantum and 
classical descriptions, and allow us to understand the amplitude-phase properties of the quantum oscillator. Squeezed 
and entangled states are then introduced; understanding the properties of these states is of major relevance for this 
thesis. In the context of entangled states we will have the chance to introduce the work developed by the author of 
the thesis during a three-months visit to the Massachusetts Institute of Technology in 2010, and where it is shown 
how entanglement can be enhanced by adding or subtracting excitations locally to the oscillators. We finally explain 
how to build rigorous phase space representations of quantum states, with special emphasis in the properties of the 
positive P representation, as we will make extensive use of it in this thesis. 

We would like to stress that a summary of classical mechanics, Hilbert spaces, and the axioms of quantum mechanics 
(as well as definitions of the usual objects like the Hamiltonian, uncertainties, etc...) is exposed in Appendix [A] 


2.1 Classical analysis of the harmonic oscillator 


Consider the basic mechanical model of a one-dimensional harmonic oscillator: A particle of mass m is at some 
equilibrium position which we take as a; = 0; we displace it from this position by some amount a, and then a 
restoring force F = —kx starts acting trying to bring the particle back to a; = 0. Newton’s equation of motion for 
the particle is therefore mx = —kx, which together with the initial conditions x (0) = a and a: (0) = v gives the 
solution X ft) = a cos tut + [v/uj) sin cut, being cu = yjk/m the so-called angular frequency. Therefore the particle will be 
bouncing back and forth between positions —\/a? IlxP and ^o? joP with periodicity 27r/cu (hence the name 

‘harmonic oscillator’). 

Let us study now the problem from a Hamiltonian point of view. For this one-dimensional problem with no 
constraints, we can take the position of the particle and its momentum as the generalized coordinate and momentum, 
that is, q = X and p = mx. The restoring force derives from a potential V (x) = kx^ jl, and hence the Hamiltonian 
takes the form 


U = 


TOtU 


2m 


-9 ■ 


( 2 . 1 ) 


The canonical equations read 



m 


and p = —mup'q. 


( 2 . 2 ) 


which together with the initial conditions g (0) = a and p (0) = mv give the trajectory 


\ muj / \ 


I V . V . \ 

= ( a cos Lot -\ -sin cut, — cos uit — a sm cut 

cu cu / 


(2.3) 


where we normalize the momentum to mix for simplicity. Starting at the phase space point (a, v/x) the system evolves 
drawing a circumference of radius R = of -V u^/cu^ as shown in Figure 12.11 returning to its initial point at times 
tfc = 2'nk/x, with fc S N. This circular trajectory could have been derived without even solving the equations of 
motion, as the conservation of the Hamiltonian H (t) = H (0) leads directly to q^ -\- p^/mfx'^ = R?, which is exactly 
the circumference of Figure ITT] This is a simple example of the power of the Hamiltonian formalism. 

There is another useful description of the harmonic oscillator, the so called amplitude-phase or complex represen¬ 
tation. The amplitude and phase refer to the polar coordinates in phase space, say fi = q^ + p^ jm^x"^ and ip = 
arctan (p/mxq), as shown in Figure ITTl In terms of these variables, the trajectory reads simply (/i, ip) = (R, pQ — cut), 
with pq = arctan (u/cua), so that the evolution is completely described by a linear time variation of the oscillator’s 
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Fig. 2.1: Phase space trajectory of the classical harmonic oscillator. 


phase. From these variables we can define the complex variable v = ^exp (ii/j) = q + {i/muj)p, in terms of which the 
trajectory reads v (t) = i?exp[i (ipo — cut)], and the Hamiltonian can be written as 


H = 


muj"^ * 
- v*v. 


(2.4) 


The pair {z/, z/*} is known as the normal variables of the oscillator. 


2.2 Hilbert space of the harmonic oscillator and number states 


The easiest way to understand the structure of the Hilbert space associated to the one-dimensional harmonic oscillator 
is by finding the eigensystem of its associated Hamiltonian operator. According to the axioms of quantum mechanics 
which we review in Appendix the operator corresponding to its classical Hamiltonian (12.11) is 



mw 


-q , 


(2.5) 


where q and p are the self-adjoint operators associated to the position and momentum of the oscillator. At a first sight, 
this Hamiltonian may seem difficult to diagonalize because it is a combination of two non-commuting observables, as 
according to Axiom HI we have \q,p\ = Ih, see (IA.28I) . However, we can write it in an easier-looking way as follows. 
Let us first define dimensionless versions of the position and momentum operators as 


X = ^S and (2.6) 

whose corresponding observables we will call the X and Y quadratures in the following, which satisfy the commutation 
relation [A,H] = 2i. The Hamiltonian can be rewritten then as 

H =^{X^ +Y^). (2.7) 

Next, we decompose these quadratures atQ 

A = a’^ -I- a and Y = i (a’^’ — a) , (2.8) 

where the operator a and its adjoint are called the annihilation and creation operators, respectively, and satisfy the 
commutation relations [a,a^] = 1, which we will denote by canonical commutation relations in the following; these 

^ Note that this kind of decompositions are always allowed for any self-adjoint operator; they are equivalent to write a real number as 
the addition of a complex number and its complex conjugate. 
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operators can be seen as the quantum counterparts of the normal variables of the classical oscillator. In terms of these 
operators the Hamiltonian takes the forirH 

H = huj ^ , ( 2 - 11 ) 

and hence the problem is simplified to finding the eigensystem of the self-adjoint operator h = a^a, which we will call 
the number operator. 

Let us call n to a generic real number contained in the spectrum of h, whose corresponding eigenvector we denote 
by |n), so that, n\n) = n\n). We normalize the vectors to one by definition, that is, (n|n) = 1 'in. The eigensystem of 
fi is readily found from the following two properties: 

• n is a positive operator, as for any vector \'ijj) it is satisfied {'ij)\fi\'ijj) = {a\ijj), d\'ijj)) > 0. When applied to its 
eigenvectors, this property forbids the existence of negative eigenvalues, that is n > 0. 

• Using the commutation relatior^ [n, a] = —a, it is trivial to show that the vector a|n) is also an eigenvector of 
fi with eigenvalue n — 1 . Similarly, from the commutation relation [h, a^] = it is found that the vector a^|n) 
is an eigenvector of h with eigenvalue n + 1. 


These two properties imply that the spectrum of h is the set of natural numbers n £ {0,1, 2,...} = N, and that 
the eigenvector |0) corresponding to n = 0 must satisfy a|0) = 0; otherwise it would be possible to find negative 
eigenvalues, hence contradicting the positivity of h. Thus, the set of eigenvectors is an infinite, countable 

set. Moreover, using the property a|0) = 0 and the commutation relations, it is easy to prove that the eigenvectors 
corresponding to different eigenvalues are orthogonal, that is, (n|m) = Snm- Finally, according to the axioms of 
quantum mechanics only the vectors normalized to one are physically relevant. Hence, we conclude that the space 
generated by the eigenvectors of fi is isomorphic to P (oo), and hence it is an infinite-dimensional Hilbert space (see 
Section lA. 2. 31) . 

Summarizing, we have been able to prove that the Hilbert space associated to the one-dimensional harmonic 
oscillator is infinite-dimensional. In the process, we have explicitly built an orthonormal basis of this space by using 
the eigenvectors of the number operator h, with the annihilation and creation operators {a,a^} allowing us 

to move through this set as 

d\n) =-\/n\n — 1) and a^|n) = \/n + l|n + 1), (2-12) 

the factors in the square roots being easily found from normalization requirements. 

Let us now explain some physical consequences of this. The vectors {|n)}„gi^ are eigenvectors of the energy (the 
Hamiltonian) with eigenvalues = hu;(n + l/2)}„gN, and hence quantum theory predicts that the energy of the 
oscillator is quantized: Only a discrete set of energies separated by hio can be measured in an experiment. The number 
of quanta or excitations is given by n, and that’s why n is called the “number” operator, it ‘counts’ the number of 
excitations. Similarly, the creation and annihilation operators receive their names because they add and subtract 
excitations. As these vectors have a well defined number of excitations. An = 0, we will call them number states. 
Consequently, |0) will be called the vacuum state of the oscillator, as it has no quanta. 

On the other hand, while in classical mechanics the harmonic oscillator can have zero energy —what happens when 
it is in its equilibrium state—, quantum mechanics predicts that the minimum energy that the oscillator can have is 
Eq = fiu}/2 > 0. One way to understand where this zero-point energy comes from is by minimizing the expectation 
value of the Hamiltonian, which can be written as 


{H) = ^(AA2 + AF^ + {Xf + (F)2), 


(2.13) 


subject to the constraint AX AY > 1 imposed by the uncertainty principle. It is easy to argue that the minimum value 
of (H) is obtained for the state satisfying AX = AY = 1 and (X) = (y) = 0, which corresponds, not surprisingly, 


^ Note that this Hamiltonian could have been obtained by following another quantization procedure based on the normal variables of 
the oscillator. In particular, we could simetrize the classic Hamiltonian loii respect to the normal variables, writing it then as 


H = 


(v*v + uv *), 


(2.9) 


to then make the classical—to-quantum correspondences 


u —)• y/2h/rmjja and u* —)• , (2-10) 

replacing the Axiom HI introduced in Section lA. 3. 21 bv [d, d^] = 1, [d, d] = [d^d^] = 0. This quantization procedure offers an alternative 
to the procedure based on the generalized coordinates and momenta of a mechanical system. 

^ This is straightforward to find by using the property [AB, C] = A[B^ C] + [A, C]B^ valid for any three operators A, B^ and C. 
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to the vacuum state |0). Hence, the energy present in the ground state of the oscillator comes from the fact that the 
uncertainty principle does not allow its position and momentum to be exactly zero, they have some fluctuations even 
in the vacuum state, and this vacuum fluctuations contribute to the energy of the oscillator. 

2.3 Coherent states 

2.3.1 Connection to classical mechanics 

Based on the previous sections, we see that the classical and quantum formalisms seem completely different in essence: 
While classically the oscillator can have any positive value of the energy and has a definite trajectory in phase space, 
quantum mechanics allows only for discrete values of the energy and introduces position and momentum uncertainties 
which prevent the existence of well defined trajectories. In this section we show that, despite their differences, both 
descriptions are compatible in some limit. 

Let us first note that, instead of its position and momentum, from now on we take the X and Y quadratures of 
the oscillator as the observables defining the phase space. Using these variables, the classical phase space trajectory 
of the oscillator reads {X,Y) = (Xq cos wt + Fq sinwt, lb coswt — Xq sinwt), which defines a circumference of radius 
R = y/x^ + , being Xq = X (0) and Yq = Y (0). 

Quantum mechanics is all about predicting the statistics of experiments, see Section IA.3.21 Hence, a way of 
connecting it to classical mechanics is by finding the quantum state which predicts that the statistics obtained in the 
experiment will coincide with what is classically expected. The following two points explain the properties that such 
a state should have in the case of the harmonic oscillator: 

• Classically, the energy is a continuous observable. On the hand, the ratio between the energies of two consecutive 
number states is En+i/En = {n + 3/2) /(n + 1/2); hence, as the number of excitations increases, the discrete 
character of the energy becomes barely perceptive, that is, En+i/En ^ 1 if n » 1. Thus, the state should have 
a large number of excitations, that is, (h) ^ 1. 

• The expectation value of the quadratures must describe the classical circular trajectory, while the uncer¬ 
tainties of both quadratures should be well below the radius of the circumference defined by it, that is, 

((X (t)), (F (t))) = {Xq cosiot + Yq sinwt, Fq cos wt — Xq sinwt) with {AX, AF} <C R. Hence, at all effects the 

experimental outcomes predicted by quantum theory for the quadratures will coincide with those expected from 
classical mechanics. Note that the condition for the uncertainties requires i? ^ 1, as we know that AX = AF = 1 
is the minimum simultaneous value that the variances can take. 

Then, if states satisfying this properties exist, we see that it is indeed possible to reconcile quantum theory with 
classical mechanics at least on what concerns to physical observations. 

Our starting point for obtaining these states are the Heisenberg evolution equations for the quadrature operators 
X and F, which read 

from which we obtain 

X (t) = X (0) cosmt + Y (0) sinwt, (2.15a) 

Y (t) =Y (0) cosLot — X (0) sincot. (2.15b) 

Hence, the expectation values of the quadratures describe the classical trajectories by construction, so that in order to 
reproduce a classical trajectory with initial quadratures (Xq, Fq), the state must satisfy (X (0)) = Xq and (F (0)) = Fq. 
Writing now the quadratures in terms of the annihilation and creation operators (12.81) these last relations can be 
recasted as (a) = (Xq -I- iFp) /2; being (Xo,Fo) arbitrary, this condition shows that the states we are looking for are 
the eigenvectors of the annihilation operator, that is, the states |a) satisfying a\a) = a\a) with a = (Xq -I- iFp) /2 € C. 
We will call coherent states to the eigenvectors of the annihilation operator. 

It is straightforward to show that, in addition, coherent states have (h) = jap, R = 2|q;| and AX = AF = 1, so 
that in the limit |a| ^ 1 they satisfy all the requisites that we needed to make the connection with classical mechanics. 
Note that these properties hold at any time. 

In the following we show that the eigenvectors of the annihilation operator exist by finding an explicit representation 
of them in the Hilbert space of the oscillator, and discuss some of their properties. 


(2.14a) 

(2.14b) 
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2.3.2 Properties of the coherent states 


It is simple to find an explicit representation of the coherent states in terms of the basis of number states, that is, to 
find the coefficients c„ of the expansion |a) = . Introducing this expansion in the eigenvector equatiorQ 

a I a) = a I a), we find the simple recurrence 


a 

yjn 


Cn — 


Co- 


On the other hand, the determination of cq comes from the normalization condition 


{a\a) = 1 = |coP ^ |ap/n! cq = exp ^ 


(2.16) 


(2.17) 


where we have chosen cq to be a positive real as the global phase of the state cannot play any physical rolQj. Hence, 
the coherent states are finally written as 

OO 

n—0 V n. 


(2.18) 


Note that for a = 0, coherent states are equivalent to the vacuum state, that is, |a = 0) = |n = 0). For any other value 
of a coherent states do not have a well defined number of excitations; instead, the number of quanta is distributed 
according to a Poissonian probability distribution 


P„ (a) = |(n|a)P = e — 


Let us now define the displacement operator 

D (a) = exp [aa^ — a* a) ; 


(2.19) 


( 2 . 20 ) 


the general formula exp(A + B) = exp(—[A, .B]/2) exp(A) exp(P), valid for operators A and B which commute with 
their commutator, allows us to write it also as 


(a) = exp (—|ap/2) exp (aa’^) exp {—a*a ), 


( 2 . 21 ) 


or 

{a) = exp (|Qf|^/2) exp {—a*a) exp (aa^) , (2.22) 

which we will refer to as its normal and antinormal forms., respectivelj@. Coherent states can then be obtained by 
displacing vacuum 

|a) =£)(«) |0), (2.23) 

what is trivially proved using the normal form of the displacement operator. This is interesting because the displace¬ 
ment operator is unitary by construction, that is, (a) D (a) = D {a) (a) = /, and hence the coherent state |a) 

can be created from a vacuum-state oscillator by making it evolve with a Hamiltonian Hjy = ih{aa^ — a*a)/T during 
a time T. This is in contrast to the number states, which cannot be generated by unitary evolution of the oscillator 
in any way. 

Note that when a displacement is applied to the annihilation and creation operators, we gel[!l 


(a) aD {a) = a + a and (a) (AD (a) = -|- a*, 


(2.25) 


^ On a second thought, the existence of states satisfying this equation is kind of amazing: Consider for example a coherent state with 
|ap 1, so that we are sure that the mean number of excitations is really below one; this equation states that we can still annihilate as 
many excitations as we want without altering the state! 

^ This is evident since we have formulated quantum mechanics in terms of the density operator, which for all pure states reads 

p = |'0)(i/j| irrespective of (p (see Section lA.3.2ll . 

® With full generality, given an operator A (d,a^), we denote by (d, d^) and (d, d^) its normal and antinormal forms. A^"^^ 
and A^^^ are obtained by writing A(d, d'l’) with all the creation operators to the left or to the right, respectively, with the help of the 
commutation relations. Hence, for example, the operator A = dd^d has A^"^^ = d^d^ + d and A^^^ = d^d^ — d as normal and antinormal 
forms. 

^ This is trivially proved by using the Baker-Campbell-Haussdorf lemma 



n n 


valid for two general operators A and B. 
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Fig. 2.2: (a) Phase space sketch of a coherent state, (b) A coherent state of arbitrary amplitude can be generated by applying 
a displacement to the vacuum state. 


which shows where the name ‘displacement’ comes from. Hence, applied to the quadratures we get 

(a) XD (a) = X + x and (a) YD (a) = Y + y, 


(2.26) 


with X + iy = 2a and {x, y} € K. This transformation changes the mean of the quadratures but not its variance. 
Hence, a coherent state has the same uncertainty properties as the vacuum state. 

Note finally that coherent states cannot form a true basis of the Hilbert space because they do not form a countable 
set. They cannot form a generalized continuous basis either (see Section lA.2.31) because we have proved that they can 
be normalized in the usual sense, and hence, they are vectors defined inside the Hilbert space. Moreover, the inner 
product of two different coherent states la) and |/3) reads 


(c 


= exp 


—+a /3- — 


(2.27) 


and hence coherent states are not orthogonal. Despite all these, they do form a resolution of the identity, as it is easy 
to prove that 

- Ia)(a| “ 


d^a- 


= 


(2.28) 


n—0 


where the integral covers the entire complex-a space. Hence, even though coherent states do not form a basis, they 
can still be used to represent any vector or operator: They form an overcomplete basis. Indeed, this overcompleteness 
can even be an advantage in some circumstances; for example, it is easy to show that any operator L is completely 
determined from just its diagonal elements (a|T|a) in the coherent basis, as 


(a|T|a) = '^ e 

n,m—0 

1 


-D 1 V 2 


n — 

Ynimi 


(2.29) 


Lm.n. — 


da*'^da^^ ' ' ' 


Q ', Q :*=0 


We will use these coherent representations quite a lot during this thesis. We will come back to them in the last section 
of this chapter. 
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Fig. 2.3: Quantum amplitude-phase properties of a coherent state. A/r and A(p represent the uncertainties in the amplitude 
and phase of the oscillator, which are obviously related to the uncertainties of the amplitude and phase quadratures, 
and Y'^, respectively. 


2.3.3 Phase space sketch of coherent states 

Even though in quantum mechanics systems do not have a defined trajectory on phase space, it is useful to have 
some pictorial representation of their quantum states. The rigorous way of building such representations is discussed 
at the end of this chapter; here we just want to motivate this representation and build it for coherent states from 
an intuitive point of view. Among other things, this representation will allow us to understand the importance of 
squeezed states, which are described in the next section and are actually the basic theme of this thesis. It will also 
help us to understand the amplitude and phase properties of the quantum harmonic oscillator, two observables which 
still lack of a satisfactory description in terms of self-adjoint operators [531 HD] ■ 

Let us first build a general quadrature defined along an arbitrary direction ip of phase space as 

= X cosip + Y sinip = (2.30) 

We will denote the quadrature defined along its orthogonal direction by Y"^ = These orthogonal quadratures 

define a new coordinate system in phase space rotated by an angle tp respect to the original X-Y system (see Figure 
113). They also satisfy the commutation relation [X'^,Y'^] = 2i, and hence must satisfy the uncertainty relation 
AX^AY'I' > 1 . 

Coherent states ja) admit a simple, descriptive representation in phase space (Figure |13)- The idea for this 
sketch is to represent the statistics that would be obtained if a general quadrature is measure^l. In the classical 
limit, a reasonable representation is then simply a point ((A'), {Y)) = (2Re{a}, 2Im{Qf}) in phase space. As quantum 
mechanics starts showing, uncertainties start playing a role. It is easy to see that the uncertainty of any quadrature 
X'^ in a coherent state is AX'^ = I, irrespective of ip, so that the statistics of a measurement of the quadratures 
will be spread around the mean equally in any direction of phase space. Hence, the classical representation can be 
generalized by drawing a circle of unit radius representing the quantum uncertainties associated to a measurement of 
these quadratures. This is shown in Figure 15^ . 

The special case a = 0, the vacuum state, is represented in Figure 12.2b . Note that it is represented by the exact 
same circle (the uncertainty AX^ does not depend on a either), but now centered at the origin of phase space. 
The representation of any other coherent state is then obtained by displacing this uncertainty circle to the point 
(2 Re{a}, 2 Im{a}), and hence these states can be visualized as classical states carrying with the quantum vacuum 
uncertainties. 


We will learn how to perform quadrature measurements in Chapter 6 for the case of light. 
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Fig. 2.4: Phase space sketches of the squeezed states. At (a) the uncertainty of the amplitude quadrature is reduced below the 
vacuum level at the expense of increasing the uncertainty of the phase quadrature. At (b), on the other hand, it is the 
phase quadrature the one which is squeezed, while the amplitude quadrature becomes more noisy. 


This intuitive picture of coherent states allows us to understand its amplitude and phase properties fFigure 1^751) . 

The mean values of the quadratures define a phase (p = arctan(y)/(X) and an amplitude p = \/(X)'^ + (^)^; in the 
classical limit these are exactly the phase and amplitude that would be measured for the oscillator. When quantum 
uncertainties in the quadratures cannot be neglected, it is reasonable to think that p and p will still be the mean 
values measured for the phase and amplitude of the oscillator, but now they will be also affected by some uncertainties. 
It seems obvious from Figure [23] that these amplitude and phase uncertainties are related to the uncertainties of the 
and quadratures, which we shall consequently call the amplitude and phase quadratures. Hence, even if at the 
quantum level the phase and amplitude observables are not satisfactorily understood, one can somehow relate their 
properties to those of the amplitude and phase quadratures, at least for states with a well defined amplitude, that is, 
p > XXV. 


2.4 Squeezed states 

2.4.1 Definition and relevance 

An important application of harmonic oscillators is sensing: The oscillator is put in contact with a system that we 
want to test, and some information about this gets encoded as phase or amplitude modulations in the oscillator. We 
have seen in the previous section that when the oscillator is in a coherent state both its amplitude and phase suffer 
from uncertainties, and hence the encoded signal cannot be perfectly retrieved from measurements on the oscillator. 
When any other source of technical noise is removed, that is, when the measurement equipment behaves basically as 
ideal, this quantum noise becomes the main limitation; moreover, when the signal generated by the system that we 
want to study is tiny, it can even be disguised below quantum noise, so that it could not be distinguished at all. Note 
that this quantum noise appears even if the oscillator is in its vacuum state |a = 0), as it has its roots in the vacuum 
fluctuations of the position and momentum of the oscillator. 

Squeezed states are the solution to this problem; the idea is the following. Suppose that the signal is encoded 
in the amplitude of the oscillator. In a coherent state the amplitude and phase quadratures are affected of equal 
uncertainties AX^ = AYV = 1; however, we can conceive a state of the oscillator in which the uncertainty of the 
amplitude quadrature is reduced, while that of the phase quadrature is increased, say AX^ ^ 1 and AYV ^ 1, so 
that the product of uncertainties keeps lower bounded by one, AX^AY^ > 1. The phase space sketch of such state 
is depicted in Figure [33 i. In this case the amplitude quadrature is well defined, and one can in principle monitor its 
modulations with arbitrary accuracy. Of course, this is accomplished at the expense of not being able to retrieve any 
information from the phase quadrature, but if we only care about the signal encoded in the amplitude quadrature 
that’s not a problem. 

We will define squeezed states as those in which some quadrature, say X'^, has an uncertainty below the vacuum 
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Fig. 2.5: (a) Phase space sketch of a squeezed vacuum state, (b) Applying displacements in the direction of the squeezed or 
antisqueezed quadratures, one obtains amplitude or phase squeezed states, respectively. 


or coherent level, that is, AX"^ < 1. We then say that quadrature X'^ is squeezed. Together with the amplitude 
squeezed state already introduced (for which ijj = p), we show the phase space sketch of a phase squeezed state (for 
which ifj = ^ + '^/2) in Figure [531 Let us now study one specially relevant type of squeezed states. 

2.4.2 Minimum uncertainty squeezed states 

Minimum uncertainty states are states which satisfy the lower bound of the quadrature uncertainty relation, that 
is, AX'^AY'^ = 1 The simplest of these states is the vacuum state |0); any other number state |n 7 ^ 0) is not 
contained in this class, as it is easily checked that it satisfies AX'^ = 2n+ 1 for any ip. Coherent states, on the other 
hand, are minimum uncertainty states, as they are obtained from vacuum by the displacement transformation, which 
does not change the quadrature variances. 

It is possible to generate squeezed states of this kind by using the squeezing operator 

S {z) = exp , (2.31) 

where 2 G C is called the squeezing parameter. Similarly to the displacement operator, this operator is unitary; hence, 
it is generated by making the oscillator evolve with the Hamiltonian Hg = ih{z*d? — zaP‘^)/2T during a time T. In 
this thesis we will explain how this Hamiltonian can be generated in optical systems. 

Applied to the annihilation operator this evolution gives 

S'^ {z) dS {z) = a cosh r — sinh r , (2.32) 

where we have written 2 ; in the polar form z = rexp(i0), and have used (I2.24|) . In terms of quadratures, these 
expressions are easily rewritten as 

5l'(z)A®/25(z) and {z)Y^/'^S {z) = . (2.33) 

Suppose now that before the squeezing transformation the state of the system was vacuum, which has the statistical 
properties {X'^) = 0 and AX'^ = 1 for all ip as already seen. After the transformation (12.331) the mean of any 
quadrature is still zero, but the uncertainty of quadrature has decreased to = exp(—r), while that of 

quadrature A®A j^ag increased to = exp(r). Hence, the squeezing operator creates a minimum uncertainty 

squeezed state, that is, a state in which the uncertainty of one quadrature is reduced below the vacuum level, while 
the quadratures still satisfy the lower bound set by uncertainty relation. 
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The phase space sketch of this squeezed vacuum state is showed in Figure [275k . The uncertainty circle associated to 
the vacuum state has turned into an ellipse, showing that the quadrature uncertainty along the 6/2 direction of phase 
space is reduced. An amplitude squeezed state can be then created by applying a subsequent displacement along the 
6/2 axis as shown in Figure [^75b . If the displacement is applied along the {6 + tt)/2 direction, then a phase squeezed 
state is obtained. As displacements do not change the uncertainty properties of the state, these amplitude or phase 
squeezed states are still minimum uncertainty states. 

2.5 Entangled states 

2.5.1 The EPR argument and quantum non-locality 

Even though Einstein is considered one of the founding fathers of quantum mechanics, he always felt uncomfortable 
with its probabilistic character. Fruit of this criticism, in 1935, and together with Podolsky and Rosen, he came out 
with an argument which was supposed to tumble down the foundations of quantum mechanics, showing in particular 
how the theory was both incomplete and inconsistent with causality [39) . Looking from our current perspective, it is 
quite ironic how the very same ideas they introduced, far from destroying the theory, are the power source for some 
of the most promising present applications of quantum physics. 

Before introducing the EPR argument (standing for Einstein, Podolsky, and Rosen), let us explain the properties of 
the eigensystem of the quadrature operators. Consider the self-adjoint operator associated to the X quadrature, that 
is X. It is easy to argue that this operator has a pure continuous spectrun:@ {a;}a;eR! with corresponding eigenvectors 
{|a:)}a;GR which are Dirac-normalized, that is, {x\x') = 5 {x — x'). Of course, this vectors cannot describe a physical 
state of the harmonic oscillator, as they do not belong to its Hilbert space (they cannot be properly normalized, see 
Section lA. 2. 31) . In fact, an eigenstate |a:) corresponds to the infinitely squeezed state |x) = limr_>ooD {x/2) S (r) |0), 
which is unphysical as it leads to an infinite mean energy of the oscillator, see Eq. (I2.13|) . Similar reasoning applies 
to the Y quadrature, whose associated self-adjoint operator Y has a continuous spectrum with corresponding 

eigenvectors {| 2 /)}ygR. 

The EPR argument starts by considering two harmonic oscillators with Hilbert spaces TLa and TLb: which after 


interacting for a while are left in the state 





\EPR) = 

j dx\x,x). 

(2.35) 

Note that this state can be written also as 





\EPR) = j 

1 dy\y,-y), 

(2.36) 


in terms of the eigenstates of the Y quadratures of the oscillators. Note also that \EPR) cannot be a true state of the 
oscillators, as it cannot be normalized, but let us forget about this detail for the sake of the argument; we will deal 
later with a realistic situation. The oscillators A and B are then given, respectively, to Alice and Boh, two observers 
placed at distant locations, so that they are not able to interact anymore. 

EPR argue then as follows. Imagine that Alice measures X and obtains the resul10 a:o; according to quantum 
mechanics the state of oscillators collapses to |a;o,a;o), and hence, any subsequent measurement of X performed by 
Bob will reveal that his oscillator has a definite value of this quadrature, xq. However, Alice could have measured Y 
instead, obtaining for example the result yo', in this case, quantum mechanics says that the state would have collapsed 
to |?/ 0 : —yo), after which Bob would have concluded that his oscillator had a definite value of its Y quadrature, —yo- 
Now, and this is the center of all the argument, assuming that nothing Alice may do can alter the physical state of Bob’s 
oscillator (the oscillators are separated, even space-like or causally during the life of Alice and Bob if we like!), one 
must conclude that the oscillator B must had well defined values of both its X and Y quadratures from the beginning, 
hence violating the quantum mechanical uncertainty relation XXXY > 1, and showing that quantum mechanics is 
inconsistent. 

Even though it seems a completely reasonable statement (specially at 1935, just a decade after the true birth of 
quantum mechanics), the center of their argument is actually its flaw. The reason is that the state of the system 

® Indeed, from the relation 

exp(^«r)xexp(-^€y) =A + ^, (2.34) 

with ^ € M, which is easily proved with the Baker—Campbell-Haussdorf lemma llZ24ll . it follows that if |fc) is an eigenvector of X with x 
eigenvalue, then the vector exp(—i^y/2)|a7) is also an eigenvector of X with eigenvalue 37 + ^. Now, as this holds for any real we conclude 
that the spectrum of X is the whole real line. 

Again, this is an idealized situation used just for the sake of argumentation; this is because having a continuous spectrum, a measurement 
of X cannot give a definite number xq. 
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is not an element of reality (in EPR’s words), it is just a mathematically convenient object which describes the 
statistics that would be obtained if a physical observable is measured. Consequently, causality does not apply to it: 
The actions of Alice can indeed alter Bob’s state, even if these are causally disconnected. Of course, a completely 
different matter is whether Alice and Bob can use this spooky action at a distance (in Einstein’s words) to transmit 
information superluminically. Even though there is no rigorous proof for the negative answer to this question, such 
violation of causality has never been observed or predicted, even in the most sound and subtle applications of this 
quantum non-local effects (like teleportation), and hence, most physicists believe that despite non-local effects at the 
level of states, quantum mechanics cannot violate causality in any way. 


2.5.2 Entanglement and the two-mode squeezing operator 


The work of Einstein, Podolsky, and Rosen is the very best example of how one can make advances in a theory by 
trying to disprove it. Even if their motivation was based on wrong ideas, they were the first ones to realize that 
in quantum mechanics it is possible to create correlations between systems which go beyond those admitted in the 
classical world. Such states were coined entangled states by Schrodinger, which was actually supportive of the EPR 
ideas, and a strong believer of the incompleteness of quantum mechanics. After the 60’s, physicists stopped looking at 
these states as the puzzle EPR suggested they were, and started searching for possible applications of them to various 
problems. Bell was the first one who realized the potential of such states, proving that they could be used to rule 
out the incompleteness of quantum mechanics [40] (exactly the opposite of what EPR created them for!), or, in other 
words, to prove that the probabilistic character of quantum mechanics does not come from some missing information 
we fail to account for, but from a probabilistic character of nature itself. Nowadays, entangled states have been 
shown to be a resource for remarkable applications such as the fast performance of computational tasks that would be 
impossible to perform classically (like factorization of large numbers [H] , which is actually at the core of every present 
cryptographic system). This section is devoted to understand a little deeper these kind of states, as well as explaining 
how they can be generated in harmonic oscillator systems. 

As in the previous section, consider two harmonic oscillators with joint Hilbert space TLa ®TLb- If the state of the 
joint system is of the type = pa® Pb, that is, a tensor product of two arbitrary density operators, the actions 
performed by Alice on the A oscillator won’t affect Bob’s oscillator, the statistics of which are given by pB, no matter 
the actual state pA (see Axiom V in Appendix [^. In this case A and B are uncorrelated. Eor any other type of joint 
state, A and B will share some kind of correlation. 

Correlations are not strange in classical systems; hence, the problem in quantum mechanics is to distinguish 
between correlations which can appear at a classical level, and correlations which are purely quantum, as only in the 
latter case one can expect to exploit them in applications requiring entanglement. Intuitively, a state will have only 
classical correlations if, starting from a state of the type, Alice and Bob can prepare it by making use only of 
local operations (such as local unitaries or measurements) and classical communication (such as phone calls). It is not 
difficult to convince oneself that the most general state that can be created by such means has the so-called separable 
form 



(2.37) 


k 


where the p^^^’s are density operators and = 1- Any state which cannot be written as a convex mixture of 

tensor product states will induce quantum correlations between A and B, and will therefore be an entangled state in 
the spirit of \EPR). 

There is yet another way of justifying that states which cannot be written in the separable form (12.371) will make 
A and B share quantum correlations. The idea is that the fundamental difference between classical and quantum 
mechanics is the superposition principle. Hence, it is intuitive that correlations will have a quantum nature when the 
joint state of the oscillators exploits the concept of “superposition of joint states”, that is, when it cannot be written 
as a tensor product of two independent states of the oscillators, or as a purely classical statistical mixture of these, 
which corresponds exactly to (12.371) . 

Given a general state pab G TLa ®TLb it is hard to find out whether it is separable or not. However, for the 
class of so-called Gaussian states (to which the states to be discussed in this thesis belong), a necessary and sufficient 
criterion is known. This criterion was proposed independently by Duan et al. [42] and Simon [43] . and it can be 
formulated as followJ^. Consider two orthogonal quadratures {X'^,Y)^} and {Xg,Y^} for the oscillators A and B, 

Strictly speaking, he proved that no local hidden-variables theory is consistent with the predictions of quantum mechanics. 

Even though this criterion is much simpler, it is worth remarking that for the ten years before its formulation, the only experimentally 
testable criterion for entanglement was that of Reid’s 1441 : this criterion was based on how much information one can infer about the 
quadratures of one of the oscillators by performing measurements on the other, and in a sense expanded the EPR ideas to entangled states 
with imperfect correlations. 
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Two-mode squeezed vaccum state 
with 

= 2exp(-2r) 




Fig. 2.6: Schematic relation between entanglement and squeezing: Two orthogonally squeezed vacua are connected to a two¬ 
mode squeezed vacuum state by the beam splitter transformation R. 


respectively; then their joint state is separable if and only if 

wIb = v[{xi - x^b)/'^]+> 2 , ( 2 . 38 ) 

for every Lp. This criterion can be seen as a formalization of the ideas introduced in the EPR article; just note that a 
coherent state has — X'^)/'j2] = V[{Y^ + Y^)/^/2] = 1 V(/ 3 , and hence if < 2 one can be sure that two 

orthogonal quadratures of the oscillators are correlated above what is classically allowed. For example, a maximal 
violation of this inequality is obtained for the unphysical \EPR) state, which has = 0, showing that there is a 
perfect correlation (anticorrelation) between the X (Y) quadratures of the oscillators. Note that this criterion does not 
quantify the amount of entanglement present in the state, it offers just a way to prove whether a state is separable 
or not (see the next section for quantitative entanglement). In practice, however, and incorrectly without further 
arguments, it customary to state that the lower is, the larger the amount of entanglement is. 

Let us now explain how to generate a class of pure entangled states which coincide with \EPR) in some (unphysical) 
limit. We will call EPR-like states to such states. To proceed, note that the conditions V[{X'^ — X^)/-\/2] < 1 and 
V[{YX + Y^)/V2] < 1 are actually quite reminiscent of the quadrature squeezing that we introduced in the previous 
section, with the difference that now the squeezing is present in a joint quadrature. Let us call a and b to the 
annihilation operators for the A and B harmonic oscillators, respectively. Consider the unitary operator 

Sab {z) = exp(2;*aS — za^V^), (2.39) 


which we will call the two-mode squeezing operator., which is easily proved to transform the annihilation operators as 


Sab (•^) ^Sab {z) = a cosh r — sinhr, (2.40a) 

Sab (•^) ^Sab {z) = Scoshr — e '® a ^ sinhr, (2.40b) 

where z = rexp(i0). Using these expressions and their conjugates, it is straightforward to prove that if the oscillators 
are initially in their vacuum state, then 

U[(l®/' + xl^^)/V2] = U[(yj/' - Y^^^)/V2] = exp(-2r), (2.41a) 

V[{X^f - X^J^)/^] = V[{yI'^ + Y^b'^)/V2] = exp(2r). (2.41b) 


Hence, applied to the vacuum state of the oscillators, the two-mode squeezing operator generates an entangled state, 
the so-called two-mode squeezed vacuum state, as = 2exp(—2r) < 2. In particular, for 6 = tt and r —>• oo 

we have W'^b hence the \EPR) state is recovered. For a finite value of r we then get an FPR state with 

imperfect correlations between orthogonal quadratures of the oscillators, these correlations being always above what 
is classically permitted. In Chapter [5] we will learn how to generate this type of states. 

The connection between squeezing and entanglement can be made even more explicit. To this aim, assume that 
we induce an evolution of the entangled oscillators A and B corresponding to the unitary operator 


R = exp 


-(aSt-d^S) 

14 


(2.42) 
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Fig. 2.7: Schematic representation of the example studied in this section. After the generation of the two-mode squeezed 
vacuum state, Alice adds k excitations to her oscillator (pink box with solid contour), or Bob subtracts k excitations 
out of his (green box with dashed contour); in either case the final state is and what we have been able to prove 

is that the entanglement increases with the number of operations, k. 


what in the Heisenberg picture means that the boson operators are transformed as 

di = k^dR= {h + a)/V2 (2.43a) 

02 = R'^hR ={b- a) I s/2. (2.43b) 

In terms of the new, independent boson operators oi and 0 , 2 , the two-mode squeezing operator is written as 

Sab {z) = exp o? - |af - yol -b = Si (z) S 2 {-z) , (2.44) 

that is, as two individual squeezing operators for each of the new modes. Read backwards, this shows that one 
can entangle two oscillators by squeezing them along two orthogonal directions of phase space, and then make them 
interact according to the unitary operator (I2.42p . see Figure 1^751 In the case of light we shall see that the unitary 
transformation (12.421) corresponds to a 50/50 beam splitter. This means that one can generate two entangled optical 
beams by mixing in a beam splitter two beams that have been previously squeezed; this is interesting because, as we 
shall see in Chapter [51 we are now in position to generate light with large levels of squeezing experimentally. 

2.5.3 Enhancing entanglement by addition and subtraction of excitations 

In this section we will introduce part of the work initiated during a three-month visit to the Massachusetts Institute 
of Technology by the author of this thesis [5B]. In particular, we have been able to prove that Alice and Bob can 
enhance the entanglement of the two-mode squeezed vacuum state by annihilating or creating excitations on their 
corresponding oscillatorJ^. Even though this result was known prior to our work, we offer a systematic analysis of 
such phenomenon, as well as prove it analytically for the very first time in a simple (but relevant) scheme that we 
introduce here. 

Let us start by explaining how to quantify the entanglement present in a joint state of the oscillators. Even though 
we pretty much understand the conditions that a good entanglement measure £[pab] must satisfj{3, we haven’t been 
able to build a satisfactory one for general bipartite states (the ones introduced so far either do not satisfy all the 
needed conditions, or can only be evaluated efficiently for restricted classes of states). Fortunately, when dealing only 
with pure states pab = \'/)ab{'/\, it has been proved that there is a unique entanglement measure, the so-called 

These operations correspond to the application of the annihilation or creation of excitations through the operators a and at. Not being 
unitary, these operators cannot correspond to any Hamiltonian interaction; nevertheless, by using measurement-based techniques, they 
can be simulated probabilistically (that is, conditioned to a specific outcome in some measurement). Nowadays, it is possible to perform 
photon addition and subtraction from light beams 14511461 l47l 14811491 . In particular, photon subtraction is accomplished by making the 
beam pass through a beam splitter with very high transmittance; whenever a photon is detected in the reflected beam, it means that 
photon subtraction has been accomplished in the transmitted beam [45]. Photon addition is a little more involved [46]; in these case the 
beam acts as the seed of the signal mode in a down-conversion process, and whenever a photon is detected in the conjugate spatial mode 
(the idler mode), it means that a photon has been added to the beam. These operations have been used to make direct tests of things as 
fundamental as the bosonic commutation relations |48lI49| . 

Technically, it must be an entanglement monotone^ see [50] for a clear and concise explanation. 
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entanglement entropy. Its definition is actually quite intuitive: One just needs to check how mixed the reduced state 
of one party is left when we trace the subspace corresponding to the other party. Operationally this means that, given 
the reduced states pA = ^t:b{\' 4’)or ps = tTA{\'4’)AB{'4’\}j this entanglement measure is given by 

£[\'ip)AB] = 5 [/ 3 a ] = 5 [ pb ], ( 2 . 45 ) 

where iS[p] = —tr{plog;o} is the so-called von Neumann entropy, which measures how mixed the state p is |51] . 

It is particularly simple to evaluate this entanglement measure when the state is given in its so-called Schmidt 
fornP^. 

OO 

\'^)ab = ^ ^/P 3 \uo) ® \vj), ( 2 . 46 ) 

t=i 

being {p_,}j=i,...,oo a probability distribution, and {|Mj)}j=i,...,oo and {|uj)}j=i_,,,_oo two orthonormal bases. In this 
case, the reduced density operators are given by pA = Pb = li which are already 

in their diagonal form, and hence we have 


£[\tp)AB] = -'^Pjlogpj. (2.47) 

1=1 

Now that we understand how to evaluate the amount of entanglement present in a pure bipartite state, we can 
pass to analyze the scheme depicted in Figure [2771 The idea is that once the two oscillators (initialized in its vacuum 
state) go through the two-mode squeezer (with 0 = 0 for simplicity), Alice adds k excitations, that is, she applies k 
times the creation operator to her oscillator. It is not difficult to show that in the number state basis, the two-mode 
squeezed vacuum state reads [53] 


ITMSV) = Sab (r) |0,0) = ^ \/l - n), (2.48) 

n—0 

with A = tanhr. This state is already in Schmidt form with a distribution given by = (I — A^)A^"', which plugged 
in (12.471) leads to the entanglement entropy 

2 A^ 

f [ITMSV)] = log(I - A^) - log A. (2.49) 

It is very simple to check that this function is monotonically increasing with r, just as expected by the preceding 
section (quantum correlations are larger the larger is the squeezing, and hence the entanglement should increase with 
r). 

Now we need to find the state after the k additions performed by Alice; it is completely straightforward to show 
by using (I2.12p . that the final state reads 


|,0(fc)) ^ -I- fc,n), (2.50) 

n—0 

with 

pI^'> (2.51) 

It is worth noting that this is exactly the same state that is obtained when Bob performs k subtractions on his 
oscillator, that is, Alice adding excitations is the same as Bob subtracting them (see Figure 15771) . 

Just as with the two-mode squeezed vacuum state, this state is already in Schmidt form (check that is a 
probability distribution in n), and hence the entanglement entropy is easily evaluated as LoPn'’ logpi^^ 

Unfortunately, this sum is not analytical except for fc = 0; nevertheless, we can prove that it is an increasing function 
of k as follows. Using the pascal identity 


/n + k + 1\ /n + k\ /n + fcA 

k + 1 + k j’ 


(2.52) 


It is simple to prove that every pure bipartite state can be uniquely written in this form ED- 
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we can write 

pH *''=+[1 - wiK 

where we set = 0 for n > 0 by definition. Now, because of the strict concavity of the function h (x) 
we have 





'pi^i 


Pn-l 

+ {1 - x^iy^h 

Pi^i 



n=0 



n—0 


n—O 


and since ^ 

Pn-l 


r (fe+i)i 

Pn 

, this expression is equivalent to 



£-(fc + l) > £-(fe)_ 


(2.53) 
—xlogx, 

(2.54) 


(2.55) 


Hence, we have been able to prove analytically that entanglement increases with the number of additions/subtractions 
when acting on one mode of the entangled pair. The (numerical) discussion concerning the case of Alice and Bob 
acting both simultaneously on their respective oscillators can be found in |26j . but nothing qualitatively different is 
found. 

In a second work m we apply similar ideas in an effort to prove the so-called minimum entropy conjecture for 
bosonic channels [SIES], which states that input coherent states are the states which minimize the output entropy 
of the most relevant class of optical communication channels {phase-insensitive Gaussian channels |541 155)1. or, 
equivalently, that they maximize the capacity of those channels, that is, the number of bits per second that can be 
transmitted reliably through the channel. 


2.6 The harmonic oscillator in phase space 


2.6.1 Phase space distributions 

In the previous sections we have been able to make phase space sketches of various quantum states of the harmonic 
oscillator, which in particular allow us to visualize the statistics that would be obtained when measuring its quadratures. 
In this section we show how these sketches can be made in a rigorous way, by making a correspondence between the 
quantum state of the oscillator and a distribution in phase space [22]. One can tend to think that this suggests 
that quantum mechanics can be formulated just as noise impregnating the classical phase space trajectories, but the 
situation is a lot more subtle as we will show: Either these distributions are not probability density functions in the 
usual sense (they can be negative or strongly divergent), or the way that averages are made with them is not the usual 
one. 

In the following we consider that the oscillator is in some generic state p, and review three natural ways of defining 
a phase space distribution associated to it. 

The Wigner distribution. As we have already argued, the quadratures posses a continuous spectrum 
and hence a continuous set of generalized eigenvectors {|a;’^)}x'/'6R- Hence, quantum mechanics assigns a 
probability density function {x^\p\x^) to any point = x costjj + y sin ip of the phase space {x, y), which completely 
describes the statistics of a measurement of the quadrature. 

It follows that a natural way of defining a phase space distribution, say W {x, y), is then as the one whose marginals 
dyW {x,y) and f_^dxW {x,y) give, respectively, the probability density functions (a;|;o|a;) and {y\p\y) corre¬ 
sponding to a measurement of the X and Y quadratures. It is possible to show that such a distribution, which is 
known as the Wigner distribution |5hj . can be uniquely defined as 

W{x,y) = ^ f dfexp{-iyC/2)(x + C/2\p\x-^/2). (2.56) 

47r Jr 


It can also be shown that given an operator A{X,Y)^ we can evaluate its expectation value as 

(A) = f dxdyW {x,y)A^^'> {x,y) , (2.57) 

where A^^'i is obtained by writing A{X, Y) as a symmetric function of X and Y with the help of the commutation 
relations, and then changing these operators by the real variables x and y, respectively. 

This expression deserves some comments. Note that when discussing the axioms of quantum mechanics (Section 
IA.3.21) we decided that a reasonable strategy to generate the self-adjoint operators associated to a given classical 
observable was to first symmetrize its associated classical phase space function and then change the position and 
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momenta by the corresponding self-adjoint operators; hence, it may look like Eq. (I2.57|) is telling us that quantum 
mechanics appears just as noise acting onto the classical picture of the system, that is, by introducing probability 
density function W {x,y) in phase space to which every observable must be averaged. Even though this intuitive 
picture might be useful to understand certain quantum phenomena (like squeezing), this is far from the end of the 
story; quantum mechanics is a little more subtle: Even though W {x, y) is normalized to one and is a real function 
of the phase space variables, it can take negative values [22] . and hence it is not a true probability density function. 
In other words, in general quantum mechanics cannot be simulated by adding classical noise to the system. As an 
example, for coherent and squeezed states it is possible to show that the Wigner distribution is positive all over phase 
space [22) . and hence the interpretation of quantum mechanics as quantum noise acting onto the classical trajectories 
is somehow correct; however, this interpretation breaks down for number states, as in that case the Wigner function 
takes negative values [22] . 

The Husimi distribution. Coherent states offer an alternative way of building a phase space distribution. 
We saw that they are specified by a complex parameter a, coherent amplitude in the following, and admit a simple 
representation in a phase space formed with the variables (x, y) = (2 Re {a} , 2 Im {a}). These suggests that we could 
define another phase space distribution, say Q (x, y), by asking to the state p of the oscillator how much does it project 
onto the set of coherent states {|Q:)}cgC’ 


^ {a\p\a) 

Q (a) =- 

TT 


(2.58) 


where the factor tt ^ appears to ensure that Q is normalized to one. This simple distribution is called the Husimi Q 
distribution and has a very nice property: It is positive and finite for any state of the oscillatoi0, and hence it 
is a true phase space probability distribution. 

It has however a drawback: Its marginals do not give the proper probability density functions for quadrature 
measurements. Nevertheless, we can still evaluate the expectation value of an operator A (a, a^) with it as 


(A) = / d^aQ (a) {a,a*), 

Jc 


(2.59) 


where is obtained by writing A (a, a^) in anti-normal order with the help of the commutation relations, and then 
changing the annihilation and creation operators by a and a*, respectively. Note that this expression cannot be seen 
as an average of the classical phase space function associated to the observable because of the antinormal order. 

Note finally that it is possible to characterize the full state p by only the diagonal elements (Q;|/5|a) because coherent 
states form an overcomplete basis, as we already discussed in Section 12.3.21 

The Glauber—Sudarshan distribution. Instead of asking how much does our state project onto a coherent 
state, we can assign a phase space distribution in the complex-a plane with a different but equally reasonable question: 
How do we have to mix the set of coherent states {|a)}agc generate the state p of the oscillator? In other words, 
we are asking for the distribution P (a) satisfying 


p = [ d^aP {a) \a){a\. (2.60) 

Jc 

If the coherent states were orthogonal, the answer would be the Q distribution; however, as they are not, this P{oi), 
known as the Glauber-Sudarshan P distribution [581159] . is a completely different distribution. In fact, this distribution 
can be negative and has in general strong divergences such as derivatives of the delta function. As an example, here 
we show the P distribution associated to a coherent and a number state 


^^lao) (“) = “ “o), 

exp (lap) 


P\n) (o:) 

/ V , 

which are not difficult to find by using the general formuleFI 


(aL.) 


Pi ^ f ^ ^ 

Jc 


exp I 


|ap+/3*a-/3a*)(-/3|p|/3). 


(2.61a) 

(2.61b) 

(2.63) 


Note that, in particular, it is lower bounded by 0 and upper bounded by I/tt, as follows from the positivity and the unit trace of p, 
respectively 

The identity 




(2.62) 


is also useful in the case of the number state. Note that this identity comes directly from the representation of coherent states in terms of 
number states ilTTsli . 
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which comes from inverting equation (I2.60I1 . 

Despite these properties which make the P distribution being far from a true probability distribution, it turns out 
to be extremely useful to solve quantum optical problems. This is because we can evaluate the expectation value of 
an operator A (a, a’^) as 

(i) = [ dPaP (a) (a, a*), (2.64) 

Jc 

where is obtained by writing A (a, a^) in normal order with the help of the commutation relations, and then 
changing {a, a^} by {a, a*}, and, as we shall see in Chapter 0 most of the theoretical predictions for experimental 
observations involving light detection are formulated ultimately as the expectation value of some operator written in 
normal order. 

We will refer to these continuous representations of the density operator as coherent representations. It is possible 
to show that the three distributions W, Q, and P exist for any quantum state p. This means that all the information 
concerning the state of the oscillator is completely contained in any of them, that is, the three of them are equivalent 
to the density operator p. Hence, they provide a quantum mechanical description of the harmonic oscillator in phase 
space, but they cannot be regarded as probability distributions in the classical sense, showing that there are quantum 
states which cannot be understood within the framework of classical mechanics. 


2.6.2 The positive P distribution 

The three types of distributions that we have defined have both advantages and drawbacks: The marginals of the W 
distribution give the correct statistics for quadrature measurements, but the distribution itself can be negative; on the 
other hand, the Q distribution is a well behaved probability distribution, but it gives quantum expectation values of 
operators only in antinormal order; finally, the P distribution gives expectation values of operators in normal order 
(which turns out to be quite useful in quantum optics), but it usually has singularities beyond those of the Dirac-delta 
function. 

In this section we develop a new probability distribution, the positive P distribution, which is always a well behaved 
probability distribution and gives expectation values of operators written in normal order. These are the properties 
that will be needed for the purposes of this thesis, but, as we will see, these are accomplished at the expense of working 
in a phase space with twice the usual dimensionality. Even so, we will sketch in the next section (and show explicitly 
along the next chapters) how this distribution allows us to make calculations which could be impossible to perform 
otherwise. 

The positive P distribution was originally defined by Drummond and Gardiner [60] via the following non-diagonal 
coherent state representation of the density matrix 


p = [ (a, A (a, «+) , (2.65) 

where we have defined the so-called non-diagonal projector 

A (a, a+) = ^ ^ = exp (-a+a) exp (aa'^') |0)(0| exp (a+a) . (2.66) 

We use the same notation for this distribution and for the Glauber-Sudarshan distribution because from now on we 
will make use of the positive P distribution only, and hence there will be no room for confusion. Note that as a 
and are complex, independent variables, P {a, a^) lives in what we will call an extended phase space (a, a'^), the 
four-dimensional space formed by the real and imaginary parts of a and . 

Even though the positive P distribution is not uniquely defined from (12.6511 . it can always be chosen as [60] 


P la, a’*’) = exp 




1 

2 


(a* -|- a’*') 


5k 


(2.67) 


which shows explicitly that it is a well defined probability distribution in the extended phase space la,a'^). 

Similarly to the Glauber-Sudarshan P distribution, it allows us to find the expectation value of an operator 
A (a, a'l') as 

(A) = f d^ad'^a'^P A^''^ la,a~^) ] 

JC2 


( 2 . 68 ) 
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note that the correspondence —>■ a* in the normal form of the operator A is replaced within this representation by 

a’l' —>■ q;+. 

We would like to finally note that it is completely straightforward to prove that A (a, q;+) is an analytic functioi0 
of the complex variables (a, while the distribution P (a, 0+) itself is not, as it has to depend on both (a,«+) and 
their complex conjugates in order to be a real function. We will exploit the analycity of A (a, a~^) in the next section 
and along the upcoming chapters. 


2.6.3 Fokker-Planck and stochastic Langevin equations 

As a taste of the usefulness of the positive P representation, consider the following evolution equation for the state of 
an oscillator: 

= \—iu)a)a + — K*a?) + (Sa) — £*a) , p] + 7 {2apa^ — a^ap — pa}a) , (2-71) 

being w, £, k, and 7 some parameters (w and 7 are real). The first term includes the regular Hamiltonian evolution of 
the oscillator, an squeezing term, and a term corresponding to an external driving of the oscillator, while the second 
part cannot be written in Hamiltonian form, and describes damping on the ideal harmonic motion of the oscillator. In 
the forthcoming chapters we will see how these terms arise naturally in the evolution of light contained in an optical 
cavity. In any case, let us assume for the moment that the state of the harmonic oscillator is subject to this evolution 
equation. We are going to show that it can be reduced to a set of 2 complex differential equations with noise, that is, 
to a set of stochastic equations m- 

One way to solve these operator equation would be to project it onto a truncated number state basis {|0), |1),..., | A^)}, 
obtaining then a linear system with N x N variables (the independent elements of the representation of the density 
operator). This method, however, is usually of little help if we intend to deal with states having a large number of 
photons, so that the size of the linear system is too large. It is in this case when coherent representations can be 
useful. Let us explain this for the positive P distribution. 

We would like to stress that even though we are using equation (12.711) as a guiding example, most of the derivations 
that we are going to perform are completely general. 

Let us collect the coherent variables into a single vector ct = co1(q;, a"*"). It is very simple to prove that the 


nondiagonal projector A (ct) satisfies the following properties: 

dA (a) = aA (a) (2.72a) 

A (a) d = ^ (2.72b) 

A (a) d’^ = a^A (a) (2.72c) 

dU(a) = + A(a); (2.72d) 


therefore, introducing the expansion of the density operator in terms of the positive P distribution (12.651) . these 
properties allow us to rewrite the evolution equation (12.7111 as 


/ d‘^OiA{a) dtP {c!f,t) = / d^a.d^a~^P 

/c2 4C2 


+ 9 Z! («) djdi 


3 I 


A (a), 


(2.73) 


Given the complex function / [z) = /r (zr,, zi) + i/i zi) of a complex variable 2 = -sr + izi, where /r, /i, 2 :r, and zi are all 
real, we say that it is analytic if the derivative of the function in the complex —2 plane does not depend on the direction along which it is 
performed. A necessary and sufficient condition for this is that all the partial derivatives df^ldzi {k^l = R, I) are continuous and satisfy 
the Cauchy-Riemann relations 


^ = and ^ = 

dzR dzi dzi dzB. 


(2.69) 


Note that this relations imply that dfidz* = 0, and hence, an analytical complex function can only depend on 2 r and zj through the 
combination z^ + izj, that is, it cannot depend on the complex conjugate of z. An important property of analytical complex functions is 
that the derivative respect to the complex variable can be made in two equivalent ways 


df _ df _ .df 
dz dzji dzi 


(2.70) 


All this discussion is generalized to a complex function of several complex variables in a natural straightforward manner. 
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where all the indices can take the values a or a'^, and 

Aa (ck) = f — (7 + ia;)Q: + 2Ka'^, (2.74a) 

Aq,+ (ck) = f * — (7 — ia;)a“'' + 2 k*q:, (2.74b) 

{a) = 2k = (a), (2.74c) 

Daa+ (a) = £>a+a («) = 0. (2.74d) 


The symmetric matrix D can always be decomposed as D = BB^ for some matrix B, although this is not unique 
(note that it has to be a 2 x d matrix, though, with d arbitrary). D being diagonal in this particular example, we 
could choose for example 


0 

0 ■ 


(2.75) 


Define now the real and imaginary parts of the coherent amplitudes a = an + ioi and a~^ = + iaj'’, which we 

collect in the vectors ccr = col(Q;R,aj^) and cci = co1(q;i, aj^). Define also the real and imaginary parts of the vector 
A and the matrix B by 


Aj (a) = A^(aR,ai) + iAf(aR,ai), (2.76a) 

Bji (a.) = B^^{aB.,ai) + iB^{otR, oti). (2.76b) 

The analyticity of A (a) allows us to choose the derivatives dj as 9^ or —at will, where we use the notation 
d/da-R. = and d/dai = d\ (similarly for a’*'), and we choose them so that the differential operator inside the 
square brackets reads 

^ + A^d]) + i ^ a/" + 2B^^"^Bi^dfdj + BrBt^d]dj) , (2.77) 

j jlm 

for future convenience. 

The main result of the section is obtained by performing an integration by parts in (I2.73P to make the derivatives 
act onto P (a; t) instead of onto the projector A (a), what leads to 


dtP{a;t) 


- E ^ E {dfdfB^^B'S^ + 2dfd]B^^B^, 

j jlm 


d]d}B(^B[^'^ 


P{oL-,t ), 


(2.78) 


where we have used the fact that physical states must correspond to positive P distributions which decay to zero at 
infinity, so that we can get rid of the total derivative terms appearing upon integrating by parts. Hence, we have 
turned the operator equation (12.711) into a linear partial differential equation for the P distribution. Indeed, this 
equation is a very special one. By defining the vector A = col(A^, A^ , Af, Af ) and the matrix 


V = 


BkBI 

BiBl 


BkBT 

BiBf 


= BB^ 


with 



02x2 

02 x 2 


we can write it in the more compact way 


dtP (x; t) 


- E ^ E (x) 

i=i ji=t 


P (x; t) , 


(2.79) 


(2.80) 


where we have defined the vector x = co1(q;r, a(^, ai, aJ*"). When the matrix P is positive semidefinite, as it is in our 
case, this is known as the Fokker-Planck equation |61j : this equation has been subject of study for a very long time, 
and we have a lot of different techniques available to solve it or extract information from it. A, P, and H, are known 
as the drift vector, the diffusion matrix, and the noise matrix, respectively. 

For this thesis, the most important property of Fokker-Planck equations is its relation to stochastic equations. In 
particular, it can be proved that any Fokker-Planck equation written in the form (12.801) is equivalent to the following 
system of stochastic equations m 


X = A(x) + H (x) 77 (t) 


(2.81) 
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where rj (t) = col[? 7 i (t), 772 (i), 773 (i), 774 (t)] is a vector whose elements are independent, real, Gaussian noises which 
satisfy the statistical properties 


{Vjit))=0 and {rij{t)rii{t')) = Sji6(t-t'). (2.82) 

We will call stochastic Langevin equations to these equations. The equivalence between them and the original Fokker- 
Planck equation must be understood in the “average” sense, that is, given any function F'(x), we can find its average 
either by using the distribution P (x; t) or the solutions x.[ri{t)] of the variables in terms of noise integrals as 

/ d^xi^(x)P (x; t) = (F {x[ 77 (t)]}). (2.83) 

Given the simple structure of B, see (|2.79ll . we can rewrite the Langevin equations in the complex form 

CK = A (ck) + B (a) T] {t ), (2.84) 

where rj (t) = col[ 77 i (t) ,772 (t)] is in this case a two-dimensional vector. This is an amazingly simple final result: As 
complex stochastic variables, a and evolve according to a set of Langevin equations built with the original A 
and D = BB^. Then, whenever we are able to rewrite an arbitrary master equation in the form (12.7311 by using the 
positive P representation, we can directly write down equations (12.8411 for the coherent amplitudes of the system. 

Applied to our purposes, this means that given the solution a = a\ri (t)] of equation (12.8411 . we can evaluate the 
quantum expectation value of any operator A (a,af) as 

(i) = (A('^)(a,a+))p, (2.85) 

where in the following we will denote by (...)p to any stochastic average obtained from the Langevin equations within 
the positive P representation. 

There is one subtlety that we have not mentioned though. Without entering into much detail (see [SI] for a deep 
discussion), a stochastic equation can be interpreted in infinitely many inequivalent ways, which attend to how the 
integrals involving noise are defined in the Riemann sense, that is, as a limit of some series. The connection we made 
between the Fokker-Planck equation and the Langevin equations is only valid if the stochastic equations are interpreted 
in a very particular form first defined by Ito (the so-called Ito interpretation). The problem with this interpretation 
is that integration is defined in such a way that the rules of calculus as we know them no longer apply, and one needs 
to use a new form of calculus called Ito calculus. Integrals can be defined in a way which allows us to use the usual 
rules of calculus, arriving then to the so-called Stratonovich interpretation of stochastic equations. However, there is a 
price to pay: Interpreted in such way, the set of stochastic equations associated to the Fokker-Planck equation (12.801) 
is no longer (12.841) . but the same type of equation with a different deterministic part given by 

= Aj {a) - ^'^Bim{a.)diBj,ri{oL), with j, Z, 777 = a, a+, (2.86) 

Im 

that is, the deterministic part of the equations acquires an extra term which depends on the noise matrix. In this 
thesis we shall always use this Stratonovich form. Nevertheless, note that if the noise matrix does not depend on the 
coherent amplitudes a., both forms are the same, that is, Ito and Stratonovich interpretations differ only when noise is 
multiplicative, not additive. This is indeed the case in our simple example (12.7412.751) . whose associated set of complex 
Langevin equations are given by 


(2.87a) 
(2.87b) 

both within the Ito and Stratonovich interpretations. 


d = f — (7 -I- iw)a -I- 2Ka^ + V^rjiit), 
a'^ = — (7 — iaj)a~'’ -I- 2K*a + V2K*r]2it), 

















3. QUANTIZATION OF THE ELECTROMAGNETIC FIELD 
IN AN OPTICAL CAVITY 


The goal of this chapter is the quantization of the electromagnetic field inside an optical cavity with perfectly reflecting 
mirrors. We will follow a heuristic, but physically intuitive approach in which the electromagnetic field is put in 
correspondence with a collection of harmonic oscillators. Nevertheless, we would like to note that the quantization of 
the electromagnetic field can be carried out in a more rigorous fashion by generalizing the method that we described 
for mechanical systems in the previous chapter and in Appendix (Aj this procedure relies on a Lagrangian theory of 
fields, and is called canonical quantization m- 

In order to show how the heuristic procedure works, we will first apply the method to a simple, but highly relevant 
case: The quantization of the electromagnetic field in free space. This will allow us to introduce plane-waves as well 
as the concept of polarization. We then pass to describe optical beams within the paraxial approximation, and discuss 
the modal decomposition of such fields in terms of transverse modes. We finally consider the electromagnetic field 
inside a stable optical cavity and proceed to its quantization. 

3.1 Light as an electromagnetic wave 

Nowadays it feels quite natural to say that light is an electromagnetic wave. Arriving to this conclusion, however, was 
not trivial at all. The history of such a discovery starts in the first half of the XIX century with Faraday, who showed 
that the polarization of light can change when subject to a magnetic field; this was the first hint suggesting that there 
could be a connection between light and electromagnetism, and he was the first to propose that light could be an 
electromagnetic disturbance of some kind, able to propagate without the need of a reference medium. However, this 
qualitative idea did not find a rigorous mathematical formulation until the second half of the century, when Maxwell 
developed a consistent theory of electromagnetism, and showed how the theory was able to predict the existence of 
electromagnetic waves propagating at a speed which was in agreement with the speed measured for light at that time 
m- A couple of decades after his proposal, the existence of electromagnetic waves was experimentally demonstrated 
by Hertz m. and the theory of light as an electromagnetic wave found its way towards being accepted. 

Our starting point are Maxwell’s equations formulated as partial differential equations for the electric and magneti^ 
vector fields E(r, t) and B (r,t), respectively, where r (t) is the position (time) where (when) the fields are observed. 
This formulation is due to Heaviside [64) . as Maxwell originally proposed his theory in terms of quaternions. The 
theory consists of four equations; the first two are called the homogeneous Maxwell equations and read 

V-B = 0 and V x E =-5tB, (3.1) 

where V = {dx,dy,dz). The other two are called the inhomogeneous Maxwell equations and are written as 

V-E = p/eo and V x B =/ioeo^tE +/ioj, (3.2) 

where any electric or magnetic source is introduced in the theory by a charge density function p (r, t) and a current 
distribution vector j (r, t), respectively; the parameters Eq = 8.8 x 10“^^ F/m and pq = 1-3 x 10“® H/m are the 
so-called electric permittivity and the magnetic permeability of vacuum, respectively. 

We will show the process of quantization of the electromagnetic field in the absence of sources (p = 0 and j = 0). 
Under these circumstances, the inhomogeneous equations are simplified to 

V • E = 0 and c^V x B = 5tE, (3.3) 

where c = 1/^eoPo — 3 x 10®m/s. 

The homogeneous equations dTH) allow us to derive the fields from a scalar potential (r, t) and a vector potential 
A(r, t) as 

B = V X A and E = -Vfi - dtA, (3.4) 

^ As we won’t deal with materials sensitive to the magnetic field, we will use the term “magnetic field” for the B-field, which is usually 
denoted by “magnetic induction field” when it needs to be distinguished from the H-field (which we won’t be using in this thesis). 
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hence reducing to four the degrees of freedom of the electromagnetic field. These potentials, however, are not unique; 
we can always use an arbitrary function A (r, t) to change them as 

A^>A + VA and (j)^(j) — dtA, (3.5) 

what is known as the gauge invariance of Maxwell’s equations. 

Introducing (IMI) into the inhomogeneous equations we get the equations satisfied by the potentials 

{c^V^ - dl) A = dtV(t) + c^V {V ■ A) (3.6a) 

V^<t) + dtV ■ A = Q. (3.6b) 

The problem is highly simplified if we exploit the gauge invariance and choose V • A = 0, as the second equation can 
be shown to further imply that </) = 0 for physical fields vanishing at infinity, and hence the only equations left are 

(c^V^ - A = 0 (3.7) 

which are wave equations with speed c for the components of the vector potential. Note that the condition V • A = 0 

(known as the Coulomb condition) relates the three components of A, and hence, only two degrees of freedom of the 

initial six (the electric and magnetic vector fields) remain. 

It is finally important to note that the wave equation (133 has a unique solution inside a given spatio-temporal 
region only if both the vector potential and its derivative along the direction normal to the boundary of the region 
are specified at any point of the boundary |65) : these are known as Dirichlet and Neumann conditions, respectively. 
In general, however, physical problems do not impose all those constraints, and hence there coexist several solutions 
of the wave equation, which we will call spatio-temporal modes of the system. 

In all the optical systems that we will treat, we will be able to write these solutions in the form eA (r, t), with e 
a constant unit vector and A (r, t) a function of space and time; this is called the scalar approximation, and can be 
made when the system looks the same for the two independent components of the vector potential (for example, both 
components must be subject to the same boundary conditions). In addition, it will be convenient to look for solutions 
separable in space and time, that is, A (r, t) = u (r) A{t). We will see that the connection with the harmonic oscillator 
is made through the temporal part of the solutions. As for the spatial part, introducing the separable ansatz in the 
wave equation, we find that it must satisfy the equation 

V'^u + k'^u = 0, (3.8) 

where is a suitable separation constant. This is a Helmholtz equation, which yields a unique solution inside a 
given volume only if the Dirichlet or Neumann conditions are given for u (r) m- If the boundary conditions are 
less restrictive than these, several solutions {u„(r)} appear corresponding to the eigenfunctions of the differential 
operator V^, which is a self-adjoint differential operator called Laplacian, whose corresponding eigenvalues {— 
can be shown to be all negative. These solutions are known as the spatial modes of the system, and play a central role 
in the heuristic quantization procedure that we will follow. 

3.2 Quantization in free space: Plane waves and polarization 

3.2.1 Quantization in terms of plane waves 

The scalar approximation works fine in free space, as by definition it has no boundaries. This also means that the 
Helmholtz equation (13.81) has to be solved in all In this case, the eigenfunctions of the Laplacian form a continuous 
set given by {exp (ik • r)}kgR3, with corresponding eigenvalues { —|kp}kgR3. Hence, the solutions of the wave equation 
will be of the type e (k) A(k, t) exp (ik • r). Moreover, the Coulomb condition imposes that k • e (k) = 0, that is, the 
vector potential is orthogonal to the mode vectors k; this means that for any k we can define two vectors ei (k) and 
£2 (k), which are called the polarization veetors, satisfying the relations 

k • (k) = 0, ((7 = 1,2) (3.9a) 

el (k) ■ £cr'(k) = Saa', (a, a'= 1,2) (3.9b) 

(k) X £2 (k) = k/fc = K, (3.9c) 

with k = |k|, so that we can make the following modal expansion of the vector potential: 

A{r,t)= [ d^k£cr (k) Act (k, t) exp (ik • r). 

.= 1,2 


(3.10) 
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Note that the reality of the vector potential imposes that 


s*cr (k) (k, t) = Ea (-k) Aa{-K t). 


(3.11) 


From the wave equation, we get that the temporal part of the vector potential satisfies the equation 

^+w^(k) ^<,(k,t)= 0 , 


(3.12) 


with uj (k) = ck. Being this the equation of motion of a harmonic oscillator, one might be tempted to directly 
interpret the modal amplitudes the positions of harmonic oscillators associated to the different modes; 

however, .4cr(k, t) is not real in general, and hence we need another strategy to make the connection with the harmonic 
oscillator. The idea is to define 


Va (k,t) 


1 

f 


Aa[\i.A) + —AcriKt) , 


(3.13) 


where F is a real parameter that will be chosen later, which satisfies the equation 


!>cr(k, t) = -iuj (k) iZcriKt) >^cT (k, t) = iZcr (k) exp [-iw (k) t ], 


(3.14) 


where we denote (k,0) simply by (k); this expression shows that t'o- (k, t) and v* (k, t) are subject to the same 
evolution as that of the normal variables of a harmonic oscillator, see Section o 

This approach shows that the modes of the electromagnetic field behave as harmonic oscillators of frequency w (k) 
having {va- (k, t) , 1 ^* (k, tjjkggs as normal variables. Indeed, we can show that the electromagnetic energy, which is 
defined in vacuum as the integral 


dA 


(r,t) + —(r,t) 
Po 


(3.15) 


can be written as the Hamiltonian of this collection of harmonic oscillators. By using the modal expansion of the 
vector potential (13.101) and its relation with the electric and magnetic fields (13.4|) , it is straightforward to show that 




= dTT^eo ^ 


( 7 = 1,2 


d'^k 


\Acr{k, t)\ + UJi.\Acr{k, t)y 


Now, inverting the relations (j3.13p we get 

-4a(k, i) = ^ K (k, t) + v* (-k, t )], 

AaiKt) = ^ Wa (k,t) - iz* (-k,t)], 

from which one trivially obtains 

Eem = W [ d^kw^ (k) v* (k, t) (k, t). 


(3.16) 


(3.17a) 

(3.17b) 


(3.18) 


Hence, by choosing F = l/\/87r%o, the final expression for the electromagnetic energy reads 

Eem = X! / d^k ^^ iz* (k) (k), (3.19) 

which is exactly a sum of the Hamiltonians for each harmonic oscillator of frequency cj (k) with normal variables 
{iZa- (k, t ), iz* (k, t)}keK3 and unit mass. 

These derivations suggest that we can treat the electromagnetic field as a mechanical system consisting of a 
(continuous) collection of harmonic oscillators, and quantize it accordingly, that is, by replacing the normal variables 
of each oscillator {i^cr(k, t), zz* (k, t)}i(;£R3 by the set y^2/i/a; (k){dCT (k,t), Sj. (k,t)}kgR3 of boson operators, where the 
annihilation and creation operators satisfy the commutation relations 

[ha (k, t) , hi, (k', t)] = Saa'S^ (k - k'), 

[ha (k, t) , ha' (k', t)] = [hi (k, t) , hi, (k', t)] = 0. 


(3.20a) 

(3.20b) 
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Photons are then associated to the excitations of each electromagnetic oscillator (ct, k). 

According to the quantization scheme that we used in the previous chapter for the harmonic oscillator, the Hamil¬ 
tonian for the electromagnetic field in free space is then found from (I3.19|) as 


H,, 



[al (k) ho- (k) -P Qa (k) (k)] . 


(3.21) 


Using the commutation relations (I3.20all we can rewrite it in the following normal form 


H,, 


f d^khu} (k) (k) da (k) -|- 47rM^ (0) 





'■ H-Eoo 


(3.22) 


The first contribution is like i?em but where the boson operators have been reordered in normal order as if they were 
usual numbers, that is, without making use of the commutation relations, an operation that we denote by : A {a, al) : 
for any operator in the following. The second contribution, on the other hand, is a number, but an infinite one. Note 
however, that it contributes as a global phase to the time evolution operator, and it is therefore not observable, what 
allows us to redefine the origin of the energy such as this contribution is remove41. 

The vector potential becomes then an operator A (r, t) = (r, t) -b A^”) (r, t), with 


A(+)(r,t)= ^ 

(T=1,2 ‘ 




R3 


IbTT^eow (k) 


(k) Oct (k) exp [—iw (k) t-b ik • r] = A^ ^(r,t) 


(3.23) 


This decomposition of the vector potential in terms of A^^^ (r, t), usually called its positive-frequency and negative- 
frequency parts, will be used for every field from now on; we will sometimes refer to either part by itself as “the 
field” The electric and magnetic fields are described then by the operators 


(r, t) = i [ d^kJ ^ 3 ^^ Ba (k) da (k) exp [-iw (k) t -b ik • r] , 
Jr 3 y loTT’^eo 


B(+)(r,t) = i^ / d^k 


V 167r3eow(k) 


[kxe^ (k)] da (k) exp [—iw (k) t -b ik • r]; 


(3.24a) 

(3.24b) 


this is consistent with quantum mechanics, as being observable quantities, the fields must correspond to self-adjoint 
operators. Note that all these expressions are given within the Heisenberg picture, as the operators evolve in time. 

Note finally that the spatio-temporal modes of the problem have the functional form exp [—iw (k) t -b ik • r]. These 
modes are called plane-waves. They are “plane” because all the points laying in the plane k • r = const take the same 
value of the mode; they are “waves” because the mode at the space time point (r, t) has the same value that it had at 
(r— c/«t,0), and hence these modes can be visualized as a plane propagating at speed c along the direction of k. We 
will call wave vector to k in the following. Our eyes are sensitive to electromagnetic waves having frequencies to (k) 
between 2.5 x lO^^Hz (red) to 5 x lO^^Hz (violet), or equivalently wavelengths A = 2Tr/k between 760nm and 380nm, 
which are customarily called light; in this thesis we will focus on this region of the electromagnetic spectrum (which 
sometimes is extended to the near infrared or ultraviolet), which we will refer to as optical domain. 


3.2.2 Vector character of the fields and polarization 

Let us explain now a property of the electromagnetic field that we will be using in several parts of this thesis, the 
polarization. To this aim we come back to a classical description of the electromagnetic field. 

Consider a Cartesian system defined by the triad {e^^ey^Sz} of unit length vectors. Consider now an electromag¬ 
netic field described by a plane-wave mode propagating along the direction, and having definite frequency oj and 
polarization vector e, whose vector potential is given by 


A(r,t) 


Aq 

2 


e exp (—iwt -b ikz) + c.c.. 


(3.25) 


^ There are certain situations (like the Casimir effect or the Lamb shift) in which this term has observable consequences, and the 
theory must be properly renormalized. We will however not find such situations in this thesis, and hence a direct removal of these infinite 
quantities leads to the proper results. 
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Fig. 3.1: Ellipse described by the components of the vector potential as they evolve. 


with Aq some amplitude that we take real and positive without loss of generality. The associated electric and magnetic 
fields are given by 


, . .UjAq 

E (r, t) = 1 ^ £ exp {—lujt + ikz) + c.c., 

B (r, t) = [^2 X e] exp (—iwt + ikz) + c.c.; 


(3.26a) 

(3.26b) 


the first interesting thing that we observe is that the electric and magnetic fields are not only orthogonal to the 
propagation direction (we say that they are transverse fields)^ but also to each other. 

Suppose now that we observe the time evolution of the electric field at a given position which we take as r = 0 to 
simplify the upcoming discussion. Let us parametrize with full generality the polarization vector as 


e(d, (p) = Bj; exp (—id) cosv? + By exp (id) sini^, (3.27) 

with d € [0,7r] and (p G [0,7r/2]. At the observation point, the vector potential takes the simple form 

A(i) (3.28) 

smpcos[ojt — 0) J 

where we have taken Aq = 1 for simplicity, and we have represented A in our Cartesian system, but obviating the 
z component which is always zero given the transversality of the fields. It is not difficult to realize that, starting 
at the point A(0) = (cos(/5COsd,sin(pcosd), this vector describes an ellipse in the x — y plane as time increases, as 
shown in Figure ITT] Let us call a and b to the semi-major and semi-minor axes of this ellipse (positive definite), 
and /3 G [—7r/2,7r/2] to its orientation (the angle that its major axis forms with the x axis). The orientation of this 
ellipse, called the polarization ellipse, is given by 


tan 2,5 = tan2(/9COs2d, 


(3.29) 


while defining an auxiliary angle y G [—7r/4,7r/4] from sin2y 
given by 


a 


2 


1 

1 + tan^ X 


and 


= sin2(psin2d, the semi-major and semi-minor axes are 
1 + tan^ y 


Hence, the eccentricity of the ellipse is 


e = V 1 - tan^ y; 


(3.30) 


for e = 1 (y = 0) the ellipse degenerates into a straight line, while for e = 0 (y = ±7r/4) the ellipse is a circumference. 
In the first (second) case we say that light has linear [circular) polarization. Of special interest for this thesis is the 
case p = 7r/4. In this case, the orientation of the ellipse is /3 = ±7r/4, and the polarization changes from linear to 
circular (and from right to left, see below) depending on the angle d as shown in Figure |321 









32 


3. Quantization of the electromagnetic Held in an optical cavity 



Fig. 3.2: Polarization ellipse for ip = n/4. Note how the polarization changes from linear to circular and from left to right as a 
function of 0, but the ellipse is always oriented along the ±7r/4 axes. 


The vector potential can then be seen as a point in the polarization ellipse rotating around it with angular frequency 
w clockwise or anticlockwise for sin 20 > 0 and sin 20 < 0, respectively. In the first (second) case we say that light has 
right (left) elicity. 


3.3 Paraxial optics and transverse modes 

In the previous section we have quantized the electromagnetic field by using a modal decomposition based on plane 
waves propagating in all possible directions. However, we have seen that plane waves have an infinite transverse size, 
and hence cannot describe real fields, which have a finite extent. In this section we are going to introduce another 
set of modes which are better adapted to the optical scenarios that we will treat along this thesis, and can even be 
generated in laboratories. 


3.3.1 Optical beams and the paraxial approximation 

In this thesis we will deal with the electromagnetic field in the form of optical beams, that is, light propagating nearly 
within a given direction, which we take as the 2 axis. The vector potential of any such beam can be written as 

A(r,t)= [ dkzA{kz;r±,z,t)exp{ikzz), (3.31) 

Jo 

where O refers to wave vectors kz such that A = 27r/|fc^| is in the optical domain, = {x,y) are the transverse 
coordinates, and A (fc^; r_L, z, t) is an amplitude which, compared to \kz\, varies slowly both along the longitudinal axis 
and the transverse plane generated, respectively, by and {ea;,ej,}, that is, 

A| < \kzdzk\ < kl\k\ (3.32a) 

|Vi-A| < |A:,A|, (3.32b) 

where V_l = {dx,dy). These generalizations of plane waves are called paraxial waves. It is easy to prove that the 
polarization properties of A{kz',r±, z,t) are just as those of plane waves (we say that the polarization degrees of 
freedom decouple from the spatio-temporal ones), so that we can still work under the scalar approximation as in the 
previous section, and look for solutions of the wave equation of the type e (kz) A(kz,t)u [kz] r_L, z) exp (ikz). 

u {kz',r±,z) satisfies the slowly varying conditions (13.3211 . what allows us to rewrite the Helmholtz equation as 

{2ikzdz + Vi) u (kz-, r±,z) = 0. 


(3.33) 
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The solution of this equation is unique provided that the transverse structure of u {kz;r±, z) is given at one plane 
z = zo; indeed, this solution can be written in the integral form [66] 


(k:,;r±,z) = - 


\k. 


27 r(z - Zo) 


d^r'j_u(k;,;r'j_,zo)exp 


ifcz 


2(z - Zo) 


(ru-rir 


(3.34) 


Hence, an optical beam can be visualized as a transverse pattern propagating along the longitudinal axis, whose shape 
is changing owed to the diffraction term of equation (13.331) . 


3.3.2 Transverse modes 

The paraxial equation has a very special set of solutions whose transverse shape is retained upon propagation except 
for variations of its scale and the acquisition of a phase, that is, mathematically they satisfy 

u {k^;r±,z) = cr(z) exp [iy (rj_, z)] u a (z) rj_, zq] , (3.35) 

for some real functions cr (z) and ^{yo_,z). In a sense, these are eigenfunctions of the integral operator acting on 
u{kz]Y^,zo) in (13.341) . the so-called paraxial propagator. These solutions are known as transverse modes and form an 
infinite, but countable set. Their explicit form depend on the transverse coordinate system that one uses to express 
the propagator. In the following we discuss the structure of such modes in Cartesian and polar coordinates. 

Let us start by analyzing the propagation of the most simple transverse mode (which is the same in any coordinate 
system). The structure of the integral equation (13.341) invites us to try a Gaussian ansatz 


u{kz\r±,zo) = Mo exp 


.'29(zo)J ’ 


(3.36) 


where q (z) is a complex parameter which we will call the q-parameter of the beam, and is usually written as 


I _ 1 ,2 

q{z) R{z) kzw"^ (z)’ 


(3.37) 


being R (z) and w (z) real functions called the eurvature radius and spot size of the mode, respectively. Introducing 
this decomposition of the g-parameter in (I3.36P we get 


u (^ 2 ; rj_, Zo) exp (ifc^zo) = uq exp 



r 1 


Uo exp 

1 

o 

1 A!. 

(N 

1 

_1 

exp 


ikz Zo -I- 


2R{zo) 


(3.38) 


which has a very suggestive form: A spherical surface of curvature radius p centered at r = 0 can be written within 
the paraxial approximation as 



(3.39) 


and hence the wavefron1@ of our Gaussian ansatz is spherical and has a curvature radius R{zo). On the other hand, 
this spherical wave is modulated by a circular Gaussian distribution in the transverse plane of thickness w (zq). It is 
straightforward to prove that after the action of the paraxial propagator, this transverse pattern evolves to 


u(fc2;rj_,z) 


uo \. kzv\ 

—^ exp 1 -—^ 
w (z) [ 2q (z) 


iV’(z) , 


(3.40) 


where 


q{z) = q{zo) +z- Zo, 


® The surface formed by the points of equal phase. 


(3.4Ia) 

(3.41b) 
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Fig. 3.3: Transverse distribution of the Hermite-Gauss modes. 


It is customary to take the reference plane zq = 0 as that in which the wavefront is plane, that is, the plane in which 
R (zo = 0) = oo, denoting w (zq = 0) by wq. Particularized to this election, the previous expressions lead to 

r / \ 23 


(z) =■ 


R(z) = z 


1 + ( — 
\zii 

Hfy 


^(z) = - arctan ( — ) G 


ZR 


(3.42a) 

(3.42b) 

(3.42c) 


where we have defined the Rayleigh length zr = (note that it is not positive definite, it is negative when k^ is 

negative). '0 (z) is known as the Gouy phase. Note that this pattern u (fc^; r±,z) is related to u (kz] rj_, zq) in the form 
(I3.35I1 . and hence, it is indeed a transverse mode; it is called the fundamental transverse mode. The rest of transverse 
modes have a structure similar to this Gaussian mode, but modulated by additional transverse functions. 

For Cartesian coordinates = {x,y), the transverse modes are known as the Hermite-Gauss (HG) or TEMmn 
modes {Hmn {kz]Vy, 2:)}m,rieNj ^nd have the form 


Rmn {kz , I‘j_ , z) 


•\/2™+" ^TTmW.w {z) 


Hr, 


1_ 

Hn 


exp 

+ i (1 + m + n) 0 (z) 

w [z) 


w {z) 


L 2g{z) \ 


(3.43) 


where Hm (x) denote the Hermite polynomialsQ. The indices m and n, called collectively the transverse modal indices, 
are called individually the horizontal and vertical indices of the mode, respectively. Note that these modes form an 
orthonormal set in the transverse plane, that is. 


/ d^r±Hfr,n {kz;r±,z) Hm'n' {kz ; rj_ Vz. 


^ The Hermite polynomial Hm (a:) can be found from the Rodrigues formula 


Hm (x) = (-1)”* exp (x^) — exp (-x^) . 


Hence, for example, Hq (x) = 1 and Hi (x) = 2x. 


(3.45) 


(3.44) 
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Fig. 3.4: Transverse distribution of the Laguerre-Gauss modes. 


Indeed, it is possible to show that they also form a basis for any function contained in (r^), that is, for any square 
integrable function in R.^; this completeness of the modes is expressed mathematically as 

^H^nikz;r'^,z)H^nik:,-r±,z) = S^{rj_-r'^) Mz. (3.46) 

m,n 


Let us define the collective index f = m + n, which we will call family index for reasons that will become clear 
when dealing with optical cavities; we say that modes with the same family parameter / are contained in the fth 
transverse family. Note that family / contains / + 1 modes. In Figure 13.31 we plot the transverse distribution 
Xran (fj.) = I'fi' (z) Hmn {kz',w {z) rj_, z) ^ of these modes. We see that the transverse indices m and n give the number 
of zeros present in the x and y directions respectively (the number of nodal lines). 

On the other hand, for polar coordinates rj_ = ^(cos </>, sin 0), the set of transverse modes are known as the 
Laguerre-Gauss (LG) modes {Lpi (fcj,; rj^, and have the form 


Gpi {kz^ rj_, z) — 


2p! 


I 


■k{p + |/|)! w {z) 


1 

1_ 

lll 

T 1*1 

2r^ 

exp 

w (z) 

Fp 

w'^ (z)_ 


ikz 


2q (z) 


-I- i (1 -I- 2p -I- \l\) if (z) -I- ilrf 


(3.47) 


where Lp^ (t) denote the modified Laguerre polynomials!^. In this case p and I are known as the radial and polar 
indices, respectively. These modes form also an orthonormal basis of L^ (ru)- 

For the LG modes the family index is defined as/ = 2p-|-1^1. In Figure l3.4l we show Ipi (rj_) = \w (z) Lpi {kz;w {z)r±,z 
just as we did with the HG modes. Note that this intensity profiles are independent of the polar angle f), and p gives 
us the number of zero-intensity circumferences (the number of radial nodes). 


® The modified Laguerre polynomial Lp (t) can be found from the Rodrigues formula 

, III exp (t) dP 


dtP 


exp(-f)] . 


Hence, for example, Lg ^ (t) = 1 and (t) = —t + |/| + 1. 


(3.48) 
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Fig. 3.5: Transverse distribution of the Hybrid Laguerre-Gauss modes. Note that the modes of its first family are the same as 
the corresponding Hermite-Gauss modes. 


Instead of the LG modes which have a complex dependence exp (il4>) on the polar angle, sometimes it is more 
convenient to use the Hybrid Laguerre-Gauss (HLG) modes {1^; (^ 2 ! rj_, ■z)}p7gn> which are defined as 


hep/ (^2; f _L ; 
Yspi {kz-,r±,z) 


1 

72 

1 


[Lpi (fc^; r_L, z) + Lp^^i {kz;r±,z)] oc cos (/</>), 
: [Lpi (fc^; rj_, z) - (fc^; rj_, z)] oc sin (/</>) 


(3.49a) 

(3.49b) 


and have a trigonometric dependence on (j). Of course, these relations are not valid for I = 0, where the polar 
dependence disappears and the convention is to define the Hybrid cosine mode as the LG mode and the Hybrid sine 
mode as zero, that is, Hepo {kz',t^±,z) = Lpo (fcz;rj^,z) and H^po {kz;r±,z) = 0. In Figure [3^ we show the intensity 
of these modes. Note that they are like the LG modes, but modulated by a periodic function of the polar angle; in 
particular, given the dependence cos (Icj)) or sin (/</)), 21 gives the number of zeros present in any circle around r = 0 
(the number of polar nodes). This set of transverse modes is usually denoted by TEM*j in the literature. 

In the following, in order to make the next derivations general, we define an arbitrary set of transverse modes 
{7n ikz',r±, z)}^ satisfying the orthonormality and completeness relations 



(fc^; r_L, z) T„/ (fc^; r_L, z;) = dnn', 


(fc^;r'_L,z:)T„(fc 2 ;r_L,z) = <5^ (r_L - t^l) Vz; 


(3.50a) 

(3.50b) 


for example, when the modes are taken to be the HG, LG, or HLG, the set of transverse modal indices {n} is 
{n,m}n,mcn, {pjYp^, and {j,pj}p^i^^, respectively. 

As for arbitrary g (z) and ip {z) parameters the transverse modes form a basis of L^ (r±), which is the space of 
physical transverse patterns (they cannot extend to infinity or have singularities), the vector potential associated to 
any optical beam propagating along the z axis can be expanded as 


A(r,t) = ^ ^ 

o-=l,2 n * 


dkzSfjn {kz ) j^an{kz , t)T^ {kz , rj_, z) exp (i/c^z). 


'O 


(3.51) 
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The HG, LG, and HLG modes satisfy the relations 

^mn 7 5 — ^mn ( ; I’_L 7^)7 (3.52a) 

L^i (k^]Vy,z) = Lp^-i r^, z), (3.52b) 

Yjpi (fc^;ri,z) = Yjpi {-k^-,vy,z)] (3.52c) 

hence, similarly to what happened with plane waves, the reality of the vector potential imposes the following restrictions 
on the polarization and temporal parts of the modes: 

^crmn (^.^) *^crmn 7 ^) — ^amni. ^(Tmn{_ ^ 727^)7 (3.53a) 

^apl i^z) —£ap, — l{ kz) •A.ap,—l{ kz,t), (3.53b) 

^tjjpl i^z) -^ajplikzTt) = £(Tjpl {~kz) A.crjpl{~kz,t). (3.53c) 

Note finally that all these transverse bases have two free parameters, e.g., the spot size at the waist plane and the 


position of this plane; in free space we can choose these parameters as we feel more convenient, and hence this paraxial 
basis is actually a continuous family of bases. We will see that these transverse modes form also a basis for light 
contained in an optical cavity, but in this case the parameters of the basis get fixed by the cavity geometry. 


3.4 Quantization in an optical cavity 


3.4.1 Geometrical optics: Propagation through optical elements and stable optical cavities 

Optical cavities are useful for their ability to trap light. In their most basic configuration, they consist on two spherical 
mirrors facing each other {linear resonators), so that when an optical beam enters the system, it stays bouncing back 
and forth between these. In this section we explain the conditions that any cavity must satisfy in order to truly confine 
light. 

Gonsider an optical beam propagating nearly within the z axis. In the preceding section we studied the propagation 
of such a beam by taking into account the diffraction effects of the wave equation. There is yet another description of 
the beam which is very useful owed to its simplicity, but works only for large Fresnel numbers F = /\l, where d is 

the transverse size of the beam and I the distance that it has propagated along the z axis. This approach is known as 
geometrical optics, and it visualizes the beam as a collection of collimated rays propagating as straight lines (hence, 
it doesn’t take into account the changes in transverse size or shape of the beam). Within this description, any ray is 
specified at a given longitudinal position z by a vector 


v(z) 


r(z) 

0 (z) 


(3.54) 


being r (z) its distance to the z axis and 0(z) the angle that it forms with the this axis as it propagates. We will call 
transverse position and inclination to these ray coordinates. 

The effect of optical elements on the beam is described within this framework by a so-called ABGD matrix 


M = 


A 

C 


B 

D ’ 


(3.55) 


which takes a ray v {ziQ = col(r, 9) of the beam at its input and transforms it into the ray 


V (Zout) = Mv {Zin) 


Ar + Be 
Cry DO 


(3.56) 


The most simple optical operation consists on allowing the beam to propagate in free space a distance 1. The resulting 
ABGD matrix is trivially found to be 


Mfree (0 


I I 
0 1 ’ 


(3.57) 


that is, the inclination of the rays doesn’t change, while their transverse positions are increased by 10. Another example 
consists in a spherical interface with curvature radiusH R separating two dielectric media with refractive indices^ np 

® Some comments on sign conventions are in order. First, optical elements are described as seen from the ray. The curvature radius of 
convex (concave) dielectric surfaces is then taken as positive (negative), and the opposite for reflecting surfaces. 

^ The refractive index is rigorously introduced in Chapter 4. 
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and Tip (assumed propagation from left to right); by using Snell’s law in paraxial form np6p = np9p and simple 
geometrical arguments, it is straightforward to prove that its ABCD matrix is 


Afinterface ij^Li -^) 


1 0 ■ 

nh—riR 1 riL ! 

. riR Ji UR. 


(3.58) 


that is, in this case the transverse positions of the rays do not change, while their inclination does. 

From these two fundamental ABCD systems {propagation and refraction) one can find the ABCD matrices of a 
whole family of useful optical elements such as thin lenses or mirrors, which have 


Mens (/) 



O' 

1 


and Afjnirror {^) 



0 

1 ’ 


(3.59) 


where / is called the focal length of the lens and R is the curvature radius of the mirror. 

Given a general ABCD matrix M connecting two planes with refractive indices Uin and riout, one has det{M} = 
nin/riout'-, to prove this just note that M can always be decomposed as a combination of propagation ()3.57ll and 
refraction (13.5811 ABCD matrices, and that the determinant of a product of matrices equals the product of the 
individual determinants. 

It is very interesting to note that the transverse modes that we just described in the previous section preserve their 
transverse shape upon propagation through an arbitrary ABCD system. In particular, it can be proved that if we 
take an arbitrary transverse mode with g-parameter q {zin) and Gouy phase if (z^) at the input face of the ABCD 
system, it is transformed at the output face of the optical system into the exact same mode but with new parameters 


^ ^ Ag (zin) + B 

V’ {Zout) = {z^n) - arg 



(3.60a) 

(3.60b) 


these expressions are known as the ABCD propagation laws. 

Let us now pass to describe optical cavities from this geometrical viewpoint. Consider a ray v (zq) = col(r, 6) at 
some reference plane z = zq of the cavity; after a roundtrip inside the cavity, it is transformed by an ABCD matrix 
that we will call 


M, 


roundtrip 


Art B„t 
Grt Drt ’ 


(3.61) 


which consists in the composition of all the operations performed by the optical elements inside the cavity until the 
ray comes back to the reference plane z = zq with the same propagation direction (hence det{Mi.oundtrip} = !)■ After 
N roundtrips the ray coordinates will become 


Vat (zo) = M„„„dtripV (zo) = 


Sint 


V(zo), 


(3.62) 


with cos 9 = (Art + Drt)/2, where the second equality comes from the Sylvester theorem applied to the A^’th power 
of a 2 X 2 matrix with determinant one. The ray will stay conhned in the cavity only if 9 is real, as otherwise the 
trigonometric functions become hyperbolic, and the ray coordinates diverge. This means that the condition for a 
resonator to confine optical beams is 

- 1 < < 1 (3.63) 

An optical cavity satisfying this condition is said to be stable. Note that it looks like this condition may depend on 
the reference plane from which the roundtrip matrix is evaluated; however, it is possible to show that the trace of the 
roundtrip matrix does not depend on the reference plane. 

As stated, in this thesis we assume that the optical cavity consists in two spherical mirrors with curvature radii Ri 
and i ?2 separated a distance L; for reasons that will become clear in Chapter [BJ we allow for the existence of a plane 
dielectric slab of length C and refractive index Uc. Taking the reference plane at mirror one with the rays propagating 
away from it, the roundtrip ABCD matrix of this simple cavity is easily found to be 


Alroundtrip — 


292 - 1 

2 (29192 — 92 — 9 l) /LeS 


‘2g2Les 

49iff2 - 292 - I 


(3.64) 
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where we have defined the g-parameters of the cavity 


9j = l-^ (J = l,2), 

Hj 


as well as its effective length 


This linear resonator is stable then only if 


LeS = L — \1 



0 < 9192 < 1 - 


In this thesis we will only work with stable linear cavities. 


(3.65) 


(3.66) 

(3.67) 


3.4.2 Considerations at a non-reflecting interface 

As stated, throughout the thesis we will work with a linear cavity having a dielectric medium inside. In this section 
we discuss some particularities that must be taken into account for the field due to the presence of this medium. 

The details concerning how Maxwell’s equations are modified in the presence of a medium with refractive index 

rim will be explained in Chapter [51 Here, however, we just want to note that for a homogeneous, isotropic medium 

and reasonably weak fields, the only effect of the medium is to change the wave equation of the vector potential (03 
as 

= (3.68) 

yrijn c y 

Therefore, for field configurations of the type we have discussed, eu (r) A{t), the effect of the medium is to change the 
Helmholtz equation for the spatial part as 

+ n^k^u = 0, (3.69) 

that is, to multiply by a factor rim the wave vector of the spatial modes of the system. Hence, except for this rim 
factor, plane waves (or transverse modes within the paraxial approximation) can still be considered the spatial modes 
of a medium which fills the whole space. 

A different matter is what happens when the field crosses a plane interface separating two media with refractive 
indices np and np. The first interesting thing to note is that the shape of the transverse modes is not modified at 
all, what is not surprising by continuity arguments: It would make no sense that the thickness or the radius of the 
beam changed abruptly upon crossing the interface. To see this, just note that given the q and ip parameters of the 
modes at both sides of the interface, denoted by and {qR,iliR), the propagation laws (I3.60|) together with the 

refraction ABCD matrix (I3.58I1 tells us that 


riR UR 

— 9.I1Q yR — yL) 

Qr qn 


(3.70) 


hence, the complex Gaussian profile of the modes match each other, that is 


exp 


i’^flfc2 7r^ + i(l + /) ’’pR 
2qR 


= exp 


mpk^ ^ + i (1 + /) i/'L 
2qL 


(3.71) 


and therefore the modes are independent of the refractive index. Note though, that the spot size and the curvature 
radius of the modes in a medium with refractive index rim are defined by 


1 _ 1 , 2 
q{z) R{z) n.nkzw'^iz)' 


(3.72) 


Crossing an interface induces further relations between the vector potentials at both sides of the interface, say 
Ar (r, t) and Ar (r, t) with 


Aj {r,t) = £Aj{t)T {k;r±, zi) exp {—iujt 4- iujkzi) C.C., (3.73) 

for a single mode with polarization e, frequency w = ck, and transverse profile T (A:; rj_, z). zi is the longitudinal 
position of the plane interface and Aj (t) is a slowly varying envelope which remains almost unaltered after an optical 
cycle, that is. 


Aj{t) <C 27r/u;. 


(3.74) 
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The corresponding electric and magnetic fields are given by 


Ej(r,t) = iLjeAj(t)T (k;r±, zi) exp (—iiut + irijkzi) + C.C., (3.75a) 

Bj (r, t) = X e) Aj{t)T (fc; rj_, zi) exp {—'not + irijkzi) + c.c., (3.75b) 


where we have made use of the paraxial approximations (13.321) . The instantaneous power content in the transverse 
plane is given by 




pt-\-7T/u 


Mo 27r Jt-ir/c, 


' f .2 

dt' / d'^ry |Ej {r,t') xBj (r,t')| = —^— \Aj{t)f , 
Js3 CMo 


(3.76) 


that is, by the absolute value of the time averaged Poynting vector, integrated in the transverse plane. Now, assume 
that the interface has some kind of antmreflecting coating, so that the whole beam is transmitted from the left medium 
to the right one; as the power must be conserved, that is, Pp = Pr, this establishes the relation 


Ai (r,t) 


h-R A / 

\ —Afl(r,t). 

V riL 


(3.77) 


Note that even though we have argued with a single mode, this relation holds for any field as follows from a trivial 
generalization of the argument. 

All these relations will be important to perform a proper quantization of the field inside the cavity. 


3.4.3 Modes of an optical resonator 

As in the case of free space, the first step in order to quantize the electromagnetic field inside an optical resonator is 
to find the set of spatial modes satisfying the Helmoltz equation and the boundary conditions imposed by the cavity 
mirrors. We are going to work with paraxial optical beams whose transverse size is small compared with the transverse 
dimensions of the cavity; under these conditions, we know that any transverse structure of the field can be expanded 
in terms of the paraxial transverse modes (13.511) that we introduced in Section 13.3.21 On the other hand, the mirrors 
impose an additional boundary condition on these transverse modes: After a roundtrip in the cavity, they must exactly 
match themselves, that is, not only they need to be shape-preserving with propagation, but also self-reproducing after 
a roundtrip. This means that the modes of a general optical cavity can be found by imposing the condition 


Tn [kz] r_L, zo) exp {ik^Zo) = r„ (fc^; r_L, z) exp ^, (3.78) 

where ‘zo0r.t’ stands for ‘roundtrip propagation from the reference plane 2 = zg’. Using the ABCD propagation laws 
(13.601) . this condition is easily proved to be equivalent to 


9(^o) 


2qTr 


Art 9 (-^o) + Brt 
Crtq {zq) + Urt 




2kzL. 


opt 5 


(3.79a) 

(3.79b) 


with q G N the so-called longitudinal index (do not confuse it with the g-parameter of the modes, q {z), which is always 
written with a label referring to the longitudinal position where it is evaluated). Lopt is the optical length of the cavity, 
that is, if rays propagate a longitudinal length Ij on the j’th optical element with refractive index Uj, Lopt = 
where the sum extends to all the optical elements contained in the cavity (including free space propagation). 

The first condition fixes the g-parameter of the modes at the reference plane to 


1 _ D-ct — Art i j~^ / Art + 7?rt \ 

7{^~ 2Urt ~v 2 J 


(3.80) 


Surprisingly, this expression leads to the condition — 1 < (Art + D^t) /2 < 1 for these modes to exist in the resonator, 
which is exactly the stability condition (13.631) that we already found by geometrical means. On the other hand, the 
second condition discretizes the frequencies at which transverse modes can resonate inside the cavity; in particular, 
the modes exists at the cavity only at frequencies 


<1 + -;^—C 


UJgf = UpSR 


27r 


(3.81) 
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Zi 0 Z2 = L + Zi 


Fig. 3.6: Schematic representation of the wavefront and the thickness of the modes in a linear cavity with two concave mirrors. 
Note that in this case the waist plane is between the mirrors. 


where 


C = arg 


^ ^rt + £*rt ^ 



(3.82) 


is the Gouy phase accumulated after the roundtrip, ripSK = Trc/Lopt is the so-called free spectral range of the resonator, 
and / is the family index that we defined in Section lB.3.21 Note that these frequencies are independent of the reference 
plane z = zq because they depend only on the trace of the roundtrip matrix. Note also that modes having the same 
family index / ‘live’ inside the cavity at the same frequencies, what gives sense to the name of this index. 

For the particular case of the linear resonator that we introduced above, which has an optical length 


^opt — F (tZc 1) ^cj 


(3.83) 


we have 

C = 2aiccos±^gig2 € [ 0 , 7 r], (3.84) 

where the ‘-I-’ and signs hold for (72 > 0 and g 2 < 0, respectively. Hence the resonance distribution of the different 
families inside the cavity is fixed by the product gig 2 - 

On other hand, calling Zi to the longitudinal position of mirror 1, whose plane we took as the reference when 
evaluating the roundtrip matrix (13.641) . we get 


R{zi) = -Ri, 


Wgf {zi) 


/ LesXqf \ 

92 

l - ) 

.91 (1 - 5152 ). 


(3.85a) 

(3.85b) 


where Xqf = 27rc/a;q/. Note that even though the spot size depends on the particular longitudinal and family indices 
(g, /) of the mode, the g-parameter is the same for all of them, as it depends on which is independent of (g, /). 
Note also that the spherical wavefront of the modes is adapted to mirror 1 (the sign just means that the wave is 
propagating away from the mirror). We could have taken the position z = 22 of mirror 2 as the longitudinal reference 
and would have found that the wavefront is also adapted to mirror 2 at z = Z 2 . Hence, upon propagation from mirror 
1 to mirror 2 , the mode is reshaped as shown in Figures 13.61 and 13.71 For a cavity with two concave mirrors (Figure 
USD the wavefront of the modes has to change the sign of its radius with the propagation, and hence it becomes plane 
at a longitudinal position inside the cavity. This is not the case if one of the mirrors is convex (Figure [XT]), a situation 
leading to a waist plane outside the cavity. 

Having characterized the modes in the plane z = Zi, we can now find them at any other plane by using the ABCD 
propagation laws. In particular, we would like to refer the modes to the plane in which the wavefronts are plane, 
that is, i?(z = 0 ) = 00 , which we take as the longitudinal origin z = 0 ; we will denote this plane by beam waist or 
waist plane, as it is the plane where the spot size of the modes is minimum. Let us denote by wg.qf the spot size of a 
mode with indices (g, /) at this plane, and by zi_eff the longitudinal position of mirror 1 (as we allow an intracavity 
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Fig. 3.7: Schematic representation of the wavefront and the thickness of the modes in a linear cavity having one convex mirror. 
In this case the waist plane is outside resonator. 


plane dielectric slab, we have to use effective lengths, and then transform to geometric length depending on where the 
slab is placed). The ABCD propagation law (I3.60all allows us to write q (zq) = qizi) + zi^eff, which after imposing 
q (zo) = kzWQ/2i, leads us to 


■^l,efT — Aeff 


W0,qf = 


(1 -gi)|g2| 

Igi+g2 - 2gig2l’ 



gig 2 (i-gig 2 ) 

1 - ) 

.(gi +g2 - 2gig2Y _ 


(3.86a) 

(3.86b) 


The first thing to note is that the waist plane is the same for all the modes, even though they have different spot sizes 
in general. Taking this waist plane as our reference, the modes at any other plane (or even outside the cavity if it is 
allowed to leave, what we will do in the next section) are given by (I3.42p . bnt with z being an effective longitudinal 
coordinate when dielectric plane slabs are involved, that is. 


(^) = 
R{z) = Zeff 


1 + 


■2^6 ff 
ZR 


1 + 

Ip (z) = — arctan 


ZR 

Zeif 

ZR 


^ ^~2’ 2^' 


(3.87a) 

(3.87b) 

(3.87c) 


To fix ideas, let us consider the example an empty symmetric resonator, that is, a resonator satisfying gi = g 2 = 
g = 1 — L/R, in which the cavity resonances and Rayleigh length read 


ujgf = 



1 + / 

-arccos g , 

TT 


\zr\ 



(3.88a) 

(3.88b) 


Consider now the following extreme situations: 

• i? —> oo (near-planar resonator). In this case the longitudinal frequencies of the different transverse families are 
uiqf = flpSHg- Hence, at every cavity resonance we can find all the transverse modes. In this case the Rayleigh 
length is by far larger than the cavity length, what means that the modes are basically plane waves. 
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Fig. 3.8: We quantize the electromagnetic field inside a cavity containing a dielectric slab. 


• L = 2R (concentric resonator). In this case ujqf = IIfsr( 9 + / + l)i what means that uiqf = Wg-ij+i = 
u!q-2j+2 = •■■, and hence, we find again all the transverse modes at a given resonance. In this case the Rayleigh 
length is zero, and hence the modes are point-like at the waist plane. 

• L = R (confocal resonator). In this case ujqf = IIfsr (9 + //2 + 1/2), which implies = ujq-2j+A = 

..., and hence even and odd families are separated inside the cavity by half a free spectral range. As for the 
Rayleigh length, it is half the cavity’s effective length. 

To get an idea of the numbers, let us consider the example of an empty, confocal, symmetric resonator with lengths 
varying from 5 mm to 500 mm. The free spectral range varies then between 200 GHz and 2 GHz. On the other hand, 
the spot size at the waist varies from 20 /rm to 205 pm at a wavelength of 532 nm (frequency of 3.5 x 10^® Hz). 


3.4.4 Quantization of the electromagnetic held inside a cavity 


In the previous discussion we have shown that the modes of the resonator are the transverse modes that we studied 
in the previous section, but with a g-parameter fixed by the cavity geometry. In addition, instead of a continuous set 
of optical wave vectors only a discrete set {kz,qf = diujqf /c }can exist for the modes contained in a given family 
/. Hence, the vector potential inside the linear cavity depicted in Figure 1X51 can be written as 


A(Gi) = I] II ^ 


<y—l,2 n uqf 






. {J^z.qf^'.^anikz.qf 1 {kz^qf -i ^ 


(3.89) 


X exp [m{z)kz,qfz] 


where we have introduced the z-dependent refractive index 

n{z) = 


I Za ^ z zi Ij\ or z\ L\ Iq <1 z z\ R 

ric zi + Li < z < Zi + Li + Ic 


(3.90) 


Note that the refractive index does not appear in ean (kz.qf) or Aa-n{kz,qf,t) because kz,qf acts in that case just as a 
mode label. 

Quantization is made following exactly the same procedure as in free space (see Section 13.2.111 but with some 
particularities that we discuss now. We define first the electromagnetic normal variables for each mode 


^anikz^qf a') — 


1 


Aani^kz^qf a) T Aanikz.qf 

^qf 


(3.91) 


which again evolve as the normal variables of harmonic oscillators (13.1411 with the corresponding frequency. In this 
case the dielectric medium contributes to the electromagnetic energy contained in system, which cannot be written as 
(13.1511 in its presence, but in the modified form [5SJ IS7] 


Aem =21^ 


1 


(3.92) 


£:on^(z)E^ (r,t) H-B^(r,t) . 

Mo 

In order to simplify this expression we use some approximations. First, the paraxial condition (I3.32all allow us to 
perform the approximation 

I dz I d rj_Tn rj_, z) Tj^/ rj_, z^ exp [m(z) (^kz^qf + ■^] — nn' , (3.93) 

J Zq 
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valid for any reference plane z = zg as long as I :s> {\kz^qf\ ^}, that is, as long as light is able to undergo 

many cycles between z = zg and z = Zg + 1. Then, the second paraxial condition (I3.32bl) leads to the approximation 

V {T„ {kz,qf,r±,z) exp [in(z)fc^_,/z]} ~ m{z)kz,qfe^Tn rj_, z) exp [m{z)kz,qfz] . (3.94) 

With this approximations at hand, it is straightforward to write the electromagnetic energy in terms of the normal 
variables as 

= E E E (3.95) 

'^=1.2 “ fcl^eo 

The last particularity of optical cavities is that there is no sense in making a distinction between modes propagating 
to the right or to the left, because they cannot be excited separately. Hence, we just define collective normal variables 
= i^crn(±|^ 2 ,q/1), SO that the luodcs get completely specified inside the cavity by their polarization a, and their 
longitudinal and transverse indices {q, n). Therefore, the electromagnetic energy can be finally written as 

^2 

Eem = Y. (3.96) 

(jqn 

where we have chosen T = l/y^2eoTopt so that this expression coincides with that of a collection of harmonic os¬ 
cillators as before. Quantization is therefore introduced by making a correspondence between the normal variables 
Waqnit), tZaqni^)} boson Operators ^y2h/uJqf{a„qn{t), a^^q^{t)} satisfying the commutation relations 

[(^crgn (0 ; ^a'q'n' (^)] — ^qq' ^nn't (3.97a) 

[dcrijn {t) , Ucr'ij'n' (i)] = (0 i ^Ir'q'n' (^)] “ d. (3.97b) 

The Hamiltonian of the electromagnetic field inside the cavity is then written as 

Hem — ^ ^ : (3.98) 

crqn 

where we have already removed the infinite contribution appearing when using the commutation relations to write it 
in normal order. 

Finally, the vector potential inside the resonator is given by the operator 


(r,t) = Y 

(Tqn 


1 I h 

2y n(z)eoToptCUg/^"^"“"«" 


(t) {Tn {kqf,r±,z) exp [m{z)kqfz] + c.c.} , 


(3.99) 


where we have defined the positive definite modal wave vector kqj = ujqfjc, while the electric and magnetic fields 
correspond then to 


e(+) (r,t)=i^i 


hujqf 


crqn 


2 y 7l(z)£^0-^opt 


^crqn^crqn (t) {Tn (fcg/; rj_, z) exp [m(z)fc^,g/z] -|- c.c.} , 


B(+) (r,f) =1^^- 


1 n{z)llUJqf 


crqn 


2 V c^£:oL. 


opt 


^crqn^crqn (t) {Tn {kqf, r_L, z) exp [m(z)fc^,g/z] - c.c.} , 


(3.100a) 

(3.100b) 


where the expressions emphasize the parts of the fields propagating to the right and to the left, which will be of later 
convenience even if their associated boson operators are the same. 














4. QUANTUM THEORY OF OPEN CAVITIES 


In the previous chapter we have been able to quantize the electromagnetic inside an optical cavity formed by perfectly 
reflecting mirrors. However, in reality optical cavities must have at least one partially transmitting mirror allowing 
us to both inject light inside it and observe the intracavity processes by studying the light that comes out of it. In 
this section we explain how to deal with such an open cavity within the quantum formalism. To this aim we first 
build a model for an open cavity with only one partially transmitting mirror, and then proceed to derive the evolution 
equations satisfied by the intracavity field both in the Heisenberg and Schrodinger pictures. 

In the last section, and as an example of another type of phenomenology that can be studied with the formalism 
of open quantum systems, we show how quantum-optical phenomena can be simulated with ultra-cold atoms trapped 
in optical lattices [551 HH] (a work developed by the author of the thesis at the Max-Planck Institute for Quantum 
Optics). 


4.1 The open cavity model 


For simplicity, we consider only one cavity mode with frequency Wc, polarization e, and in the transverse mode 
T(wc/c; rx, z), whose boson operators we denote by {d, d’l’}. The following discussion is straightforwardly generalized 
to an arbitrary number of cavity modes. 

We propose a model in which the cavity mode is coupled through the partially transmitting mirror to the external 
modes matching it in polarization and transverse shape. These external modes can be modeled as the modes of a 
second cavity which shares the partially transmitting mirror with the real cavity, but has the second mirror placed at 
infinity. According to the previous chapter, the field corresponding to such cavity can be written as 


A (r, t) = lim V 

L—^oo ' ^ 


EQLujqf 


bqd) {T i^q/c; r±,z) exp [icj,z/c] + T (-w^/c; r±,z) exp [-ia;,z/c]} + H.c., (4.1) 


where the boson operators satisfy the commutation relations [bq{t),bqi {t)] = Sqqi, and Wq = {'Kc/L)q-\- Acl)-*-, being 
Aw-L a contribution coming from the transverse structure of the modes, which is the same for all the longitudinal 
modes. Now, as the length of this auxiliary cavity goes to infinity, the set of longitudinal modes becomes infinitely 
dense in frequency space, so that the sum over q can be replaced by the following integral: 


L 


hm V = — 

L^oq^-^ 'Tfr 


doj. 


(4.2) 


Accordingly, the Kronecker delta converges to a Dirac delta as 


lim Sqq' = ^S{uj - uj'), 
L—¥00 1 j 


so that defining new continuous boson operators by 


b(uj) = \ — lim bn, 
" TTC L^oo ^ 


(4.3) 


(4.4) 


which satisfy the commutation relations [6(u;), U(w')] = d{uj — uj'), we can finally write the vector potential of the field 
outside the cavity as 


A(r,t) = 


duj 


lo 


AnceoUJ 


eb{uj; t) {T (w/c; rx, z) exp [iwz/c] + T (—w/c; rx, z) exp [—iujz/c\} + H.c.. (4.5) 


From the previous sections, we know that the free evolution of the cavity mode and the external modes is ruled 
by the Hamiltonian Hq = Hcav + ^ext with 


ldca.v — HuJcolCl “t“ Hq 


and 


H,, 


= / dujtujjW{uj)b{uj), 
JO 


(4.6) 
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where He stands for any other intracavity process that we decide to introduce. 

The cavity and external modes are coupled through the mirror via a beam-splitter Hamiltonian 

Hint = ifi [ dujg{uj)[P{uj)a — a^b{uj)], (4-7) 

Jo 

where the parameter g{uj) depends basically on the transmitivity of the mirror at the corresponding frequency, and 
satisfies g^{uj) uJc for optical frequencies. On the other hand, it is to be expected that only frequencies around the 
cavity frequency will contribute to the interaction [resonant interaction), what allows us to rewrite g[Ljj) = \/^Jtt in 
terms of a frequency-independent constant 7 , as the transmitivity of mirrors is a slowly varying function of frequency 
at least within the interval [wc — 7 ,a;c -f 7 ], as well as extend the integration limits to [— 00 , -foo], so that finally 


Hint 




duj\p^[ uj)a 


(4.8) 


This is the basic model that we will use to ‘open the cavity’. In the following we show how to deduce reduced 
evolution equations for the intracavity mode only both at the level of operators (Heisenberg picture) and states 
(Schrodinger picture). 


4.2 Heisenberg picture approach: The quantum Langevin equation 

The Heisenberg equations of motion of the annihilation operators are 


dd 

— = -IWcfl -I- 
dt 


. He 
ih 


f*+oo 


dujb[uj), 


db[uj) 

dt 


= —iujb[uj) + \ —d. 


We can formally integrate the second equation as 

6(w; t) = &o(w)e““^‘ 


a (t'), 


(4.9a) 

(4.9b) 

(4.10) 


where &o(w) are the external annihilation operators at the initial time. Introducing this solution into the evolution 
equation for a, using dTf[T)5[T — ti) = /(ri)/ 2 , and defining the input operator 


bin[t) = -■ 


1 


J- 

which is easily shown to satisfy the commutation relations 


/ -I-00 

' 

-00 


duje ’‘^*60 (w), 


hn[t),bln{t')] =S{t-t'), 

[bin[t),bin{t')] = [&LW:^L(^')] = 0, 


we get 


dd 

dt 


= - [l + iuJe)d + 


El 

ih 


y^bin[t), 


(4.11) 

(4.12a) 

(4.12b) 

(4.13) 


as the evolution equation for the intracavity mode. 

This equation is known as the quantum Langevin equation for its similarity with the stochastic Langevin equation, 
the operator bin{t) playing the role of the stochastic noise. bin[t) is interpreted as the operator accounting for the 
input field driving the cavity at each instant (see Figure l4Tl) . Indeed, note that when the external modes are in the 
vacuum state initially, we have 


{bin[t)) = {b\e,[t)bin[t')) = 0 and {bin[t)b\e,[t')) = 6{t - t'), 


(4.14) 


so much like complex, Gaussian noises in stochastic Langevin equations. 









4.3. Schrodinger picture approach: The master equation 
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Fig. 4.1: Scheme of the open cavity model. One of the mirrors is not perfectly reflecting, what allows the external modes to 
drive the cavity via a collective operator hin. Similarly, the field coming out from the cavity can be described by a 
single annihilation operator flout, as we show in the next chapter. 


In this thesis we will also consider injection of a (ideal) monochromatic laser at frequency wp, so that 

( 6 o(w)) = aL<5(a; - wl) and (6j(w)6o(w')) = \otr.\'^5{w - ujl)S{uj' - ujl), (4-15) 

being ap the amplitude of the coherent injection. In this case, it is recommendable to define a new input operator 

ain(t) = bin(t) - {knit)), (4.16) 

which can be shown to satisfy the vacuum correlations (I4.14L in terms of which the quantum Langevin equation for 
the intracavity mode reads 


dd 

dt 




- (7 + ia;c)a + 


El 

ih 


+ A/^din(i)) 


(4.17) 


with £ = aLx/q/Tr. Hence, the injection of a coherent, monochromatic held at frequency wl is equivalent to the 
addition of the following new time-dependent term in the Hamiltonian 


iJi„j(t) = ih - £*ae'‘^^*) , 


(4.18) 


while considering the external modes in vacuum. 

Note hnally that the solution of this quantum Langevin equation for the case of an empty cavity {He = 0), reads 


i{t) = a(to)e-(^+'‘"=)‘ + 


which for t ^ 7 ^ is simplihed to 


d{t) = 


7 + i(a;c - wl) - 


g-iwLt _ g-(7+iu;c)i 




7 + i(a;c - wp) 




(4.19) 


(4.20) 


This time limit is known as the stationary limit, as it is possible to show that (I4.20|) predicts the expectation value of 
any operator (or function of operators) to be invariant under translations of the time origin, what dehnes a quantum 
state as stationary |20| . It is possible to show that this condition is satished if and only if the density operator 
describing the state of the system commutes with the Hamiltonian in the Schrodinger picture. 


4.3 Schrodinger picture approach: The master equation 

Consider now the density operator p corresponding to the state of the whole system “cavity mode + external modes”, 
which evolves according to the von Neumann equation 

= [.Ho + Hint + Hinj(t),p]. (4-21) 

Note that following the discussion in the previous section, we have included the coherent injection in the Hamiltonian, 
so that the initial state of the external modes can be taken as vacuum, that is, p{t = 0) = pc(i = 0) 0 Pvac, with 

(&(w))vac = (&'''(a;)6(w'))vac = {b{uj)b{uj'))yae = 0, 


(4.22) 
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where it is worth reminding that the expectation value of any external operator Ag^t is evaluated as (^ext)vac = 

tr ext { Pvac 4lext} • 

We are going to work in the interaction picture (see Section IA.3.21) defined by the transformation operator Ui = 
U 1 U 2 , which is a sequence of two transformations defined as Uj = exp[iJjt/ifi] with 


Hi 




a^a + 



dujW {Lo)b(uj) , 


(4.23) 


and 


/ +00 

dujhA{uj)P{uj)b{u;) + ih {£a) — £*a) 

-00 


(4.24) 


In this expression Ac = uig — wl, A(a;) = uj — uiy, and we have assumed that [Hg-, Ui] = 0 (physically, this means that 
we consider only intracavity processes that conserve the number of photons). The first transformation rotates the 
modes to the laser frequency, and is performed in order to eliminate the time dependence of the Hamiltonian (of iJinj 
in particular). The second one is made in order to remove all the pieces but iJint from the Hamiltonian, as a crucial 
incoming approximation requires the Hamiltonian to be ‘small’. 

In this new picture, the state pi = UlulpUiU 2 evolves according to ihdpi/dt = [Hi,pi], with Hi = UlulHintUiU 2 . 
Let us define the interaction picture intracavity annihilation operator 

di(t) = ululdUiU2, (4.25) 


so that taking into account that 

Ululb{u})UiU2 = e"‘‘^*S(a;), (4.26) 

the interaction picture Hamiltonian can be rewritten as 


Hi{t) =ih\l- 


I*+oo 


duj 


ai(t)S’^(w)e'“* — dl{t)b{uj)e 


—iujt 


(4.27) 


We seek now for the evolution equation of the reduced state pci = trext{;Oi} corresponding to the intracavity mode 
alone. To do so, we first integrate formally the von Neumann equation for the whole system as 

PiW = Pi(to) + dt'[Hi{t'), pi{t')]; (4.28) 

reintroducing this expression into the von Neumann equation, making the partial trace over the external modes taking 
into account that trext{[Lfi(t), ;Oi(0)]} (6)vac = 0, and making the variable change t' = t — t in the time integral, we 
get the following integro-differential equation for the reduced density operator pci- 

[ drtrext{[^i(t), [m - r), /3i(t - r)]]}. (4.29) 

This equation is exact, but now we are going to introduce two important approximations which lead to huge simpli¬ 
fications. The first is the Born approximation, which states that the external modes are basically unaffected by the 
intracavity dynamics, that is, pi{t) = pci{t) ® Pvac- Then we perform the Markov approximation, which states that 
memory effects can be neglected, that is, we can take pi(t — t) = pi{t) in the integral kernel. It can be shown that 
this approximations are quite good in quantum optics thanks to the fact that q/wc <IC I [69] . 

Introducing these approximations in (14.291) , and performing the partial traces using (14.221) , it is completely straight¬ 
forward to arrive to the following linear differential equation for the reduced intracavity state 

= 2ydipcid\ - yd\dipci - qpcidjoi, (4.30) 


where all the operators are evaluated at the same time. Finally, coming back to the Schrodinger picture, we finally 
arrive to 


dpG 

dt 


Hcav + -ffinj(t) 

ih 


,PC 


+ 7 (2a/5cd^ - a^apc - pca'^a) , 


(4.31) 


where pc = trext{/3} is the reduced state of the intracavity mode in the Schrodinger picture. This equation is known 
as the master equation of the intracavity mode. 

In order to evaluate intracavity moments of observables, in this thesis we will choose this Schrodinger approach 
in general. The reason is that having a master equation for the intracavity state only, we can apply the positive P 
techniques that we introduced at the end of Chapter for the harmonic oscillator, what will allow us to deal with 
stochastic equations instead of operator equations of the type (14.171) . 
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4.4 Relation of the model parameters to physical parameters 


In the previous sections we have introduced the basic model that we will use for the evolution of a light mode inside 
an open cavity. The model turned out to have two basic parameters, £ and 7 , describing the rates at which coherent 
light is injected into the cavity and intracavity light is lost through the partially transmitting mirror, respectively. In 
this section we connect these model parameters to relevant physical parameters like the transmitivity of the mirror 
and the power of the injected laser beam. 

This connection is easily done by following classical arguments. Consider the classical electromagnetic field asso¬ 
ciated to the intracavity mode, whose corresponding vector potential can be written as 


A(r,i) = 


2,ti(^z)cqLqpi 


e:/(t){T(fcc; rj_, z) exp [in{z)kcz] -I- T*(fcc; rj_, z) exp [—in{z)kcz]} + c.c., 


(4.32) 


in terms of the normal variable v of the equivalent harmonic oscillator as we showed in Section r3.4.4l In this expression 
we have defined k^ = Wc/c. Now, remember that in Chapter[2]we learned that the mean values of quantum observables 
provide the behavior of their classical counterparts as long as quantum fluctuations can be neglected (see also the 
discussion at the beginning of Section l6.3.2|) . Applied to the cavity mode, this means that its classical normal variable 
evolves as ^(t) = ^J2h/uic{a{t)). Then, for an empty cavity {He = 0) and injecting on resonance for simplicity, that 
is, wl = Wc, we have 

u{t) = -k 

with vq = v{t = 0), as follows from (14.1911 . 

Loss rate. We can connect the damping rate 7 with the mirror transmitivity T (reflectivity 7^ = 1 — T) by noting 
that in the absence of injection, £ = 0, a fraction of the field amplitude is lost through the mirror at every 

roundtrip; hence, after m G N roundtrips, we will have the relation 

A (r_L, 2 ; 0m r.t., tm) = (r_L, z, tm), (4.34) 


2H£ 
Wc 7 




(4.33) 


where ‘Qm^.t.’ stands for ‘plus m-roundtrips’ and tm = 2mLopt/c. Introducing the solution (14.331) for iy{t) in this 
expression, and taking into account the definition of the cavity modes (13.7811 . it is straightforward to get 


c 

4Lopt 


ln7^~ 


cT 

4Lopt’ 


(4.35) 


where in the last equality we have assumed that TZ 1. Hence, we see that for small mirror transmitivities, there 
exists a linear relation between the model parameter 7 and the actual mirror transmitivity R. 

In order to understand the magnitude of this parameter let us consider a cavity with lengths varying between 
5 mm to 500 mm as in the previous chapter; the damping rate 7 varies then between 150 MHz and 1.5 MHz for 
TZ = 0.99, and 1.5 GHz and 0.015 GHz for TZ = 0.9, which are well below optical frequencies. It is customary to call 
quality factor to the ratio between the free spectral range and the damping rate, Q = Hfsr/ 7 - This parameter is very 
important as it measures the ratio between the separation of the longitudinal resonances of a given transverse family 
and the width of these. In other words, when the quality factor is large one can distinguish the different longitudinal 
resonances, while when it is small the Lorentzians associated to different resonances overlap, and the resonances are 
no longer distinguishable. In this thesis we will always work with cavities having large enough quality factors as can 
be deduced from the numerical examples that we have introduced. 

Injection parameter. Gonsider now the part of the intracavity vector potential propagating along the —e^ 
direction. According to (14.3211 and (I4.33|l . for a finite injection parameter £ and in the stationary limit t ^ 7 ~^, we 
can write it as 


A.- (r,<) = -i 


1^1 


n{z)eoLoptUJc 7 


£T*{ke; r_L, + c.c.. 


(4.36) 


being ip the phase of the injected laser beam. On the other hand, based on (13.7311 and (I3.76|l . the vector potential 
associated to the laser inciding the cavity is written in terms of its power Pinj as 


Pi 


inj 


eT* (fcc; rj_, z) exp {-ikeZ 


iujet + iip) + C.C., 


-A-inj (r, t) 


2eocuJe 


(4.37) 
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We can obtain an expression of the field inside the cavity by looking at it as an interferometer: The part of the 
injection which is transmitted inside the cavity at a given time interferes with the fields that have been bouncing back 
and forth for several roundtrips. In this sense, the complete field will be a superposition of the fields 

(r, t) = Ainj (r, t ), (4.38a) 

A^i) (r, t) = (r^, 2 0 r.t., t ), (4.38b) 

A^^) (r, t) = T^/^T^Ainj (rj_, 2: 02 r.t., t ), (4.38c) 


(r, t) = r'/27^™/2Ai„j (r^, z 0^ r.t., t ), (4.38d) 

and hence, assuming that the time is large enough as to take the to —> 00 limit we get 


A^(r,t) = J—y ^m/2 j + (4.39) 

V 2n(z)eoc J 

where we have used again the definition of the cavity modes (13.7811 . Comparing ()4.36ll with this expression, and 
performing the geometric sum we finally get 


\£\ = 7. 


/2LPinj 

7-1/2 

/ hlOcC 

1 - 7 ^ 1/2 




where in the last equality we have assumed that 7^ 1 and have made use of (14.351) . 


(4.40) 


4.5 Quantum-optical phenomena with optical lattices 

In connection with the theory of open quantum systems that we have particularized to optical cavities in this chapter, 
we now introduce the work that the author of this thesis started at the Max-Planck-Institute for Quantum Optics 
during a three-months visit in 2008, and that ended up published at the beginning of 2011 [28] . 

Ultracold atoms trapped in optical lattices are well known as quite versatile simulators of a large class of many-body 
condensed-matter Hamiltonianqj (see [7U|731 EJ] for extensive reviews on this subject). In this work, and exploiting 
currently available technology only, we have been able to show that they can also be used to simulate phenomena 
traditionally linked to quantum-optical systems, that is, to light-matter interactions [iillH]- In this brief exposition 
of the work, we explain in particular how to observe phenomena arising from the collective spontaneous emission 
of atomic and harmonic oscillator ensembles such as sub/superradiance, including some phenomena which still lack 
experimental observation. 

The concept of superradiance was introduced by Dicke in 1954 when studying the spontaneous emission of a 
collection of two-level atoms m (see m for a review). He showed that certain collective states where the excitations 
are distributed symmetrically over the whole sample have enhanced emission rates. Probably the most stunning 
example is the single-excitation symmetric state (now known as the symmetric Dicke state), which instead of decaying 
with the single-atom decay rate Pq, was shown to decay with NTq, N being the number of atoms. He also suggested 
that the emission rate of the state having all the atoms excited should be enhanced at the initial steps of the decay 
process, which was a most interesting prediction from the experimental point of view, as this state is in general easier 
to prepare. However, Dicke used a very simplified model in which all the atoms interact with a common radiation 
field within the dipolar approximation; almost 15 years later, and motivated by the new atom-inversion techniques, 
several authors showed that dipolar interactions impose a threshold value for the atom density, that is, for the number 
of interacting atoms, in order for superradiance to appear [501 ISTl 15^ . 

It is worth noting that together with atomic ensembles, spontaneous emission of collections of harmonic oscillators 
were also studied at that time m- Two interesting features of this system were reported: (i) an initial state with all 

^ One of the first proposals in this direction was the article by Jacksch et al. Eq], where it was proved that the dynamics of cold atoms 
trapped in optical lattices is described by the Bose-Hubbard Hamiltonian provided that certain conditions are satisfied; shortly after, 
the superfiuid-to-Mott insulator phase transition characteristic of this Hamiltonian was observed in the laboratory ED. Since then, the 
broad tunability of the lattice parameters, and the increasing ability to trap different kind of particles (like bosonic and fermionic atoms 
with arbitrary spin or polar molecules), has allowed theoreticians to propose optical lattices as promising simulators for different types of 
generalized Bose—Hubbard and spin models which are in close relation to important condensed-matter phenomena EUESlEl]. Recent 
experiments have shown that optical lattices can be used to address open problems in physics like, e.g., high-Tc superconductivity ED, 
to study phenomena in low dimensions such as the Berezinskii-Kosterlitz—Thouless transition m, or to implement quantum computation 
schemes ED- 
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Fig. 4.2: Scheme of our proposed setup. Atoms in state a are trapped in an optical lattice, while atoms in state b are free, 
and can thus have any momentum. An external pair of Raman lasers connect the two levels with some detuning 
A. We will show that above some critical value A = Ac the atoms in state b are able to leave the trap (left), and 
behave as the photons emitted in superradiant quantum-optical systems. The case A < Ac and more quantum-optical 
phenomenology can be found in | 28| . 


the harmonic oscillators excited does not show rate enhancement, on the contrary, most excitations remain within the 
sample in the steady state, while (ii) the state having all the oscillators in the same coherent state has a superradiant 
rate. This predictions have not been observed in the laboratory yet to our knowledge. 

4.5.1 The basic idea 

The basic setup that we introduce, and that was already presented in [^, is depicted in figure 0^ Consider a 
collection of bosonic atoms with two relevant internal states labeled by a and b (which may correspond to hyperfine 
ground-state levels, see for example m- Atoms in state a are trapped by a deep optical lattice in which the localized 
wavefunction of traps at different lattice sites do not overlap (preventing hopping of atoms between sites), while atoms 
in state b are not affected by the lattice, and hence behave as free particles. A pair of lasers forming a Raman scheme 
drive the atoms from the trapped state to the free one m, providing an effective interaction between the two types of 
particles. We consider the situation of having non-interacting bosons in the lattice [83] , as well as hard-core bosons in 
the collisional blockade regime, where only one or zero atoms can be in a given lattice site [M]. In the first regime, the 
lattice consists of a collection of harmonic oscillators placed at the nodes of the lattice; in the second regime, two-level 
systems replace the harmonic oscillators, the two levels corresponding to the absence or presence of an atom in the 
lattice site. Therefore, it is apparent that this system is equivalent to a collection of independent emitters (harmonic 
oscillators or atoms) connected only through a common radiation field, the role of this radiation field being played 
by the free atoms. This system is therefore the cold-atom analog of the systems which are usually considered in the 
quantum description of light-matter interaction, with the difference that the radiated particles are massive, and hence 
have a different dispersion relation than that of photons in vacuum. 

Let us introduce the model for such system. Our starting point is the Hamiltonian of the system in second quan¬ 
tization |85j . We will denote by |a) and \b) the trapped and free atomic states, respectively (having internal energies 
hu!^ and hjjj^). Two-body interactions for the trapped atoms are included with the usual contact-like pseudopotential 
[ZllHS], but we neglect the collisions for the free atoms. The Hamiltonian is then written as H = Hq -|- Ha-b, with 

Ho=J 2 j + I / ’ (4.41a) 

j=a,b 

Ha-b = hnj (r) (r) -b H.c.; (4.41b) 

Hq contains the individual dynamics of the atoms, Hj being the first-quantized motion Hamiltonian of the atom in 
the corresponding state, and g = Anh^asjm, where is the s-wave scattering length of the trapped atoms (which 
have mass m). Ha-b contains the Raman coupling between the atomic states, = ki — k 2 and ujp = uji — uj 2 (laser 
wave vector and frequency in the following) being the relative wave vector and frequency of the two lasers involved in 
the Raman scheme (see figure 021), with Q the corresponding two-photon Rabi frequency. 
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For atoms in state |a), Ha = — (?i^/2m) + Kpt(r), where T4pt (r) corresponds to a 3-dimensional optical 

lattice with cubic geometry and lattice period do- We work with ultracold atoms under conditions such that their 
wavefunctions can be described by the set of first-band Wannier functions localized around the nodes of the lattice 
m- The traps of the optical lattice are approximated by isotropic harmonic potentials what allows us to write 
the Wannier functions as 


Wo (r-rj) 


.3/44/2 ""P 


(r-rj)V24 


(4.42) 


where rj = doj is the position of the j € Z3 lattice site (we consider M sites in each orthogonal direction defining the 
cubic lattice), and Xq = h/mujQ, being wq the frequency of the harmonic trap. The energy associated to these wave 
functions is Eo = 3tujJo/2. We will assume that Wannier functions localized at different lattice sites do not overlap, 
hence preventing tunneling between sites. 

On the other hand, atoms in state \b) can move freely in every direction of space according to Hi, = — (^ 2 / 2771 ) V^, 
and hence the plane waves ipu. (r) = j^/V, with energy i?k = d^fc2/2m, are their motion eigenfunctions {V is the 
total available volume for the free atoms, which we might take as infinite for calculations). 

We consider two opposite regimes for the interaction between trapped atoms. The first limit consists in neglecting 
the interactions, which might be accomplished by, e.g., tuning the scattering length with an additional magnetic field 
through a Feshbach resonance (53]. Let us expand the quantum fields as 


W = (i’-rj)aj 

j 


and (r) = ^ i/jk (r) &k, 

k 


(4.43) 


where the operators {dj, dj} and {Sk, &k} satisfy canonical bosonic commutation relations, and create or annihilate an 
atom at lattice site j and a free atom with momentum k, respectively. Working in the interaction picture defined by 
the transformation operator Ui = exp[Hot/ih], we get the Hamiltonian 


Hi = '^gk exp[iAfct - i (k - k^) • rjJdjSj^ + H.c., 
j.k 


(4.44) 


with 


gk = bXt 


8.372X3 


V 


■ exp 


-^Xo^(k-kkf 


hk'^ 


(4.45) 


A = uiL — {uib — u!a) being the detuning of the laser frequency respect to the |a) ^ \b) transition {toa = + 3wo/2 

and ujb = oj^). 

As for the second limit, we assume that the on-site repulsive atom-atom interaction is the dominant energy scale, 
and hence the trapped atoms behave as hard-core bosons in the collisional blockade regime, what prevents the presence 
of two atoms in the same lattice site EH; this means that the spectrum of dj dj can be restricted to the first two states 

{|0)j, |l)j|, having 0 or 1 atoms at site j, and then the boson operators |d|, dj| can be changed by spin-like ladder 

operators dj, dj !• = {|l)j(0|, |0)j(l|}. In this second limit the Hamiltonian reads 


4 = -k H.C.. 

j,k 


(4.46) 


Hamiltonians (I4.44|l and (I4.46|l show explicitly how this system mimics the dynamics of collections of harmonic 
oscillators or atoms, respectively, interacting with a common radiation field. Note finally that in order to satisfy that 
the trapped atoms are within the first Bloch band, it is required that ujq /§> A, H. 

We are going to analyze the system by considering the free atoms as an environment for the trapped atoms, similarly 
to the optical cavity, in which the external modes act as an environment for the intracavity modes. Following the same 
approach as that of Section 14.31 that is, assuming that the environment is in a non-evolving vacuum (Born-Markov 
approximation) and tracing out its associated Hilbert space, it is simple [55] to get the following master equation for 
the reduced density operator of the trapped atoms 


dp 

dt 


Fj-iaipd! - Fj-iataip -k H.c.; 
14 


(4.47) 


a similar equation is obtained for the hard-core bosons but replacing the boson operators by the corresponding spin 
operators. Note the similarity between this equation, and the equation of the damped mode inside the cavity (I4.30|l . 
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Fig. 4.3: We plot the Markov couplings (real and imaginary parts at left and right, respectively) as a function of the distance 
between sites for A > 0. We have chosen do/Xo — 10 and k_L = 0, and plotted 4 different values of It can be 
appreciated that this parameter controls the spatial range of the interactions. 


their main difference being that now the different modes of the system interact via the Markov couplings 


rj„i = iexp(-ikL • rj_i) 


Tog 

|j-i| L 


l-erf 


2Xn 


|j - 1| - exp -ly 


|j-l| 


(4.48) 


where ^ = 1/doko with ko = Xg ^Y2|A|/a;o measures the ratio between the lattice spacing and the characteristic 
wavelength of the radiated atoms, A = A — and z/ = 1 (— i) for A < 0 (A > 0). The error function is dehned 

as erf {x) = (2 /^/tt) duexp (—it^). Note that the term ‘1 — erf {do |j — 1 | /2Xo)’ is basically zero for j yf 1 , and 
therefore the ^ parameter dictates the spatial range of the interactions as can be appreciated in figure 031 Finally, 

Fq = 412^Y^27r|Aj/wg is the single-emitter decay rate, that is, the rate at which the atoms are emitted by the lattice 
when the sites emit independently (see [55] for details). 


4.5.2 Superradiant phenomenology 

In order to prove that quantum-optical phenomena can be found in this system we now show that the snperradiant 
phenomenology described at the beginning of the section appears on it. For k/, = 0 and A > 0, the Markov couplings 
are complex in general, and therefore the master equation of the system takes the form 




(4.49) 

with a dissipation term given by 

(2ai/5a| - djdip - pajoj) , 
j.i 

(4.50) 

having collective decay rates 

7 j-i = Re{rj_i} = Fosinc ^ h. 

(4.51) 

and a reversible term corresponding to inhomogeneous dephasing with Hamiltonian 



i?d = ^ ftAj_ia]di, 

(4.52) 


j,i 


being 


Aj_i =Im{rj„i} = 


Fog 
|j-i| L 


1 — erf 


2Xn 


|j - 1| - cos 


|j-l| 


(4.53) 


The same holds for hard-core bosons but replacing the boson operators by the corresponding spin operators. 
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For ■C 1 the Markov couplings do not connect different lattice sites, that is rj_i ~ Fof^j i, and the sites emit 
independently. On the other hand, when ^ ^ M the collective decay rates become homogeneous, 7 j_i ~ Fq, and we 
enter the Dicke regime. Hence, we expect to observe the superradiant phase-transition in our system by varying the 
parameter 

Note that in the Dicke regime the dephasing term cannot be neglected and connects the sites inhomogeneously 
with Aj^i ~ Fq.^/ |j — 1|. This term appears in the optical case too, although it was inappropriately neglected in the 
original work by Dicke [78] when assuming the dipolar approximation in his initial Hamiltonian, and slightly changes 
his original predictions as pointed out in [SHI[HZ] (see also [75]'). 

In the following we analyze the superradiant behavior of our system by studying the evolution of the total number 
of particles in the lattice ny = (aj fij \ and the rate of emitted atoms 


k 


(4.54) 


in the last equality we have used that the total number operator is a constant of motion. 


Hard-core bosons: Atomic superradiance. 


Let us start by analyzing the case of a lattice in an initial Mott phase having one atom per site in the collisional 
blockade regime, which is the analog of an ensemble of excited atoms [55]. As explained in the Introduction, Dicke 
predicted that superradiance should appear in this system as an enhancement of the emission rate at early times [78] , 
although this was later proved to happen only if the effective number of interacting emitters exceeds some threshold 
value [H3IH3IH1]: This is the superradiant phase transition. 

In our system, the number of interacting spins is governed by the parameter ^ (see figure 14.31) , and the simplest 
way to show that the superradiant phase transition appears by varying it, is by evaluating the initial slope of the rate 
which can be written a^ 



= 

^ sinc^ (|j - m| /Cj 

2-^ M3 

t—0 



(4.56) 


This expression has a very suggestive form: The term corresponding to the rate associated to independent emitters 
is balanced by a collective contribution arising from the interactions between them. In figure I4.4t i we show the 
dependence of this derivative with ^ for various values of the number of sites M^. It can be appreciated that there 
exists a critical value of ^ above which the sign of the derivative is reversed; hence, the rate increases at the initial 
time and we expect its maximum to be no longer at t = 0, which is a signature of superradiance. 

The time evolution of the rate for a cubic lattice with = 27 sites is shown in figure IT^ for different values of 
We can appreciate how above some critical ^ value the maximum rate of emission is delayed as expected. In order 
to find TZ{t) we have simulated the evolution equations for the coherences cji = (djCTi) and the populations sj = 

which we close by using the semiclassical approximation — 2^ji they read (14.551) 

Cjl — 4roCjl T ^ ( Fi—nrjCjm'^l T (4.57a) 

m 

Sj=-2^rj_iCji+rf_,c,j. (4.57b) 

1 

We have checked the validity of these semiclassical equations by comparing them with a direct simulation of the master 
equation for small number of sites in ID and 2D geometries; except for small quantitative deviations, they offer the 
same results. 

^ Note that the evolution equation of the expectation value of any operator O can be written as 

^ (o W) = - «i) + r^-i(“i , (4.55) 


and similarly the hard-core bosons in terms of the spin ladder operators. 
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Fig. 4.4: Collective emission properties for an initial Mott state of hard-core bosons, (a) Time derivative of the rate at t = 0 
as a function of the range of the interactions see (14.561) . The values = 8 (solid, blue), 27 (dashed, red), 64 

(dashed-dotted, green), and 125 (dotted, yellow) are considered. It can be appreciated that there exists a critical value 
of ^ above which the rate is enhanced at the initial times, (b) Rate as a function of time for = 27. The values 
^ = 0.01 (solid), 0.5 (dashed), 1 (dashed-dotted), and 10 (dotted) are considered. As expected from (a), the maximum 
of the rate is delayed above some critical ^ value. Note that both the rate and its derivative have been normalized to 
the values expected for independent emitters, which are 4M^Tq and 2M®ro, respectively. 


Non-interacting bosons: Harmonic oscillators superradiance. 

Let us analyze now the case of having non-interacting bosons in the lattice, which is equivalent to a collection of 
harmonic oscillators as discussed before. In previous works on superradiance this system was studied in parallel to 
its atomic counterpart EH, and here we show how our system offers a physical realization of it. We will show that 
superradiant effects can be observed in the evolution of the total number of atoms in the lattice, both for initial Mott 
and superfluid phasefl 

The evolution of the total number of atoms in the lattice is given by -see (14.551) - 

nx =-2^7j_iRe|(|a]ai^| , (4.59) 

14 

and hence depends only on the real part of the Markov couplings. Therefore, we restrict our analysis to the dissipative 
term V [p] of the master equation (14.491) . 

By diagonalizing the real, symmetric collective decay rates with an orthogonal matrix S such that 5'pj7j_i5'qi = 
%^pqi one can find a set of modes |cp = ■S'pjajl with definite decay properties. Then, it is completely straight¬ 
forward to show that the total number of atoms can be written as a function of time as 

(t) = (cj,Cp (0)) exp (- 27 pt). (4.60) 

p 

In general, 7 j_i requires numerical diagonalization. However, in the limiting cases 1 and ^ ^ M, its spectrum 
becomes quite simple. Following the discussion after (I4.55L in the ^ <C 1 limit 7 j_i = Fo^ji is already diagonal and 
proportional to the identity. Hence, any orthogonal matrix S defines an equally suited set of modes all decaying with 
rate Fq. Therefore, if the initial number of atoms in the lattice is TV, this will evolve as 

nx (t) = TVexp (—2rot), (4-61) 

® Let us note that a superfluid state with N excitations distributed over the entire lattice is more easily defined in the discrete Fourier- 
transform basis 

j 

with q = {(}x,Qy,Qz) and qx,y,z = 0,— 1, as the state having N excitations in the zero-momentum mode, that is, |SF)j^ = 

(N!)-^/"/ri0). 
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rn/N (a) 



m/N (b) 



Fig. 4.5: Evolution of the total number of atoms in a lattice having = 27 sites for initial superfluid (a) and Mott (b) phases 
with N initial non-interacting atoms. The solid curves correspond to the limits ^ -C 1 (grey) and ^ M (dark-blue). 
Note how the ‘evaporation time’ is reduced for the initial superfluid state as ^ increases (a). Equivalently, note how 
for an initial Mott state the atoms tend to stay in the lattice as ^ increases (b). 


irrespective of the particular initial state of the lattice (e.g., Mott or superfluid). The emission rate 7?. = 2roA^exp (—2rot), 
corresponds to the independent decay of the N atoms as expected in this regime having no interaction between the 
emitters. 

Let us consider now the opposite limit ^ M; in this case 7 j_i = Tq V (j, 1), and the dissipative term can be written 
in terms of the symmetrical discrete Fourier-transform mode only as V [p] = M^Fq ^2/o/3/g — f^fop — flfop ^, see 

(14.5811 . Hence, the discrete Fourier-transform basis diagonalizes the problem, and shows that all the modes have zero 
decay rate except the symmetrical one, which has an enhanced rate proportional to the number of emitters. Therefore, 
starting with a superfluid state, the N initial atoms will decay exponentially with initial rate NM^Tq, that is 

m {t) = N exp {-2M^rot) . (4.62) 

On the other hand, if the initial state corresponds to a Mott phase, most of the atoms will remain in the lattice, as 
only the component which projects onto the symmetric mode will be emitted; concretely, from (14.601) and (I4.58|) the 
number of atoms in the lattice will evolve for this particular initial state as 


m {t) = 




exp (—2M^Fot) . 


(4.63) 


Hence, according to this picture, superradiant collective effects can be observed in our system by two different 
means. Calling to the time needed to radiate the atoms in the absence of collective effects, one could start with a 
superfluid phase and measure this ‘evaporation time’ as a function of this should go from to for ^ <C 1, to a much 
shorter time to/M^ for ^ ^ M (see figure HTBh ) . Alternatively, one could start with a Mott phase, and measure the 
number of atoms left in the lattice in the steady state as a function of in this case, it should go from nx, steady = 0 
after a time to for ^ ^ 1, to nx, steady = N — N/M^ after a time to/M^ for M (see figure l43b ) . 

In order to find the evolution of nx we have simulated the equations satisfied by the coherences cji = (a|ai), which 
read -see (I4.55D - 

Cjl = — ^ ' [Fl-mCjm + Lj-mOml] ■ (4.64) 

m 

Note that in this case the equations are closed without the need of a semiclassical approximation, and hence they are 
exact. Note that they reproduce the analytic evolution of nx as given by (|4.61l) . (I4.63L and (I4.62|) in the corresponding 
limits (see figure 

Our results connect directly to those found by Agarwal some decades ago m- Working with a Dicke-like model, 
he showed that if all the oscillators start in the same coherent state |a), the initial number of excitations, which in 
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that case is given by TV = \a\'^, decays following (|4.62ll . This is not a coincidence, but rather a consequence that, if 

N is large enough, a multi-coherent state of that kind is a good approximation of a superfluid state with that number 
of excitations. He also predicted that if the oscillators start in a number state, most of the excitations would remain 
in the steady state as follows from (|4.63l) . 
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5. DETECTION OF THE OUTPUT FIELD 


In the previous chapter we developed a model to study the dynamics of the intracavity modes of an open cavity from 
a quantum viewpoint. However, it is the field coming out of the cavity the one which is customarily studied or used 
in applications, not the intracavity modes. The first part of this chapter is devoted to relate this output field with the 
intracavity field. We then explain the basic detection schemes which are used to characterize this output field, namely 
direct photodetection and balanced homodyne detection, which ideally give us access to the intensity (photon number) 
and the quadratures of light, respectively. Understanding how the field quadratures are analyzed in real experiments 
will allow us to reintroduce squeezing in an experimentally useful manner at the end of the chapter. 

5.1 The output field 

Using the expression of the vector potential outside the resonator we see that the field coming out from the 

cavity can be written as 


A 


(+) 


/■+°° I h 

(r,t) = / <Tj\ -sT (w/c; rj_, z) 6(a;; t) exp (iwz/c), 

7-00 V dTTceow 


(5.1) 


where the operator b{uj;t) is given by (I4.10p in terms of the initial operators boioj) and the intracavity mode a. Now, 
given that only the frequencies around the cavity resonance contribute to the dynamics as we argued in the previous 
chapter, we can replace the slowly varying function of the frequency T (y> jc., rj_, z) j by its value at Wc, arriving to 


A (+) 


rU) = 


h /■+°° 

eT(fcc;rj_,z) / (iaj6(w; t) exp (iwz/c) 


dTTCEoWc 


(5.2) 


Introducing the solution (14.1011 for b{u!;t) in this equation, we can write the output field as the sum of two terms, 
namely, (r, t) = (r, t) + A^ouree (r, t) with 


(ut) 

Aiiirce (r, t) 


h 


^+oo 


dTTCEoWc 


eT {kc;v±,z) / dw6o(w) exp [-icj(ti? - to)], 


' —OO 

'\J (fccl r±,z) J duj j dt'a{t')exp[iuj{t'- tn)] . 


(5.3a) 

(5.3b) 


where we have defined the retarded time t^ = t — z/c. Recalling the definition of the input operator (I4.11|) , the first 
term can be rewritten as 


a(+) 


(rU) 


2ceoWc 


eT {kc;r±,z) Gin (tR)^ 


(5.4) 


and hence it is identified with a contribution coming from the input field driving the cavity. On the other hand, 
performing the frequency integral in the source term, we can rewrite it as 


f ikc-,r^,z)d{tR) z<ct 

AiiiLe (r, t) = j (fee; r±,z) d(tR) z = ct ’ 

I 0 z > ct 


(5.5) 


which is therefore identified with a contribution of the intracavity field, hence the name “source”. We will always work 
in the stationary limit t ^ 7~^, and near the cavity, so that z will always be smaller than ct, what allows us to even 
neglect the zjc delay in the retarded time, that is, tR t (in any case, this doesn’t have any fundamental relevance, 
it will just simplify future derivations). 
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5 . Detection of the output held 



Fig. 5.1: Schematic representation of Mollow’s ideal single-mode detection. 


Hence, defining the output operator 

aout(i) = y/^a{t) - ain{t), (5.6) 

the output field is finally written as 


a(+) 

■^out 




2ceoWc 


eT (fcc;rj_,z) aout(i)- 


(5.7) 


Hence the field coming out from the cavity is a superposition of the intracavity field leaking through the partially 
transmitting mirror and the part of the input field which is reflected, just as expected by the classical boundary 
conditions at the mirror (see Figure HTT]) . 

It is interesting for future purposes to generalize this expression to the case of several modes resonating at the 
same frequency inside the cavity. The corresponding output field can be written in this case as 


Aiut (r, t) = 


A / o ^ ^ ^frn T„ {kc;rj_,z) ^(7n,OUt (0 ; 

V 2ceoWc 


(5.8) 


where each cavity mode with annihilation operator Oan is driven by an independent input operator do-n.in so that 


^crn,out(f) — \/2yCTnd(7n (f) dcrn,in(^); 


(5.9) 


being 7o-n the cavity loss rate for each mode. 

In the case of an empty cavity, it is straightforward to prove that this operators satisfy the commutation relations 

[do-n.out(0: al'n'.out(^0] = ^crcr'6nn'S{t - t'), (5.10a) 

[dcrn,out(f)j Scr'n',out(f )] = [®o-n,out (0) ®I'n',out )] ~ O' (5.10b) 

When other intracavity processes are included one has in general to check how this commutation relations are modified. 


5.2 Ideal detection: An intuitive picture of photo- and hoinodyne detection 

Photodetection is the most fundamental measurement technique for light. As we shall see with a particular example 
(homodyne detection), any other scheme used for measuring different properties of light makes use of photodetection 
as a part of it. 

This technique is based on the photoelectric effect or variations of it. The idea is that when the light beam that we 
want to detect impinges a metallic surface, it is able to release some of the bound electrons of the metal, which are then 
collected by an anode. The same happens if light incides on a semiconductor surface, though in this case instead of 
becoming free, valence electrons are promoted to the conduction band. The most widely used metallic photodetectors 
are known as photo-multiplier tubes, while those based on semiconducting films are the so-called avalanche photo 
diodes. In both cases, each photon is able to create one single electron, whose associated current would be equally 
difficult to measure by electronic means; for this reason, each photoelectron is accelerated towards a series of metallic 
plates at increasing positive voltages, releasing then more electrons which contribute to generate a measurable electric 
pulse, the photopulse. 

It is customarily said that counting photopulses is equivalent to counting photons, and hence, photodetection is 
equivalent to a measurement of the number of photons of the light field. This is a highly idealized situation, valid 
only in some limits which are actually not the ones in which we usually work in the field of squeezing. Nevertheless, 
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ttLO 


Fig. 5.2: Homodyne detection scheme with ideal photodetectors. When the local oscillator is in a strong coherent state, this 
setup gives access to the quadratures of light. 


it is interesting to analyze this ideal limit first to gain some intuition about the photodetection process, and this is 
what we will do in this section. Using this idealized picture of photodetectors, we will study a detection scheme called 
homodyne detection, which will be shown to be equivalent to a measurement of the quadratures of light. 

Consider the following model for a perfectly efficient detection scheme. A single-mode field with boson operators 
{d, d^} initially in some state p is kept in continuous interaction with a photodetector during a time interval T. The 
intuitive picture of such a scenario is shown in Figure [^3] A cavity formed by the photodetector itself and an extra 
perfectly reflecting mirror contains a single mode. By developing a microscopic model of the detector and its interaction 
with the light mode, Mollow was able to show that the probability of generating n photoelectrons (equivalently, the 
probability of observing n photopulses) during the time interval T is given by [88) 


Pn = 


(l e-T)"dt" 


■ exp [—(1 — e '‘^)d^d] : \ , 


(5.11) 


where the expectation value has to be evaluated in the initial state p of the light mode, and k is some parameter 
accounting for the light-detector interaction. Using the operator identity :exp [—(1 — e“'^)dld]: = exp(—Ad’^’d) [T^ . 
and the help of the number state basis {|n)}„gN, it is straightforward to get 


Pn=Yl {n\p\n) 

m—n 


n\{m — n)l 


{I - e-^^y 


T>k- 


{n\p\n), 


(5.12) 


and hence, for large enough detection times the number of observed pulses follows the statistics of the number of 
photons. In other words, this ideal photodetection scheme is equivalent to measuring the number operator dtd as 
already commented. 

Even though the output of the photodetectors can take only integer values (number of recorded photopulses), they 
can be arranged to approximately measure the quadratures of light, which we remind are continuous observables. This 
arrangement is called homodyne detection. The basic scheme is shown in Figure [531 The mode we want to measure 
is mixed in a beam splitter with another mode, called the local oscillator, which is in a coherent state |q;lo)- When 
the beam splitter is 50/50 the homodyne scheme is said to be balanced, and the annihilation operators of the modes 
leaving its output ports are given by 


1 
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5 . Detection of the output held 



Fig. 5.3: Carmichael’s picture of how the continuous photocurrent is built up from the individual photopulses. 


being dpo the annihilation operator of the local oscillator mode. These modes are measured with independent pho¬ 
todetectors, and then the corresponding signals are subtracted. Based on the idealized photodetection picture, this 
scheme is analogous to a measurement of the photon number difference 

Nd = d\_d+ — aLd- = dj^Qd -I- dpod^- (5-14) 

Taking into account that the local oscillator is in a coherent state with amplitude olo = |c«lo I exp(i(^), and is not 
correlated with our measured mode, it is not difficult to show that the first moments of this operator can be written 
as 


iVD) = |aLo|(^‘" 


iVg) = |aLOp + 


(d’I'd) 


(5.15a) 

(5.15b) 


Hence, in the strong local oscillator limit |q;loP 2> (d^d), the output signal of the homodyne scheme has the mean 
of a quadrature of the analyzed mode (the one selected by the phase of the local oscillator), as well as its same 
quantum statistics. 

Even though this picture offers all the basic ingredients that one has to understand about light detection, it is in 
a sense far from how light is observed in real experiments. In the following sections we discuss photodetection and 
homodyne detection scenarios which are closer to the experimental ones. 


5.3 Real photodetection: The photocurrent and its power spectrum 

In the detection schemes that we will consider throughout this thesis, the photodetectors will be measuring light beams 
with a high flux of photons (for example, in homodyne detection we have seen that the local oscillator is a strong 
coherent field). Under these circumstances several photopulses can be created during a time interval comparable to 
the width of a single pulse, so that it is not possible to count pulses anymore. Instead, one sees the signal coming 
out from the detector basically as a continuous current; it is the goal of this section to model the statistics of this 
photocurrent and explain the way in which it is analyzed experimentally. 

For simplicitj0, let us assume that the pulses generated after the amplification stage of each photoelectron are 
square like and have a temporal width Tp. This width is equivalent to the time response of the detector, which we will 
consider to be instantaneous eventually, that is, Tp —0. As shown in Figure [521 the photocurrent j{t) detected at 
time t is a superposition of all the pulses generated in the time interval [t — Tp, t], that is, 

j{t) = —n{t- Tp,t), (5.16) 


^ In the next sections we follow closely the treatment of photodetection and homodyne detection proposed by Carmichael |89l 1171 fT^ 
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where e is the electron charge, G is the number of electrons generated in the amplification stage from the initial 
photoelectron, and n(t — Tp,t) is the number of photoelectrons generated in the interval [t — Tp, t]. As shown by Kelley 
and Kleiner [90] , who generalized the semiclassical formula previously obtained by Mandel EH HU, for a field such as 
the one coming out from a cavity (EHl), the statistics of the number of pulses n(t — Tp, t) are dictated by the distribution 


Pn{t - Tp,t) = 


J”(t,rp)exp -J{t,Tp) 


n\ 


(5.17) 


where must be understood from now on as normal order and time order (time increases to the right for products 
of creation operators and to the right for products of annihilation operators), and we have defined the photocurrent 
operator 

Ht^Tp) = f dt' j d^v^k^~2{v^,ZA,t')^^,^t{^^:ZA,t')~qTp^h„n^ont{t), (5.18) 

dt-Tp dR2 

being hcrn,out = Sl-n out®crn,out, d £ [0,1] the photon-photoelectron conversion factor, and Zd the longitudinal position 
of the photodetector. In loose terms, the operator hcrn,out ‘counts’ the total number of output photons detected during 
the time that a photopulse lasts. Note that we have assumed that the transverse size of the detector is larger than the 
transverse thickness of the output beam, and the last equality follows from assuming that n^n,out(t) doesn’t change 
too much in the brief interval [t — Tp,t]- 

Let us evaluate the mean and the second factorial moment of the number of pulses n(t — Tp, t): 


— >-i(i,rp)_j. 


i{t-Tp,t) = ^np„(t-Tp,<) = ( : J{t,Tp)Y^ '■) = {■ ■ 

n=0 \ n=l 


(5.19a) 


n{t-Tp,t) [n{t-Tp,t) - 1] = ^n(n- l)p„(<- rp,t) = / : J^{t,Tp)Y^ -2V. ^ 7 ^ ') ’ 

n =0 \ n =2 lb / 

(5.19b) 


n =2 


where we use the overbar to stress the difference between quantum averages and averages concerning the random electric 
signal coming out from the experiment. These expressions allow us to write the first moments of the photocurrent as 


ji.t) = 


Ge 


■ 'b(t, 'Tp) . \ — qGe ^ ) (hern,out (0) 


fit) = 


p 


: fit,Tp) ■.) + (■. Jit,Tp) : 


(5.20a) 

(5.20b) 


= q^G^e 


Y. («tn,outaI'n'.outa-n ,out^( 7 'n^ ,out (0 \ ^ ^ (^o'n,out it)) 

' ' d'^p 


Note that any mode in a vacuum state does not contribute to the statistics of the photocurrent. This is due to the 
normal ordering appearing in pnit — Tp, t). 

To gain some insight, consider the output of an empty single-mode cavity in the stationary limit, which can be 
obtained from (EH), with d{t) given by (14.1911 and the input operator ain(t) satisfying 

ain(7)a|'„(t2)-a|'„(tj)ain(t'i)ain(t2)-ain(t;)) = 0 V(j,/), (5.21) 

because the external modes are assumed to be in vacuum initially. This property allows us to relate moments of the 
output operators with intracavity moments in a very simple way: 

^aLt( 7 )aLt( 7 )-aLt(ij)aout(ti)aout(< 2 )-aout(t;)) = (27)^^+'^/^ (a^(ti)a^(t2)-a^(tj)a(t'i)a(t2)-a(t()) V(j',/) 

(5.22) 

Then, in terms of the intracavity operators, the photocurrent moments can be written as 

7/7r 


j(t) = 2^qGe{h(t)) = 2TTqGe\£\" 


72 + (wc - ujL,y 


= Jo 


(5.23a) 


f{t) = dfq^G^e^ (fit)) + _ 2jqTp) {h{t)) , 


(5.23b) 
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Fig. 5.4: Mean of the photocurrent measured for a single-mode field coming out from an empty cavity as a function of the 
frequency of the laser which drives it. Maximum transmission is obtained when the laser is tuned to the cavity 
resonance. 


where h = d^d is the number operator for the photons inside the cavity. The mean of the photocurrent is proportional 
to the mean of the number of photons inside the cavity, similarly to the idealized photodetection description discussed 
in the previous section. However, the second moment of the photocurrent is not directly proportional to the second 
moment of n, it has a deviation proportional to the mean, that is, an additional Poissonian contribution which shows 
that the photocurrent signal is affected by extra noise, and hence does not offer 100% truthful information about the 
intracavity number fluctuations. The situation is even more subtle as we show now. 

Note that as a function of the frequency wp of the laser which ‘scans’ the cavity, the mean photocurrent (or the 
mean intracavity photon number) is a Lorentzian of width 7 centered at the cavity resonance Wc (see Figure [53), 
which read in reverse shows that only external modes within the interval [wc ~ 7, Wc + 7] can be excited as we explained 
in the previous chapter. However, the variance associated to this photocurrent can be written as 

v[jm=m-j(t)" = —To, (5.24) 

■^p 

showing that the noise in the photocurrent dominates the output signal when the photodetector has a fast response, 
that is, Tp —>■ 0. Hence, instantaneous photocurrent signals cannot be usually studied in experiments. Instead, one 
studies the power spectrum of the photocurrent, which can be obtained at real time by introducing the electric signal 
coming out from the photodetector into a spectrum analyzer. The scheme of a spectrum analyzer is shown in Figure 
[531 the mean of the new output signal is then 


P(H) 


r fT 1 

2 

r fT 1 

/ dtj{t) cos fit 

+ 

/ dtj{t) sin fit 

Jo 


Jo 


which can be easily rewritten as 



dt' cos [rt{t-t')]j{t)j{t'), 


(5.25) 


(5.26) 


in terms of the two-time correlation function of the photocurrent. When this correlation depends solely on the time 
difference \t — t'|, that is, when j{t)j{t') = J[\t — t'\), this expression can be simplified even further as 



drj7(|r|)e-‘^3 


(5.27) 


in the T ^ 00 limit. In such case we say that j{t) corresponds to a stationary process |20) . 
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j(i) 



p{Q) 


Fig. 5.5: Schematic representation of the action of a spectrum analyzer onto an incoming electric current. After dividing it and 
multiply the separated currents by a sine and a cosine oscillating at frequency fl, the signals are accumulated during 
a time T {detection time)-, the squares of these quantities (normalized to T) are added, finally building the spectral 
signal p{0.). 


Using similar techniques as in the previous derivations, it is lengthy but simple to show that the correlation function 
of the photocurrent can be written in terms of the photocurrent operator as 




G^e 


2^2 


J{t,Tp)J{t',Tp) +H{Tp - \t' -t\) (^: i(min{t,t'},rp - \t' - t\) 


(5.28) 


where 

H(^) = { J ) < 0 . (5.29) 

is a step function. Particularizing this expression for the empty single-mode cavity in the stationary limit, it is 
straightforward to show that its associated power spectrum reads 


Pin) 


—2 

Sttjo 


Ge —2 


(5.30) 


where we have assumed a large detection time and a fast time response of the photodetector, that is, T —> oo and 
Tp —>■ 0. This shows that the massive noise masking the signal j{t) at all times is concentrated in frequency space at 
U = 0. For any other frequency (technically for ^ T~^) the power spectrum is finite. 


5.4 Real homodyne detection: Squeezing and the noise spectrum 


Now that we understand how to treat the signal coming out of a real photodetector, we can analyze as well the signal 
coming out from a homodyne detection scheme as is usually done in experiments. This will allow us to introduce 
squeezing in a manner which is useful for experimental matters through the so-called squeezing spectrum. 

The situation is depicted in FigureOur output multi-mode field (15.81) is mixed in a 50/50 beam splitter with 
a local oscillator field coming out from a laser whose central frequency tapo is close to uJc, and is assumed to emit in 
a well defined mode with polarization ey and transverse profile T\{kc; r±, z), that is. 






£aTa (fcc;rj_,z) aLo(i); 


( 5 . 31 ) 
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ALo{r,f) 


Fig. 5.6: Balanced homodyne detection scheme. The idea is exactly as in Figure [5^ but now the setup is analyzed for a field 
coming out from a cavity, and considering the realistic picture of photodetection introduced in the previous section. 


the state of this laser field is modelled as a stationary coherent state, and hence its associated output operator dLo(i) 
satisfies 


'A _ J‘^'Loitl+t2 + ...+tj-t{-t'.^-...-t'd *j i 


4o(^i)«Lo(^2)-aLo(^t)“Lo(ti)aLo(A)-aLo(iO/ = e 

where we will write olo = AloI exp{iip). 

On the other hand, the fields coming out from the beam splitter = 


aLO^LO (5.32) 


X (+) I X (+) 

■^out ^ -^LO 


/ can be written as 


aL+) (r,t) = 


‘2ceoUJc 1 V2 


(^C) ^'-Lj [^A,out(0 ^Lo(0] ^ ^ ^crn^n (^c? I’j-i ^a‘n,out(0 ^ • (5.33) 

trn^A 


The photodetectors PD± are statistically independent, and hence, based on the previous section, the probability of 
observing and n_ photopulses in the time intervals \t+ — rp,<+] and [t_ — rp,t_], respectively, is given by 


p(n+,4 - rp,t+;n_,<_ - rp,t_) - rp,t+)p„_(t_ - Tp,t_), 

where the photocurrent operators associated to the photodetectors can be written as 


'^p) — 




'^Lo(^) '^A,out(^) i X(^) ^ ^ ^ '^crn,out(0 

crn^A 


(5.34) 


(5.35) 


(5.36) 


and we have defined the operator 

X(0 = a[o(^)“A.ont(0 + aLo(0aA,out(0- 

Note that the mean and two-time correlation functions of this operator are proportional to the ones of the output 
quadrature operator selected by the local oscillator 


that is. 


^roT'it) = e-‘‘^+--‘aA,out(t) 

im) = MAZT'it)) 

imm) = \aLo\HXl-2-\t)Xl----^\t')). 


(5.37) 

(5.38a) 

(5.38b) 
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The fast optical oscillations of the aA,out(i) operator are canceled by the rapidly oscillating function exp(iuii^ot) added 
by the local oscillator. In order to simplify the derivations, it is then customary to move to an interaction picture 
defined by the transformation operator C/q = exp[HQt/ih] with 


^0 = ^ ft^LO 


/ +00 

-oo 


so that 


U^oXtoT'Uo = XI 


A,out’ 


(5.39) 


(5.40) 


that is, the fast linear variation of the quadrature’s phase is removed. From now on, we assume to work in this picture, 
that is, quantum expectation values are to be taken with the interaction picture state pi{t) = 17g/3(t)i/o- We shall see 
how useful this picture is in the next chapter, when analyzing the squeezing properties of optical parametric oscillators. 

It is not difficult to prove that in the strong local oscillator regime, the difference photocurrent joit) = j+{t)—j-{t) 
carries information about the x{t) operator only; any other possible contribution to this photocurrent is balanced out 
thanks to the 50/50 beam splitter. To this aim we evaluate the first moments of the difference photocurrent, which, 
given the statistical independency of the photodetectors, can be written in terms of the moments of j±(t) as 


JD (t) = j+ (t) - j_ (t) and (t) = jl (t) + (t) - 2j+ {t) X j_ (t). 


(5.41) 


Making use of the relation (15.2011 between the moments of j± (t) and the quantum expectation values of their corre¬ 
sponding photocurrent operators (15.3511 . it is straightforward to show after some algebra that the mean and variance 
of the difference photocurrent are given by 


jD(i) = r]Ge\aLo \ 






(^crn,out 


IoloI 


+ ri^G^e^\ayo \ 


: («x.„x /+ 1 : 


(: ■) 


|aLo| 


where we remind that we make use of the notation SB = B — (B). Taking the strong local oscillator limit 

|ctLo| ^ {(ficrn.out) i(- ^f^crn.out 0} 

the variance of the difference photocurrent is written as 

I 


ViJoit)] = ry^G^e^laLOp +??(: [<^^A,outW]^ :)| 


(5.42a) 

(5.42b) 

(5.43) 

(5.44) 


Expression (I5.42all shows that the mean of jd( t) carries information about the quadrature of the mode selected by 
the local oscillator, but similarly to the direct detection case, in the fast response limit Tp —0 this signal is masked 
by massive noise at all times. 

Hence, also in homodyne detection one is forced to consider the power spectrum of the difference photocurrent. 
As there are no contributions from any of the modes with (a, n) ^ A, we will remove the local oscillator mode index 
A from now on. Using again the statistical independency of the signals coming out from the photodetectors PD±, one 
can write the two-time correlation function of /d (t) as 


= j+it)j+{t') + - j+(t) X j_(P) -/+(<') X j_(t). 


(5.45) 


Using now the general expression (15.2811 for the two-time correlation function of a photocurrent, it is lengthy but 
trivial to arrive to the following expression for the power spectrum of jd (t) 


Pd{^) = 4 / dt f dt' cos [n{t - t')] = Pshot + P{^), 

^ Jo Jo 


(5.46) 


being 


Pshot = TyG^e^laLol" 


(5.47) 

a contribution to the spectrum which does not depend either on the state of the system or in the frequency (the 
so-called shot noise contribution), and 


T 


(5.48) 
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a contribution which does depend on these. 

It is customary to define a normalized version of this quantity called the noise spectrum 

^out(^V;Q) = l + (5.49) 

^shot 

where ^ ^ 

= 1 ^ dtj^ dt'cos ( 5 . 50 ) 

is the so-called squeezing spectrum, which, when (: :) depends only on \t — 1'\, that is, for stationary 

states, can be written as 

5 °"* (X^-n)=p dt'{, SX^,,,{t)SX^,,,{t + 1 ') . ( 5 . 51 ) 

Accordingly, we will call noise frequency to fl, which needs not to be confused with the optical frequencies. 

Note that the multi-time moments of the output operators still satisfy (15.221) . and hence, in terms of the quadratures 
of the intracavity mode the squeezing spectrum reads 


S'™*(i'^; n) = ^ [ dt [ dt' cos [fl(t - t')] {: SX‘f’{t)SX‘^{t') :), (5.52) 

^ Jo Jo 

and similarly for the stationary expression. Hence, knowing the state of the intracavity mode, we can evaluate the 
noise spectrum measured for the field coming out from the cavity. In the upcoming chapters we will assume unit 
conversion efficiencjH, that is, rj = 1. 

In Chapter [2] we introduced squeezed states of a single harmonic oscillator as those in which one of its quadratures 
had an uncertainty below that of vacuum or a coherent state. However, we have seen that this simple intuitive object 
(the uncertainty of a single-mode quadrature) is not the relevant quantity in real experiments designed to measure 
the quadratures of light, and hence we need to come back a little bit and redefine the concept of squeezing in a way 
which is interesting from the experimental point of view. 

To this aim, let us proceed similarly to how we did in Chapter [2l Consider a quasiperiodic modulation of frequency 
f^signai encoded in some quadrature of a cavity mode. It is to be expected that such modulation will appear in 
the noise spectrum of the corresponding output mode as a peak centered at the H = Hgignai- The problem is that 
if this modulation is very small, the corresponding peak in the spectrum can be disguised by the basal shot noise 
contribution, and it will be impossible to observe it. This is indeed the case when the state of the light mode is 
coherent (like vacuum), as then the squeezing spectrum is zero for any quadrature and at any noise frequency, so that 
the noise spectrum has only the flat H) = I shot noise contribution. We can then define squeezed states 

of light in an experimentally useful manner as those states in which V°'^^{X'^\ H) < I for some quadrature and some 
frequency. 

It is not difficult to show that the noise spectra associated to two orthogonal quadratures satisfy the Heisenberg 
uncertainty relation 

^) > (5.53) 

Hence, if the shot noise contribution is balanced out for some quadrature, it will be increased accordingly for its 
orthogonal quadrature, similarly to what happened with the uncertainty of single-mode quadratures in the discussion 
of Chapter [21 


^ Real experiments are not that far from this situation, arriving to efficiencies above 90%. 







6. QUANTUM DESCRIPTION AND BASIC PROPERTIES 
OF OPTICAL PARAMETRIC OSCILLATORS 


In the previous chapters we have developed the basic tools which allow us to study within the quantum formalism the 
light generated in optical cavities. It is now time to apply these to a specific system, optical parametric oscillators, 
which will be shown to be ideal candidates for the generation of squeezed and entangled light. 

Such systems belong to the class of so-called nonlinear optical cavities, that is, resonators containing a nonlinear 
optical medium. For this reason, the first section of the chapter contains a brief introduction to the optics of dielectric 
media, with special emphasis on nonlinear uniaxial crystals and the three-wave mixing processes that occur inside 
them. We then introduce the model for optical parametric oscillators that will be used all along this thesis, and study 
the quantum properties of the light generated by them in different regimes. 


6.1 Dielectric media and nonlinear optics 

Roughly speaking [651162], from the point of view of their electromagnetic properties most materials fit either into 
the class of conductors or the class of dielectrics. A conducting material has charges which are free to move through 
it, and hence the application of an electromagnetic field can induce an electric current on it. On the other hand, 
in dielectric media every charge is strongly bounded to one specific atom or molecule fixed in some position of the 
material, and hence these can be seen as insulators. However, when an electromagnetic field is applied to a dielectric, 
the electron cloud surrounding each nucleus can be slightly displaced, what means that the center of mass of the 
positive and negative charge distributions of the atoms or molecules get slightly separated, and then the medium 
acquires a polarization, that is, a dipole moment per unit volume. In this section we briefly introduce the description 
of the electromagnetic field in such media from a classical viewpoint. We will work only with dielectrics which are 
sensitive to the electric field, but not to the magnetic field. 

In principle, in order to describe the effects appearing in the field when propagating in the dielectric material 
one needs to develop a microscopic model for the medium, introduce it in the inhomogeneous Maxwell’s equations 
via a charge distribution p(v,t) and a current distribution j(r,t), and then solve the resulting field-medium coupled 
equations. However, for the type of media we will work with and for weak enough electromagnetic fields, one can 
assume that the polarization P (r, t) acquired by the medium is a low order polynomial of the applied electric field, 
sa£| 

Pj (r, t) = soxl^k^k (r, t) + SoxfJiEk (r, t) Ei (r, t) + ..., (6.1) 

so that the medium can be treated as a non-dynamical system whose information is all contained the coefficients 

{tensors of order n -I- 1 technicalljH) , called the n-order susceptibilities. In such circumstances one can define a 
displacement field 

D(r,t) =eoE(r,t)-kP(r,t), (6.2) 

and replace the inhomogeneous Maxwell’s equations in vacuum (EJ) by the so-called macroscopic Maxwell’s equations 

[551157] 

V • D = 0 and V x B = podtD. (6.3) 

Note that we assume to work with homogeneous media, as the susceptibilities are independent of the position vector. 
Moreover, it is simple to show that materials with an inversion symmetry have null second-order susceptibility. These 
include any isotropic medium, as well as 11 of the 32 classes of crystals m, whose lowest-order nonlinear susceptibility 
is then 

In the following we discuss the effects of the linear and quadratic polarizations separately. 

^ To lighten the notation of the sections to come, we use the convention that summation over repeated indices is understood. 

^ In the following, we denote a tensor of order k with components by 
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6.1.1 Linear dielectrics and the refractive index 
Let us consider only the linear term in the polarization (I6.1|) . and define the permittivity tensor 

^=£o(l + 


(6.4) 


As in vacuum, Maxwell’s equations can be highly simplified with the help of the scalar and vector potentials (m. 
Choosing now the gauge condition V^A = 0, it is simple to prove that we can still select ^ = 0, and that the vector 
potential satisfies the modified wave equation 


[V^ - (/io'^)52] A = 0, 


(6.5) 


where we have neglected a V (V • A) term, what can be safely done within the paraxial approximation as is easily 
proved. 

When the medium is isotropic we have I , being / the identity matrix and > 0, and hence we 

recover the wave equation that we introduced in (I3.68p . 


- dt 


A = 0, 


( 6 . 6 ) 


being n = vf + X^ the so called refractive index of the medium. Note that the speed of the waves is no longer c but 
c/n, and hence, light slows down in a dielectric medium. 

As this thesis will focus on second-order nonlinearities, we won’t be working with isotropic media though; we 
will consider instead dielectric crystals having an intrinsic coordinate system defined by the orthonormal triad of real 
vectors {ee,eo,eQ} in which the linear susceptibility tensor takes the diagonal form 




Xe 0 0 

0 Xo 0 

0 0 Xo 


(6.7) 


such birefringent crystals are called uniaxial because the refractive index is Ug = -^/l + Xe along the extraordinary 
direction ee, while it is rio = VI + Xo along the ordinary directions {eo,eQ} [53]■ In the following, we will assume 
that the orientation of the crystal is always such that one of the ordinary axes coincides with the 2 ;-axis, say e^, = e^,, 
so that the extraordinary and ordinary linear polarization components of the field propagating along the 2 ;-axis feel 
different refractive indices inside the crystal. To see this, just note that writing the vector potential as 


A (r, t) = Ag (r, t) + Ag (r, t) e^, 


( 6 . 8 ) 


the components Aj (r, t) satisfy the wave equations 



and 



(6.9) 


according to 

An important property of dielectric materials is called dispersion. To see what this is, note that when writing (16. 1|) 
we have assumed that the response of the medium to the electric field is instantaneous. Specially in the case of the 
linear term, this assumption is wrong for most materials, and one has to write more generally 


Pj (r, t)=eo / drxfj (t)^^ (r, t - t) , (6.10) 

Jo 

where the temporal shape of the first-order susceptibility determines exactly how the polarization at a given time 
depends on the history of the electric field. Defining a spectral decomposition for a general vector field F (r, t) afl 


/ + 00 

dwF (r, w) exp(—iwt), (6-11) 

-OO 

^ Note that when quantizing the electromagnetic field in Chapter 2 we have assumed the dielectric slab inside the cavity to be isotropic. 
The procedure there showed is naturally generalized to the case of working with an uniaxial medium: One just needs to take the two 
allowed polarization vectors {ec 7 gn}cT=i ,2 along the ordinary and extraordinary directions for all the modes, and replace the refractive 
indices accompanying those components of the fields by the corresponding ones. 

^ We choose to introduce the results of this section and the next one in terms of continuous spectral decompositions just because the 
notation is more compact. Exactly the same expressions apply when only a discrete set of frequencies exists for the fields, as happens 
inside an optical cavity. 


















6.1. Dielectric media and nonlinear optics 


71 


with F (r, —w) = F* (r,a;), one can write the previous expression as 

Pj (r,w) = eoxjfe (w;w)i?fc (r,a;), (6.12) 

where 

POO 

xjfe(w;w)=/ drxj-fc (T)exp(-iwT). (6.13) 

■Jo 

Hence, a non-instantaneous response of the medium is translated into a frequency dependence of the refractive index, 
which is the phenomenon known as dispersion. Note that while is real, w) can be complex, although 

it has to satisfy w)] because of the reality of the fields. In this thesis we will ignore any 

light absorption by the dielectric medium; under such circumstances one can prove that the w) coefficients are 

real, and furthermore, that the refractive index is a monotonically increasing function of the frequency |93| (what is 
known as normal dispersion). 

It is interesting to analyze how the anisotropy and dispersion of the crystal affects the structure of the resonances 
inside an optical cavity. In Figure 16.11 we show the longitudinal resonances associated to a given transverse mode 
polarized along eg or eg. As we showed in Section [!l.4.31 without considering anisotropy or dispersion effects, the longi¬ 
tudinal modes are separated by the free spectral range HpsR, being this the same for every polarization (Figure [6Hji). 
An uniaxic crystal introduces different refractive indices for the ordinary and extraordinary polarization components 
of the field; accordingly, the free spectral range associated to modes polarized along the ordinary and extraordinary 
directions will no longer be same, as it is inversely proportional to the optical length and hence to the refractive 
index IFiEfure fb.lb l. On the other hand, the normal dispersion of the crystal makes the refractive index increase with 
frequency, and hence, the free spectral range will decrease as the frequency increases iFigure lb.lb b Nevertheless, this 
last effect can be compensated for when needed by adding further dispersive elements inside the cavity such as prisms. 

6.1.2 Second order nonlinear dielectrics and frequency conversion 

In a sense, the linear term of the polarization contributes to the dynamics of the field in a trivial way: It just modifies 
the speed of the electromagnetic waves propagating inside it. We are going to show now that, on the other hand, the 
nonlinear terms of the polarization induce nontrivial phenomena such as the excitation of frequencies not present in 
the field prior to its interaction with the dielectric [93) . In this thesis we are concerned only with second-order effects, 
and hence, we will forget about nonlinear terms other than 

^oX%]Ek (r, t) El (r, t) = (r, t) , (6.14) 

in m- In the following we will simply denote (r,t) and by nonlinear polarization and nonlinear suscep¬ 

tibility tensor, respectively, as no other nonlinear contribution will ever appear. Again, this expression assumes an 
instantaneous response of the medium, and it must be generalized as 

pOC pOO 

Pf'"’ (r, t)=£Q / dri / dTixfJi{Ti,T2)Ek (r, t - n) Ei (r, t - T2), (6.15) 

Jo Jo 

or in freqnency space as 

/ +00 ^+00 

dwi / da; 2 Xjfei(w; wi,a; 2 )Afc (r,wi) A; (r,W 2 ), (6.16) 

-CO j —CO 


where we have defined 

POO POO 

xfkiiuj;uji,uj2) = S{u; - LUi - UJ2) J dr J dT'xfki('^,T')e:>q)[i{uJiTiUJ2T2)]. (6.17) 

Because of the delta-function, this expression states that the uj frequency component of the nonlinear polarization 
receives contributions from any pair (^ 1 ,^ 2 ) of frequency components of the electric field satisfying wi -I- W 2 = w; this 
delta-function in ^wi, W 2 ) appears even in the instantaneous case (16.141) . and hence it is not a consequence of 
the dependence of (r,t) on the history of the electric field. Actually, the effect that this has on is that, for 
example, given two pairs (wi, ^ 2 ) and (Hi, H 2 ) satisfying io = uji 102 = H 2 , one has in general 


(6.18) 
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Fig. 6 . 1 : Longitudinal resonances of a given transverse mode inside an optical cavity, (a) Without taking into account anisotropy 
and dispersion, the separation between resonances is given by ripsK for any polarization of the modes, (b) The 
birefringence of the crystal introduces different refractive indices for the ordinary and extraordinary polarization 
components, and therefore these have no longer the same free spectral range, (c) The normal dispersion of the crystal 
introduces further corrections; in particular it increases the optical length of the cavity as frequency increases, making 
the free spectral range decrease accordingly, that is, Q.j > fl'j > fl" > fl'” > ... [j = e, o). 
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which is the generalization of the linear dispersion that we introduced in the previous section. We note, however, that 
this nonlinear dispersion is not as relevant as the normal dispersion appearing in the linear case, and one can safely 
ignore it within a fairly broad spectral region |94j . 

Similarly to the linear susceptibility, wi, W 2 ) might be complex, although it also has to satisfy 


(6.19) 

In any case, when absorption is neglected it can be proved to be real |9dj . A number of general properties of the 
XjiJi{uj;uJi,i 02 ) coefficients upon permutation of its Cartesian or frequency arguments can also be proved [23] ■ For the 
case of a lossless medium that we will consider, the most general of these is the one called full permutation symmetry, 
which states that W 2 ) is left unchanged upon permutation of two frequency arguments, as long as the 

Cartesian indices are permuted accordingly, that is. 



( 6 . 20 ) 


these relations will be useful in the next section. 

It is time now to see how the phenomenon of frequency conversion appears. To this aim, let us build now the wave 
equation satisfied by the electric field, which is easily found to be 

[V2 - E (r, t) = -/io52p(2) (r, t ), (6.21) 


from the “rotational Maxwell’s equations” (the equations involving V x E and V x B). Imagine that we introduce 
a wave of frequency loq in the medium. As we have shown, this wave induces a nonlinear polarization (r, 2a;o) = 

eoXjjfi{2uJo;u!o,uJo)Ek {r,u!o) El (r,a;o) in the medium oscillating at frequency 2ojo, and hence the wave equation for 
the field component oscillating at that frequency will be 

[V^ + Ej (r, 2a;o) = ^uj^poPj^^ (r, 2wo); (6.22) 

this clearly shows that (r, 2a;o) acts as a source for a new wave which will oscillate at frequency 2u}o. This 
phenomenon is known as second harmonic generation. It is a particular case of the phenomenon known as frequency 
sum generation, in which the wave oscillating at frequency 2ujq is generated from two waves of frequencies uii and ijJ 2 
satisfying coi + uj 2 = 2uio. All these effects are known as up-conversion, as the generated wave has a frequency larger 
than the initial ones. 

One can think about the opposite kind of process, down-conversion, in which a wave of frequency wq is generated 
from an initial wave oscillating at frequency 2ujq. Note however, that this process is mediated by the nonlinear 
polarization term Pj- ' (r,u;o) = £oXjkii‘^o]‘^^o,—^o)Ek {r,2uJo)E* (r, wq), which is zero if the ujq wave E(r,a;o) is 
zero initially. Hence, the phenomenon of down-conversion cannot happen without some kind of initial seed. When 
this initial seed is not an externally injected wave, but rather some initial fluctuations in the system (e.g., some small 
amount of thermal photons), the process is known as spontaneous parametric down-conversion (the term “parametric” 
has a rather obscure origin that we won’t worry about). 

In general, the down-conversion process might not be frequency degenerate, and hence two waves oscillating at 
frequencies wi and W 2 are spontaneously generated from the initial wave of frequency 2wo = uJi + 102 . In a down- 
conversion context, it is customary to call signal and idler to these two wave^, and pump to the 2a;o wave. We will 
stick with this nomenclature, as most of the thesis (and certainly this chapter) deals with down-conversion processes. 

As we will see when we develop their quantum theory, all this processes (collectively known as three-wave mixing 
processes) can be intuitively understood as a conversion of a pair of photons of frequencies {wg, Wi} into one photon of 
frequency Wp = Wg + Wi, or vice versa. The dielectric medium acts just as a host, it doesn’t take any active involvement 
in the conversion process; hence, the energy and momentum of the photons must be conserved. Conservation of the 
energy is granted by the delta-function appearing in (16.171) . On the other hand, conservation of the linear momentum 
requires one further condition, namely 

ripfcp = rigfcs + riifci, (6.23) 

being Uj the refractive index of the medium for the corresponding wave and kj = uojlc its wave vector (in the following 
we assume that the three waves propagate in the same direction, what is known as collinear three-wave mixing, but 

® Which one is the signal or idler is not relevant. This nomenclature comes from the case in which one of the waves, say that of frequency 
LOi, is injected as a seed, and hence the other is generated through the frequency-difference generation process 2Lao — cji —> aJ 2 - In this 
case, the injected wave is the signal, while the nonlinearly generated one is the idler. 
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everything we say applies for any other scheme). This condition is known as the phase-matching condition, and we 
will show how it appears rigorously in the quantum description of the process (next section). 

Consider a situation in which the three waves (pump, signal, and idler) have the same polarization, or in which 
the nonlinear medium does not show birefringencqj, so that all the different polarization components of the field feel 
the same refractive index; in such cases the phase-matching condition can be recasted as 

^ ^ _nK)-nK) 

Ws n(u;p) - n{u)i) 


The right hand side of this expression is always negative because, as follows from the normal dispersion commented 
above, n(a;p) > {^(ws), ^.(wi)}; hence in order to conserve linear momentum the three waves involved in the down- 
conversion process cannot have the same polarization, and the medium must show birefringence. 

As commented above, we will work with uniaxial media, although the phase-matching condition can also be 
satisfied in biaxial media too. For definiteness, and without loss of generalization, let us assume that Wg > Wi (we 
choose the higher frequency wave of the signal-idler pair as the signal), and that the extraordinary refractive index is 
larger than the ordinary one0, that is, ne(w) > '«o(w); in this case the pump (signal) wave has to be polarized along 
the ordinary (extraordinary) axis so that the numerator on the right hand side of (I6.24p can become positive, that is, 
the phase-matching condition becomes 


ne(^s) - no(^p) _ ^ 
no(a;p) - n, Wg 


(6.25) 


We can distinguish then two types of processes. In a type I process both signal and idler have the same polarization 
(extraordinary with our conventions), while in a type II process they have orthogonal polarizations (extraordinary the 
signal and ordinary the idler with our conventions). 

Note that when signal and idler are frequency degenerate, the phase matching conditions are reduced to 


[type I] ne(a;o) = no(2wo), (6.26a) 

[type II] ne(a;o) = 2no(2uJo) - UoiuJo). (6.26b) 


Hence, we see that the conditions for frequency degenerate processes are quite critical, they require a fine tuning of the 
crystal parameters (as well as a proper stabilization of the cavity resonances in the case of working inside an optical 
resonator, as we will). 

Note finally that it may seem that the frequencies of the signal and idler waves are completely fixed by the 
frequency we choose for the pump wave and the refractive indices of the crystal, so that in order to change to different 
down-conversion frequencies we may need to change either the pump frequency, or the crystal we are working with. 
Fortunately, the conditions (16.251) and (16.2611 are much more flexible than they look, because the refractive indices of 
the crystal depend on the temperature in a known (or at least tabulated) way. Hence, even for a fixed pump frequency, 
one can still achieve the phase-matching condition for a desired signal-idler frequency pair by tuning the refractive 
indices of the crystal! via temperature tuning. 


6.2 Quantum model for a general optical parametric oscillator 


In order to optimize the frequency conversion process, it is customary to embed the nonlinear crystal in an optical 
cavity, so that, e.g. for down-conversion, if one pump photon is not transformed into a signal-idler pair when it first 
crosses the crystal, it is reflected back in order to have one more chance to be down-converted. This system consisting 
of a x^^^-crystal inside a resonator is known as optical parametric oscillator (OPO). 

From the previous chapters we know how to treat quantum mechanically an optical cavity. The only question left 
in order to analyze OPOs within that framework is which intracavity Hamiltonian He (in the notation of Chapter 2]) 


® Actually, there is only one example of a crystalline class which does not have an inversion center (and hence, has second-order 
susceptibility), but does not show birefringence: the class 42m m, to which for example Gallium arsenide belongs. 

^ In general, an uniaxial crystal is called positive if rie > Uo, and negative in the opposite case. Although we assume to work with 
positive uniaxial crystals, everything that we say is readily generalized to the negative case. 

® Another well known method to tune the phase-matching condition is by making a rotation 6 of the crystal around the ordinary 
direction Gq. Under these circumstances, the polarization component of the field parallel to this direction will still feel a refractive index 
Uq. However, the polarization component orthogonal to this direction won’t be parallel to the extraordinary direction anymore, and hence 
it will feel an effective refractive index n'^ given by m 



n'e rie Uo 


For reasons that will become obvious along the next chapters, we will assume during most of this thesis that no angular tuning is needed. 
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(a) 


(b) 






Fig. 6.2: Three-wave mixing processes inside an optical cavity. In this example the structure of the resonances inside the cavity 
is such that the 4 types of processes are can appear, as they are all energy conserving. Hence, when the pump field 
has frequency 2aio signal and idler can be indistinguishable (a), or distinguishable in polarization (b), in frequency (c), 
or in them both (d). 


accounts for the three-wave mixing processes occurring inside the nonlinear crystal. An intuitive way to proceed is as 
follows. 

The energy associated to an electromagnetic field interacting with an electric (point-like) dipole d is given by 
—d • E(rd), being ru the position of the dipole. Now, assume for a moment that the cavity field and the nonlinear 
polarization appearing in the crystal are independent; then, one would assign the Hamiltonian 

Hc = - f (r) • E (r), (6.27) 

J crystal 

to account for their interaction. Of course, the field and the nonlinear polarization are not independent at all (the 
former is indeed induced by the later!), but keeping in mind that the nonlinear polarization is rather small, the three- 
wave mixing Hamiltonian will be small compared to the free Hamiltonian, and hence this rude approximation can be 
justified as the first term of a perturbative expansion of the true Hamiltoniaij^. We would like to stress that, even 
though rigorous canonical quantization procedures are known for the Maxwell equations in nonlinear dielectric media 
[951 [3l [96], such intuitive perturbative expansion leading to (16.271) has not been performed to our knowledge, and 
hence, rigorously, (16.271) cannot be regarded other than as a phenomenological, albeit very successful model. 

Let us evaluate now this Hamiltonian for the different three-wave mixing processes that can occur inside the 
resonator. Consider the cavity resonances depicted in Figure 16.21 In the previous section we showed that one can 
distinguish between four types of three-wave mixing processes attending to the degeneracies that signal and idler 
may have in frequency and polarization. If we choose some cavity resonance 2wo as the pump mode (with ordinary 
polarization according to the conventions of the previous section), then one can operate the OPO in four different 
regimes: degenerate type I OPO^ in which the signal and idler are indistinguishable and we talk then about a single 
mode, the signal mode, having frequency ojq and extraordinary polarization fFigure [6.2b .h degenerate type II OPO, in 
which the signal and idler have orthogonal polarizations but the same frequency fFigure [6.2b l: non-degenerate type /, 
in which the signal and idler have the same polarization but correspond to two opposite frequency sidebands around 

® Note that this is not true for the linear part of the induced polarization, that is, the refractive index, which is not small at all, and 
hence one needs to take it into account when developing the quantum theory of the electromagnetic field of the corresponding system. 
Note also that this is exactly what we did when quantizing the field inside a cavity containing a dielectric medium. 
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ujQ fFisfure l6.2h 'l: and non-degenerate type II, in which the signal and idler are distinguishable both in frequency and 
polarization (Figure 

We can evaluate the Hamiltonian (16.271) for the four processes altogether. To do so, let us write the electric held 
as 

E (r) = E[,+) (r) + (1 - (5si/2)Ei+) (r) + (1 - dsi/2)E[+^ (r) + H.c., (6.28) 

where Ep"^^; (r) are the (Schrodinger picture) electric Helds associated to the pump, signal, and idler cavity modes 
involved in the three-wave mixing process, and the factors (1 — (5si/2) are introduced to include also the case in which 
signal and idler are indistinguishable (in which case Ssi = 1), that is, the degenerate type I process. 

The pump Held has always Wp = 2a;o and ordinary polarization (with the conventions of the previous section); on 
the other hand, the signal Held has always extraordinary polarization, but its frequency is different for the degenerate 
iFigures 16.2b and l6.2b l and non-degenerate lFigures l6.2b and l6.2H l schemes; Hnally, the polarization and frequency of 
the idler field depend on the particular three-wave mixing scheme. Hence, based on (Id.lHHal) we can write the different 
frequency components of the field as 


Hu!„ 


(r) = iW c.c.] , 


E(+) (r) = iJ Ge as,n [Tnih; rj_, -b c.c.] , 

V deorisLs ^ 

\/ . £i Y “bn [Tn{h; r_L, -b C.C.] , 

V deoUiLi ^ 


e|+) (r) = 


(6.29a) 

(6.29b) 

(6.29c) 


where Lj is the optical length of the cavity evaluated for the refractive index seen by the corresponding mode, and 
the polarization of the idler mode ei is left unspecified. Note that we have assumed that at the cavity resonance 2aJo 
there exists only a TEMqo mode, which is denoted by G{k; rj_, z), while several transverse modes {Tn{k- rj_, z)}n can 
resonate at the signal and idler frequencies (the same for both, as this is the situation that we will find along this 
thesis). We denote by Sp, as,n, and the intracavity annihilation operators for pump, signal, and idler photons, 
respectively. 

As for the nonlinear polarization, we can also write it as 


(r,t) = P^+) (r) + (1 - 5,i/2)p(+) (r) + (1 - dsi/2)P|+’ (r) + H.c., 
where, based on the previous section, we havj^ 

PW (r) = ( 2 - d^^,^j£oXj7i(wp;Ws,a;i)ej[E(+) (r)],[E^+^ (r)]„, 
P(+) (r) = 2£:oXj7iK;a;p,-Wi)ej[EW (r)]i[E|“^ (r)]™, 

P|+^ (r) = 2£:oXj7i(wi;Wp,-Ws)ej[EW (i-)]i[E^“^ (r)]™, 
or in terms of the boson operators 


(r) = Y^^^^^eox5eL(wp;Ws,Wi)ej 

V S 1 S 1 

/ h’^ujpOJi (2) , \ r 1 " "t 

’V I"!” ^ 


P(+) (r) = 2, 


G(fcp; r^, z)T*(fci; r^, + ^(fcp; v^,z)T^{h- r^, z)e*(-p'=p+-‘'=‘)^ + c.c.' 


P|+) (r) = 2. 


tfiujpUJs (2) / . 


IfiripUsTpi/s 


G(fcp; r^, z)T*(fcs; r^, z)e*('‘p'=p-"='==)^ + G(fcp; r^, z)r„(A:,; r^, 2)6'^"-'=-+"="'^^" + c.c. 


i(npfep-l-nafca)^ , 


(6.30) 

(6.31a) 

(6.31b) 

(6.31c) 

(6.32a) 

(6.32b) 

(6.32c) 


The factors 2 come because, for example Pg (r), receives contributions both from and f^p); this 

contributions are easily shown to be the same by making use of full permutation symmetry. 
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Neglecting counter-rotating terms such as P^- (r) • Ej (r) or Pp ’ (r) • Eg (r), and taking into account that by full 

permutation symmetry 

(2) ( ^ {1) , s (2) . N 

XoejH;Ws,Wi) = x;4(-Wg;-Wp,a;i) = -Wp, Wg), 

it is not difficult to write the Hamiltonian as 


aual„al^ +H.c., 


He — ih 'y ^ Xnm^pu-g.n^^i.m 

nm 

where the coupling parameters are given by 

Xnm = xie7 (^pi Wi) [£;] 


(6.33) 

(6.34) 


Huj.pUJsUJi 


^ Y IGsonpUsniLphsLi 
and we have defined the three-mode overlapping integral 


(3 - (5gi - 


(6.35) 


f d^r [G(fep; r^, z)T*{h; r^, z)T:^{h; r^, z)e‘^'=^ + G(fcp; z)T*{h;r^, z)T^{h; r^, (6.36) 

J crystal 


+G*(fcp; r^, z)T*{k,- r^, z)T^{h- r^, + G*(fcp; r^, z)T*{k,- r^, 2 )r^(fci; r^, + c.c. 


with 


Afc = Upfep — nsks — Uiki, Aki = Upkp — rigfcg + nifcj, 

A/c2 = —npkp — rigfcg + n^ki, Afca = —Upkp — Ugfeg — niki. 


(6.37) 


Just as we stated in the previous section, this Hamiltonian shows how the three-wave mixing process is described 
from a quantum viewpoint as the annihilation of a pump photon and the simultaneous creation of a signal-idler pair, 
or vice versa. In order for the process to be efficient, we need the three-mode-overlapping integral to be as large as 
possible; let us now simplify the model a little bit in order to understand under which conditions Inm is maximized. 

Assume that the center of the crystal coincides with the cavity’s waist plane, and that its length 4 is much 
smaller than the Rayleigh length of the resonator, that is, 4 “C Zn, see after (13.421) . Under these circumstances, the 
longitudinal variation of the transverse modes can be neglected inside the crystal, see (13.871) . and therefore all the 
longitudinal integrals in Inm are of the form 


plc /2 

J-lc /2 


= ZeSinc 


Akjlc 


(6.38) 


hence, we see that in order to maximize the conversion process, some of the Afe^-’s must satisfy \Akj\ -C On 
the other hand, Afc = 0 is precisely the phase matching condition that we introduced in the previous section using 
linear momentum conservation arguments, and hence, we assume now that Ak <g; l~^; under these conditions, it is 
completely trivial to show that the rest of Afcj’s are all well above l~^, so that their contribution to Inm can be 
neglected. 

The Hamiltonian can be even more simplified if we choose the Laguerre-Gauss basis for the transverse modes 
(I3.47p . which are written in the cavity waist as 


with 


Lpi {k-,r±,z = 0) = 7^j(l(A:;r)exp [ilcj )], 

W 


4'l(fc;r) = 


2p! 1 / ^/2r 


TT (p + IZI)! w \ w 


L^} i'K 


exp-j 

w‘‘ 


(6.39) 


(6.40) 


being w the spot size of the modes at the cavity waist. The interesting thing about these modes is that they are 
eigenfunctions of the orbital angular momentum operator, that is, —id^Lpi (k]Y z) = ILpi (k\r±, z), and hence 
conservation of this quantity in the conversion process should appear explicitly in this basis. In particular, taking 
into account the phase matching condition Ak ^ l~^ that we have already selected, in the Laguerre-Gauss basis the 
three-mode overlapping integral reads 


p-\-oo ^ 

"piyi' = 2lc6-w / rdrG(fcp;r)7^j)l(fcs;r)7^||J(fci;r), 
Jo 


(6.41) 
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and hence the three-wave mixing Hamiltonian takes the final form 

Hc = ifi Xpp'apalpialp,^_i+il.c., 

pp' ,l >0 


(6.42) 


where the sum extend over all the opposite orbital angular momentum pairs present at the signal-idler cavity 
resonances, and 


I _ 3 (5si (2)/ ^ 1 

^cXoej Wi) [eij 


Xpp' 


hlOpOJsUJi 


^+oo 


1 + 1 


SQflpnsTl'iLpIjsIjl Jq 


rdrG{kp; r)'R}Jks', r)'R} , {kp, r). (6.43) 


Let us remark at this point that, ideally, we can decide which of the possible intracavity three-wave mixing 
processes is selected by operating the OPO in the corresponding phase matching condition. In most of the thesis we 
will assume that this is the case. In practice, however, one can select between type I and II at will, but additional care 
must be taken in order to ensure working with a desired pair of signal-idler frequencies around wq, or the degenerate 
frequency wq itself. We shall come back to this issue in the next chapter. 

We have now at our disposal a quantum model for a general OPO. Note that in the case of indistinguishable 
signal and idler. He is similar to the Hamiltonian that we used to generate squeezed states of the harmonic oscillator, 
see (|2.31|1 . Similarly, when signal and idler are distinguishable, the Hamiltonian resembles the one which produced 
entangled states (12.3911 . Hence, the OPO seems a perfect candidate for the generation of squeezed and entangled states 
of light. The rest of the chapter is devoted to analyze these properties of the light generated by the OPO. 


6.3 Squeezing properties of the DOPO 

In this section we study the squeezing properties of degenerate type I OPOs (DOPOs). To this purpose, let us work 
with the simplest transverse mode configuration, in which we consider only a TEMqo mode resonating at the signal 
frequency. Squeezing in OPOs was originally predicted by using this single-mode DOPO model mB, and throughout 
this thesis we will learn under which conditions it is valid. 

The analysis performed in this section is of major importance for this thesis, as any other OPO configuration will 
be analyzed with simple adaptations of it. 


6.3.1 The DOPO within the positive P representation 

The single-mode DOPO deals then with two cavity modes only: The pump mode, which resonates at frequency Wp = 
2u;q and has ordinary polarization, and the signal mode, which resonates at frequency Wg = wq and has extraordinary 
polarization (Figure l6.2h b Both are in a TEMqo transverse mode. The pump mode is driven by an external laser 
beam of frequency 2ujl close to 2ujo, while no injection is used for the signal mode; hence, signal photons are expected 
to appear from the pump field via spontaneous parametric down-conversion. 

In Figure IH731 it is shown the basic experimental scheme used to pump and detect the DOPO. Note that the same 
laser is used both as the injection for the cavity (after doubling its frequency) and as the local oscillator field, which 
ensures that all the phases of the system are more or less locked. Based on the analysis of homodyne detection 
introduced in the previous chapter, we move then to the interaction picture defined by the transformation operator 


Uo = exp[Hot/ih] with Hq = Swl (2a|)ap + aids) , (6.44) 

that is, we “rotate” the system to the local oscillator (or injection) frequency. The state p of the intracavity modes is 
written as pi = UqpUq in this picture, and satisfies the master equation 


dpi 

dt 


-2iAa],ap — iAdld, 


+ |ap«: 


t2 


Spul + H.c.,pi 


+ Y] Iji'^djpid] - d]djpi - pid]dj), 


(6.45) 


The story of such prediction was actually quite intricate The problem was that the first analyses of squeezing in OPOs were 
performed not in terms of the noise spectrum of the field coming out from the cavity, but in terms of the uncertainties of the intracavity 
modes, which showed only a 50% noise reduction even in the most ideal situation |98l I99| . Hence, these initial predictions were a 
little disappointing, since such small levels of squeezing couldn’t help much for the applications of squeezing proposed at that time 
|10QI 11011 11021 1103| . The puzzle was finally solved by Collet and Gardiner |97| . who applied the input-output formalism previously 
introduced by Yurke and Denker in electronic circuits uni], to analyze the field coming out from the parametric oscillator in terms of its 
squeezing spectrum. 
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Fig. 6.3: Schematic representation of a typical DOPO experiment. Note that the same laser Is used both as pump injection 
(after doubling its frequency) and as local oscillator of the homodyne detection with which the signal field is studied. 
This is a very convenient scheme, as the phases of all the involved fields are more or less locked to the initial laser 
phase. 


where A = wq — wl is the detuning of the laser field with respect to the cavity resonance. We take £p as a positive 
real, which is as taking the phase of the injected laser beam as the reference for any other phase of the system. The 
nonlinear coupling parameter y is found from (I6.1.2|) particularized to the configuration that we are treating; taking 
into account that 


s/2 /*+oo 


^+oo / 2 \ ^ f 

J rdrG{kp;r)G'^{ks-,r) = J 


dr- 


■ exp 




Wl ^ 


27r3/2 


Ws 


(6.46) 


where we have used that Wp/w^ = Ap/Ag = 1/2, see (I3.86bl) . we get 


L 


f^o 


X Xoee(^^0 5 ^0 ; ^o) i / g 3 3r3 ’ 

Ws V 87rSeon/L3p^ 


(6.47) 


where pump and signal feel the same refractive index ric = ne{uJo) = no(2wo), as follows from the phase-matching 
condition (I6.26al) . 

Our goal is to evaluate the noise spectrum of the field coming out from the cavity, which was shown in the previous 
chapter to be given by 

; O) = 1 + S{X^-, n), (6.48) 


with 

/ +00 

dt' exp(-iOf')(: SX^ {t) SX^ {t + t') :), (6.49) 

-CX) 

when the state of the system is stationary, what will be shown to happen in the DOPO for t 7s~^- Recall that the 
expectation value in this expression is to be evaluated within the interaction picture, that is, via the density operator 
Pi satisfying the master equation (I6.45|) . 

We use the positive P representation in order to evaluate the squeezing spectrum (16.491) . In particular, following 
the same steps as those described in Section [2.6.31 it is completely straightforward to show that the stochastic Langevin 
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equations associated to the master equation (I6.45|) are 

dp = fp - ( 7 p+ iA)ap - (6.50a) 

a+ =£p- (7p - iA)a+ - |a+^ (6.50b) 

ds = -(7s + iA)as + xo^p^t + VX<^pV{t), (6.50c) 

d+ = -(7s - iA)a+ + x^p «« + \jX ^p ^ (6.50d) 


where rj{t) and ? 7 +(t) are independent real Gaussian noises which satisfy the usual statistical properties (j2.82ll . Even 
though noise is multiplicative in these equations, it is easy to show that they have the same form both within the Ito 
and Stratonovich interpretations, and hence we can directly use the usual rules of calculus to analyze them. 

In order to better appreciate the parameters needed to model the system, we will make the following variable 
change 

T = 7st, /3m(T) = - ^==amit), Cm(r) = -^r?m(t), (6.51) 

iWXphm VTs 

where with these definitions the new noises (C(r) and C~''('’') satisfy the same statistical properties as rj{t) and 
but now with respect to the dimensionless time r. In terms of these scaled variables, the Langevin equations (j6.50|) 
read (derivatives with respect to r are understood) 


/3p = K[a - (1 + iA)/3p - Pi 12] 

(6.52a) 

P+ = K[a - (1 - iA)/3+ - /3+V2] 

(6.52b) 

/3s = — (1 + iA)/3s + PpPt + 9\f^(,{T) 

(6.52c) 

Pt = -(1 - iA)^+ + P+Ps + 

(6.52d) 

which have only four dimensionless parameters 

K = 7p/7s, A = A/7 s, cr = yfp/ypy,, g = x/V7p7s, 

(6.53) 


which are, respectively, normalized versions of the pump’s damping rate, the detuning, the pump injection parameter, 
and the nonlinear coupling. In the following we will set A = 0 for simplicity; we will analyze the effects of detuning 
in Section 16.3.41 

These equations allow us to evaluate the squeezing spectrum as 

2 r+fo 

SiX^]n) = — dr'exp{-inT'){Sxf {T)Sxf {t+ t'))p, (6.54) 

9 J — oc 

where we have defined normalized versions of the noise frequency Q = fl/ys and the quadratures within the positive 
P phase representation 

Xs (t) = (r) + e“^/3+ ( t ) . (6.55) 

Hence, in order to evaluate the squeezing spectrum we need the solutions jdmij) of (j6.52ll in terms of the noises, so 
that from them we can evaluate the corresponding stochastic averages. However, these equations are a set of coupled 
nonlinear stochastic equations, and hence it is impossible to perform this task analytically without introducing further 
approximations. Let us first show the behavior of the DOPO in the classical limit, and then we will come back to the 
problem of solving (16.521) . 


6.3.2 Classical analysis of the DOPO 

Before studying the quantum properties of any OPO, it is convenient to analyze what classical optics has to say about 
its dynamics. In the next section we will see that this is not only convenient, but also mandatory in order to extract 
analytic information from its quantum model. Moreover, along the thesis, and starting in the next section, we will 
learn how to predict the quantum properties of OPOs just from a qualitative understanding of their classical behavior. 

In principle, the classical behavior of the held inside an OPO must be studied by using the nonlinear wave equation 
of the electric held (I6.21|l with appropriate boundary conditions accounting for the (open) cavity. There is a simpler 
route though. From the chapter where we studied the harmonic oscillator, we learned that quantum predictions 
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become equivalent to the classical description of the system in a certain limit. We introduced the coherent states of 
the oscillator as those which allowed for these quantum-to-classical transition; the interesting thing to note about 
coherent states is that there are no quantum correlations on them, that is, given two oscillators with annihilation 
operators di and 0,2 both in some coherent state, it is satisfied 

{of) = (oi) (di) and (dia 2 ) = (oi) ( 02 ), (6.56) 

for example. Hence, one way to retrieve the classical equations from the evolution equations for the operators of the 
system is to take expectation values, and decorrelate any product of operators following ()6.56ll . which is as using a 
coherent ansatz for the state of the system. The quantities Vj = y^2hju!j (dj) are then identified with the normal 
variables of the various harmonic oscillators that form the system, being luj their natural oscillation frequency. This 
procedure is called the mean field limit. 

Equipped with an stochastic quantum model for the system, the classical limit is even simpler to devise. The 
idea now is that the classical behavior of the system (its classical phase-space trajectory) should be recovered when 
quantum noise is negligible. Hence, the classical equations of an OPO should be recovered by neglecting the noise 
terms on its corresponding Langevin equations, and identifying Vj = ^J^’hjLOjO.j with the normal variables of the cavity 
modes. When using the positive P representation there is one more prescription though: In order to come back to a 
classical phase space, the variables of the extended phase space have to be identified with a*. This procedure is 
in agreement with (and completely equivalent to) the mean field scenario discussed above. 

Applying these ideas to our DOPO model (I6.52L we get the following classical equations 

/3p = «: (a - - P^J2) , (6.57a) 

/3s = -A + M- (6-57b) 

This is a set of first-order nonlinear differential equations, which, again, cannot be solved analytically. Fortunately, 
there is actually no need for doing so for our purposes. One is usually interested only on the long time term solutions 
that these equations predict for the system. In particular, the first type of solutions that one needs to look for are 
the so-called stationary or steady state solutions, in which the variables do not depend on time. These solutions are 
found by setting /3p = /3s = 0, then arriving to a simple algebraic system 

a = /3p + /32/2, (6.58a) 

/3s = /3p/3*. (6.58b) 

This system admits two types of such solutions. In the first type the signal mode is switched off, and hence we have 

/3p = (T and Ps = 0, (6.59) 

where the overbar is used to denote “classical long time term solution”. In the second type, the signal mode is switched 
on, and in order to find the explicit form of the solution we use the following amplitude-phase representation of the 
variables: /3j = pj exp(iipj). From the second equation we trivially get Pp = 1 and exp(i(/jp) = exp(2i(^s), which 
introduced in the first equation leads to ps = y/a — 1 and (ps = {0,7r}, that is, 

/3p = I and = ±\/2 (ct — 1). (6.60) 

Note that this second solution only exists for a > 1; we say that the domain of existence of the solutions are all the 
parameter space {a, k} and the region {cr > 1, k} for the first and second solutions, respectively. Note also that at 
O’ = 1 both solutions coincide. 

Knowing the possible solutions of (16.581) in the long time term is not enough. It can happen that a solution exists 
but is unstable, that is, an arbitrarily small perturbation can make the system move out from that solution and fall into 
another solution. It is not difficult to analyze the stability of a solution. With full generality, consider the equation 

/3 = f(/3), (6.61) 

where all the complex variables of the system are collected as 

I3 = {(3i,PI(32,P*2,...,Pn,I3*n), (6.62) 

and one stationary solution /9 satisfying f (^9) = 0. In order to see whether this solution is stable or not, we just 
introduce a small perturbation b (r) in the system and analyze how it grows. Writing /3(t) = ^9 -|- b (t), and making 
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Fig. 6.4: Classical bifurcation diagram of the DOPO, that is, the amplitude of the different fields as a function of the system 
parameters. Below threshold (cr < 1) the pump amplitude (blue, dashed line) increases linearly with the pump 
parameter a, and the signal field is off (red, solid line). Above this threshold the pump gets ‘frozen’ to a given value, 
and the signal held is switched on and can take any of two opposite phases (0 or tt) owed to the symmetry Qs —>■ —Os 
of equations (16.5711 . Hence the system shows bistability above threshold. 


a series expansion of f (/3) up to linear order in b, it is straightforward to show that the evolution equation of the 
perturbations is 

df 

b = Ch with Cji = , (6.63) 

OPl 0 

and hence the linear evolution of the perturbations is governed by matrix C, which we will call the stability matrix. 
Being a simple linear system, the growth of this perturbation is easily analyzed. Suppose that we diagonalize £, 
so that we know the set {Aj, Wj}j=i_..._ 2 Ar satisfying w*£ = AjW*; projecting the linear system (16.631) onto the Wj 
vectors, and defining the projections Cj{t) = w* • b(t), we get the simple solutions 

CjW = Cj(0)exp(AjT). (6.64) 


Hence, the growth of the perturbations is characterized by the real part of the eigenvalues \j. In particular, if all of 
them have negative real part, the perturbations will tend to decay, and after a time r ^ max[| Re{Aj}|“^]j=i_..._ 2 Ar 
the stationary solution (3 will be restored; on the other hand, if any of them has a positive real part, it will mean that 
perturbations tend to grow in some direction of phase space, and then the system won’t come back to /9. Accordingly, 
we say in the hrst case that /3 is a stable, stationary solution, while it is unstable in the second case. 

We can apply these stability analysis to our DOPO equations (16.571) and the corresponding stationary solutions 
(16.5916.601) . Ordering the different amplitudes as /3 = (/3p, (3*,/3s,/3s), the general stability matrix associated to 
equations (16.571) is 

C = 


which has eigenvalues 


— Kj 

0 

-k/3s 

0 

0 

— K 

0 

-k/3. 

K 

0 

-1 

Pp 

0 



-1 




Pp - K - 1 ± O (Pp + K - 1) - Anpl 


-Pp - K- l±0(pp-K+l) - 4kpI 


(6.66a) 

(6.66b) 


Particularizing these eigenvalues to the first solution (I6.59P it is simple to see that A^^ = cr — 1, and hence this solution 
becomes unstable when cr > 1. On the other hand, it is simple to check that all the eigenvalues have negative real 
part when particularized to the second solution (16.601) in all its domain of existence. 
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This allows us to understand the classical behavior of the system in the following way (see Figure [6^ : while the 
pump injection increases from cr = 0 to cr = 1, the signal mode remains switched off, and all the injection is used to 
excite the pump mode as f3p = a; on the other hand, when the point cr = 1 is crossed the pump mode gets “frozen” 
to a fix value /3p = 1, while the signal mode starts oscillating inside the DOPO as /3s = Vcr — 1. The point cr = 1 is 
called a bifurcation of the system, because the system changes from one long time term stable solution to another. 
Physically, this means that the DOPO is a threshold system: The injected laser must be above some threshold power 
in order for the signal field to start oscillating inside the cavity. According to this picture, the solutions with the signal 
mode switched off (16.591) and on (16.601) are denoted by below and above threshold solutions, respectively. 


6.3.3 Quantum analysis of the DOPO: linearization and noise spectrum 

How does knowing the classical behavior of the DOPO help us to solve the nonlinear stochastic equations (j6.52l) ? 
The idea is that the noise term is multiplied by g, which is a very small quantitjf^ in usual OPOs, that is, g <C 1, 
and hence, for most values of the system parameters quantum fluctuations act just as a small perturbation around 
the classical solution. One can then solve the Langevin equations perturbatively [51 11051 flObj . that is, by writing the 
stochastic amplitudes as 

Pj ~ ^ ^ (6.67a) 

/3+ = P* + (6.67b) 

where the amplitudes are quantities of order g^, and then solve iteratively order by order the Langevin equation. 

For the purposes of this thesis it will be enough to consider the first quantum correction, that is, the order g, although 
we will explain the effect of further quantum corrections. Let us then write 


[ 3 { t ) = /3 + b(T) 


( 6 . 68 ) 


being /3 = col(/3p,/3p,/3s,/3*) a vector containing the classical steady state solution of the DOPO and b (r) = 
col [6p(T),6+(T),6s(T),6+(r)] a vector with the corresponding quantum fluctuations, which we assume to be order 
g as explained. Retaining up to order g terms in the Langevin equation, we get 

h = Ch + gCir), (6.69) 

where C is the stability matrix already defined in the previous section, and ^(r) = col[0,0, 

We will call the linearized Langevin equations of the DOPO to this linear system. These can be solved easily by 
diagonalizing the stability matrix, after what the solution can be used to find the squeezing spectrum (16.541) . Let us 
show this process below and above the DOPO’s threshold separately. 

Quantum properties of the DOPO below threshold. Particularized to the below threshold solution (16.591) . 
the stability matrix reads 

0 


C = 


— K 
0 
0 
0 


— K 
0 
0 


0 

0 

-1 


0 

0 

a 

-1 


(6.70) 


whose block-diagonal form shows that the (linear) properties of pump and signal are independent. We will learn 
throughout the thesis that this decoupling of the classically unexcited modes is a rather general property of OPOs. 
As the linearized Langevin equations for the pump modes have no noise terms, the pump stays in a coherent state. 
We can focus then on the quantum properties of the signal mode, which are given by the simple linear system 


bs = £sbs +5v^Cs('r), 


(6.71) 


For example, considering a symmetric, confocal cavity, and using the expressions we have given for the different model parameters in 
terms of physical parameters, it is easy to write 


9 = 


2'Khc 


(6.66c) 


■^0 V ^opt7p7s£^0^c 

where Aq is the wavelength of the signal mode, is the relevant nonlinear susceptibility, and Tp = T(Ao/2) and = T(Ao) are the 
transmittivities of the output mirror at the pump and signal wavelengths, respectively. If we consider the numerical values (typical of OPO 
experiments) 

ric = 2, Aq = 1064nm, Tp = 0.1, 

= 2.5pm/V, Ic = L/10, % = 0.01, 

we get g ^ Ax 10“®. 


(6.66d) 
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Fig. 6.5: Noise spectrum of the Y (a) and X (b) quadratures of the signal mode as a function of the noise frequency for a = 0.05 
(blue, solid), 0.5 (red, dashed), and 0.8 (green, dotted-dashed). 


with bs (r) = col [bs (r), b+ (r)], Cs( t) = col [C(r), (+ (r)], being 


Cs 


— 1 a 
a -1 ’ 


(6.72) 


a symmetric, real matrix with orthonormal eigensystem 

IA± = - (1 T ct) , v± = -^ col(l, ±1)| . 

Projecting the linear system onto this eigenvectors and defining the projections c± = v± • bg, we get 


(6.73) 


Cf = AjCj + (t), (6.74) 

where C±(t) = [C('^) i C''’(7')] /V^ are new independent real noises satisfying the usual statistical properties. This type 

of one-variable, linear stochastic equations with additive noise will be appearing all along the rest of the thesis, and we 

have included an appendix (Appendix[B|) in order to explain how to find their solutions Cjir). We also explain there how 
to evaluate their associated two-time correlation function (cj (t)cj (r+r')), which are shown to depend only on \ t '\ in the 
stationary limit r | Re{Aj}|“^, and their corresponding spectrum Cj(f7) = dr'{cj{T)cj(T + r'))p exp(—iflr'). 
Note that by writing the projections in terms of the fluctuations we get 

c+(t) = [6s(r) + &+(r)] /v^ = 5xs{t)/\/2, (6.75a) 

C-(t) = [6g(r) - &+(r)] /\/2 = iby^ir)/\/2, (6.75b) 


and hence the properties of the X and Y quadratures of the signal field are linked to c±, respectively. Hence, we can 
evaluate the noise spectrum of these quadratures as 

r"(i.;n) = i + ±c+(n) = fl^|l^, (6.76.) 

4 ~ ~ (\ — 4- 

y°"‘(yg;H) = l-—C_(H) = ^- ^ , (6.76b) 

^ ^ ^ ^ (1 + (t)2+H2’ ^ ^ 

where we have made use of the results in Appendix |B] These expressions are plotted in Figure 15751 as a function of the 
dimensionless noise frequency H for different values of the pump parameter a. Note first that they predict that the 
state of the signal modes is a minimum uncertainty state, because 

H)H™‘(y;; H) = 1. (6.77) 


As expected, for <7 = 0 (no injection) H™*(f2) = 1 for both quadratures, that is, the external modes are in a vacuum 
state. On the other hand, as a increases, quantum noise gets reduced in the Y quadrature (and correspondingly 
increased in the X quadrature), and hence the signal mode is in a squeezed state. Note that maximum squeezing 
is obtained at zero noise frequency, while at |f2| = (1 + 17)78 the squeezing level is reduced by a factor two, that is. 
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Fig. 6.6: Zero frequency noise spectrum for the Y quadrature of the signal mode as a function of the pump parameter. As 
explained in the text, the linearized theory predicts perfect squeezing only at threshold. 


±(1 + o') 7 s] = 0)/2; hence, the Lorentzian shape sets a bandwidth to the noise frequencies for which 

squeezing is obtained (see the end of Section [Oil . 

Complete noise reduction is predicted at zero noise frequency exactly at threshold, that is, V"°^\(Fs;0) = 0 (see 
Figure [676)) . This is an unphysical result (as stressed in Chapter [2l perfect squeezing requires infinite energy) which 
shows that the linearization procedure that we have carried breaks down very close to threshold. Indeed, by going 
further in the perturbative expansion of the Langevin equations, one can show that as the system approaches (7 = 1, 
the different orders in g kick in, and the noise spectrum becomes finite. In any case, all these contributions are rather 
small (e.g., y°'^‘(ys;0) = for tr = 1 — and k and in practice one can argue as if squeezing would 

be perfect at threshold [3j 110511106] . 

Quantum properties of the DOPO above threshold. We have proved that large levels of squeezing can be 
obtained in the signal field coming out from the DOPO as we approach its threshold cr = 1 from below. Now we are 
going to show that above threshold the situation is similar, that is, squeezing in the signal field decreases as one moves 
away from threshold. 

The situation in this case is, however, much more complicated, because above threshold the stability matrix involves 
both the pump and the signal modes, and even more, not being symmetric, it does not posses a simple orthonormal 
eigensystem, though it can be seen to be diagonalizable. In order to avoid all these complications, let us first work in 
the K 3> 1 limit, where the pump can be adiabatically eliminated, as its time scale 7 “^ is much shorter than that of 
the signal, 

Was (|6.52ll a simple differential equation, the procedure to adiabatically eliminate the pump variables would be 
clear: One just sets the corresponding time derivatives to zero, that is, 

= 0 ^ /3p = a - /3^/2, (6.78a) 

/3+ = 0 ^ = (7 - / 3 +V 2 , (6.78b) 

and then substitutes the resulting expressions for the pump variables as a function of the signal variables in the 
remaining equations, arriving to 


/3s = -/3s +{a- fil/2) /3+ + g^a - (6.79a) 

/3s+ = -/3s+ + {o- ^s+V2) /3s + g^a-ptV2C{T). (6.79b) 

Unfortunately, when dealing with stochastic equations there appears a subtle complication: While the original set of 
stochastic equations (I6.52|) is the same either in the Ito or the Stratonovich forms, the resulting equations (16.791) after 
applying this naive procedure are not. To see this, just note that the noise matrix associated to these equations is 

0 

0 ^a-/3s+V2_ 


B{a.) =g 


(6.80) 
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SO that the terms which connect the Ito and Stratonovich forms (12.861) read 

2 (/3s) dlBp^m (/3s) = (/3s) (/3s) = 

Im 

2 ^2 ^i^p+m (/^s) = 2 ^p+p+ (/3s) d^+Bp+p+ (/3s) 

Im 



(6.81a) 

(6.81b) 


which are different from zero. Hence it is fair to ask within which interpretation is this “deterministic” procedure 
correct, if it is correct at all. Using the techniques explained in |61j to perform the adiabatic elimination in the 
Fokker-Planck equation (where there are no problems of interpretation), it is possible to show that this procedure is 
indeed correct within Ito’s interpretation. Hence, the corresponding Stratonovich equations have additional terms in 
the deterministic part, and in particular they read 

/3s = -(1 - 5V4)/3 s + (a - /3,V2) /3+ + (6.82a) 

/3+ = - (1 - gVi) /3+ + {a- /3+V2) /3s + g^a - /2 (:+{t). (6.82b) 


Note that the difference between the Ito and Stratonovich forms of the equations is of order and then disappears 
when making the linearization procedure; in particular, the linearized equations read in this case 


bs = £sbs +gCs(T), 


with bs (r) = col [bs (r) , b+ (r)] , Cs (t) = col [C (r) , C+ (r)], being 

ri-2(7 1 

1 l-2cr ’ 


a symmetric, real matrix with orthonormal eigensystem 

A+ = -2(a-l), 
A_ = -2cr, 


v+ = -^col(l,l), 

v_ = -^ 001 ( 1 ,- 1 ). 


(6.83) 


(6.84) 


(6.85a) 

(6.85b) 


Note also that the eigenvectors are the same as the ones below threshold, and hence they have the same relation 
to the quadrature fluctuations of the signal modes (17.1211 . Then, by following the same procedure as before, that 
is, by projecting the linear system (16.8311 onto the eigensystem of £s and evaluating the correlation spectrum of the 
projections c± = v± • bs, it is straightforward to find the following expressions for the noise spectrum of the X and Y 
quadratures of the signal field 


These have again a Lorentzian shape, and, as already stated at the beginning of the present section, they predict perfect 
squeezing in the Y quadrature at zero noise frequency only at threshold (as before, the complete noise reduction comes 
from the linearization, and nonlinear corrections in the g parameter give rise to finite squeezing levels |106j l. As a 
increases this squeezing is lost (see Figure 15^ . with the particularity that now the state of the signal is no longer a 
minimum uncertainty state, because 

f2)V°'^^(Vs; H) > 1, (6.87) 

for cr > 1. 


6.3.4 Effect of signal detuning 

In the previous sections we have analyzed the classical and quantum behavior of the DOPO when everything is on 
resonance, that is, the frequency wl of the external laser and its second harmonic coincide with the phase-matched 
cavity resonances ujq and 2a;o, the signal and pump frequencies. Here we just want to show the effect that detuning 
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A 



Fig. 6.7: This scheme shows a configuration of the cavity resonances leading to a DOPO with some detuning in the signal field. 


has on the different properties of the DOPO by considering the simple scheme shown in Figure [6771 The signal field 
does not resonate at frequency ujq but at a slightly shifted frequency wq + A. In this conditions one can still drive 
the pump mode with an external laser at resonance, but then the signal mode will feel a detuning A, leading to the 


following Langevin equations for the system 

/3p = K[a - Pp- 13^/2] (6.88a) 

4+ = «[a - /3p+ - /3+V2] (6.88b) 

Ps = -(1 + iA)/3s + /3p/3+ + g^/^Cir) (6.88c) 

P+ = -(1 - iA)^+ + (6.88d) 


where A = A/yg. 

The fundamental difference between this case and the resonant one appears at the classical level. Just as before, 
the classical equations admit two types of stationary solutions, one with the signal field switched off, and one with 
the signal field switched on. As for the first type, it has exactly the same form as before (|6.59|l . and has an associated 
stability matrix 


-K 0 0 0 

0 -K 0 0 

0 0 -(1+iA) cr 

0 0 a -(1-iA) 


(6.89) 


Amongst the eigensystem of this matrix, one can find three negative definite eigenvalues, plus the following one: 
A = -1 + y cr^ — A^. Hence, this solution becomes unstable when a > \/1 + A^. The solution with the signal field 
switched on is slightly different than before; with the notation Pj = pj exp(i(/jj) it is easy to show after some algebra 
that it is given by 


= \/l +A2, sin^p = -[l-((T2_A2)-i/2 


Pp 


= 2 (\/a2 - A2 - 1 


Vs = ivp - ' 0 a )/ 2 , 


(6.90a) 

(6.90b) 


with = arctanA defined in the interval [—7r/2,7r/2]. The stability of this solution is much more difficult to 
analyze than in the previous case; here, however, we are just interested in one simple fact: The solution only exists 


for a > \/1 + A2, which is exactly the point where the previous solution with the signal mode switched off becomes 
unstable. It is possible to show that indeed this solution is stable in all its domain of existenccl^ |I07j . Hence, the 


only real difference between this case and the resonant one is the fact the threshold is increased to cr = \/l + A2, 
and the pump mode, whose phase was locked to that of the external laser when no detuning was present, gains now 
a phase that depends on the system parameters -as does the signal mode through the relation (I6.90bl) -. 


When also the pump mode has some detuning, the situation is much more complicated. One can find regions of the parameter space 
where two stable solutions coexist at the same time (bistable behavior), or new instabilities where the solution becomes unstable via an 
eigenvalue with non-zero imaginary part (typical of the so-called Hopf bifurcations) what signals that the new stable solution to be born 
at that point will be no longer stationary, but time-dependent. The details can be found in [Ml. 

























6. Quantum description and basic properties of OPOs 


As for the squeezing properties of the signal field, nothing is fundamentally changed: It is simple to show by 
following the procedure developed in the previous sections that there exists a squeezed quadrature which shows 
perfect noise reduction exactly at threshold, the squeezing level degrading as one moves away from this point [107) . 
The only subtlety which appears is that phase of the squeezed quadrature is no longer 7r/2, but depends on the cr and 
A parameters m- 


6.4 Entanglement properties of the OPO 

We study now the quantum properties of an OPO having distinguishable signal and idler modes (in polarization 
or/and frequency); from now on we will call OPO (in contrast to DOPO) to any such configuration. To this aim, let 
us work again with the simplest situation: only a fundamental TEMqo transverse mode is present at the signal and 
idler resonances, so we are dealing with a so-called two-mode OPO. 

We will see that, similarly to the DOPO, the OPO is also a threshold system. Quantum properties can then be 
divided in two classes: 

(i) Below threshold the signal and idler modes are in an EPR-like entangled state. Although below threshold OPOs 
were studied before (see pifTUHl for example), Reid and Drummond were the first ones to notice that the 
EPR gedanken experiment could actually be implemented with such devices [10911^1110) . The first experiment 
along this line was performed shortly after their proposal m, and of course confirmed the quantum mechanical 
predictions. 

(ii) Above threshold the signal and idler modes leak out of the cavity as two bright beams with (ideally) perfectly 
correlated intensities, usually referred to as twin beams. Such intensity correlations between macroscopically 
occupied beams were first predicted [112) and experimentally observed [113) by Fabre et al. in Paris. Together 
with the intensity correlations, and in order to preserve the corresponding Heisenberg uncertainty principle, the 
phase difference between the twin beams is diffusing. In many articles concerning above threshold OPOs such 
phase diffusion is neglected; its effects on various properties of OPOs were first studied by Lane, Reid, and Walls 
[114) and by Reid and Drummond [TTPriT^ . In order to introduce twin beams in simple terms, we will not 
consider phase diffusion in this chapter; such effect will be treated rigorously in Chapter 

6.4.1 The OPO within the positive P representation 

Let us choose degenerate type II operation, as this is the ideal situation from the experimental viewpoint, because 
then the signal and idler fields can be analyzed using the same local oscillator field. In any case, the results that we are 
going to show are independent of the particular type of OPO. The two-mode OPO we are considering deals then with 
three cavity modes: The pump mode which resonates at frequency Wp = 2uJo and has ordinary polarization, and the 
signal and idler modes which resonate at frequency Wg = Wi = wq and have extraordinary and ordinary polarization, 
respectively (Figure H^b)- Every mode is assumed to be in a TEMqo transverse mode. The pump mode is driven by 
an external, resonant laser beam, while no injection is used for the signal and idler modes, whose associated photons 
are then generated via spontaneous parametric down-conversion. 

Similarly to the degenerate case, we move to the interaction picture defined by the transformation operator 

Uq = exp[iLof/ift] with Hq = ficJL(2d|)ap -I- d^dg + aldi). (6.91) 

In this picture, the state p of the intracavity modes is written as pi = U^^pIIq, and satisfies the master equation 

+ X! 7j(2di/5id] - d]dj/3i - pidjdj), (6.92) 

i=P,s,i 

where we take 7 g = 7 i, what is a reasonable approximation from the experimental viewpoint. We take £p as a positive 
real as before. Once again, the nonlinear coupling parameter y is found from (16.1.21) particularized to the configuration 
that we are treating, which do not write explicitly because no real simplifications are obtained in this case. 

Indeed, this phenomenon offers the perfect example of the usefulness of positive P techniques based on the master equation of the 
system (see Sections 12.6.31 and 14.31 1 , as it cannot be studied by dealing with operator techniques such as that introduced in Section 14.21 
because an operator corresponding to the phase of the cavity modes is not available 12311201 . 


api 

d.t 


Xdpd|dj 


Spol + H.c.,/5i 
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We use the positive P representation for the density operator, what in this case leads to the stochastic Langevin 
equations 


cip — £p \(Xs(y.i^ 

(6.93a) 

a+ =£p- 7pa+ - x^t<4, 

(6.93b) 

as = -XsOts + Xo^p4 + 

(6.93c) 

d+ = -7sa+ + xa+ai -b \Jx44{t)^ 

(6.93d) 

ai = -7sai -b xapa+ + ^X^pCit), 

(6.93e) 

4 = -^s4 + Xttp “s + \/ xaii'[C^(A]*: 

(6.93f) 

where now ^(t) and are independent complex Gaussian noises with zero mean 

and non-zero correlations 

m,C(.t'))p = {4(.t),[4(.tT)p = s{t-t'). 

(6.94) 


Once again, it is easy to show that these equations have the same form both within the Ito and Stratonovich inter¬ 
pretations, and hence we can directly use the usual rules of calculus to analyze them. 

In order to simplify the equations, we will make the same variable change as in the DOPO, 

T = Pmij) = - ^ Cm(T) = (6.95) 

V7s 

where with these definitions the new noises ((r) and satisfy the same statistical properties as ^(t) and 

but now with respect to the dimensionless time r. In terms of these normalized variables, the Langevin equations 
(I6.93P read (derivatives with respect to r are understood) 

/3p = K[a - I3p- /3sA], 

/ 3 + = K[a - - 13+13+1 

/3s = -/3s -b I3pl3^ + g^/^CiT), 

/3+ = -13+ + p+Pi + 5y^C+(t), 

A = +/3p/3^ + 5\/^C*('^)i 

Pt = -Pt + + 5V^[C+(r)]* 

where the cr, k, and g parameters have the same definition as before (I6.53p . 

In order to extract information from these equations we will proceed as before, that is, by linearizing them around 
the classical stable solution. 


(6.96a) 

(6.96b) 

(6.96c) 

(6.96d) 

(6.96e) 

(6.96f) 


6.4.2 Classical analysis of the OPO 

Using the same procedure as in Section (16.3.211 . we retrieve the classical evolution equations of the OPO, which read 

Pp = K[a - Pp - PsPi], (6.97a) 

A = -A + /3pA% (6.97b) 

/3i = -A + /3pA*. (6.97c) 

Similarly to (I6.57|l . these equations admit two types of solutions, one with the signal-idler modes switched off, and 
another with all the modes switched on. Again, the first type exists for all the parameters, but becomes unstable for 

CT > 1, while the second type exists only for tr > I and is stable in all its domain of existence. Note however, that 

in this case these equations have the continuous symmetry {A —>■ exp(—i0)Aj A exp(i0)A}, and hence the phase 
difference between the signal and idler modes is not fixed by the classical equations (a result of paramount importance 
for the results we derive later). 

Explicitly, the stationary solution below threshold is 


Pp = 0-, A,i = 0, 


(6.98) 
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while now the above threshold stationary solution reads 

= 1, Ps,i = Vcr - lexp(=Fi 6 '), (6.99) 

being 9 arbitrary. The stability of these solutions is easily analyzed following the same steps as in 1 ) 6 . 3. 21) . that 
is, analyzing the sign of the real part of the eigenvalues of the stability matrix, and leads to the scenario already 
commented above. 

Let us finally discuss one point regarding what we could expect in real experiments. Assume that we operate the 
OPO above threshold. Bright signal and idler beams are then expected to start oscillating inside the cavity, their 
relative phase 9 chosen randomly according to the particular fluctuations from which the beams are built up. We 
say then that 9 is chosen by spontaneous symmetry breaking. In this chapter we assume that after this spontaneous 
symmetry breaking process, the value of 9 remains fixed; in reality, any source of noise (thermal, electronic, etc...) can 
make it drift. We can assume all the classical sources of noise to be properly stabilized (at least within the time-scale 
of the experiment), but even then, quantum noise will remain. Nevertheless, for the purposes of this introduction to 
the properties of OPOs we will neglect this quantum phase diffusion phenomenon, which will be properly addressed 
along the next chapters. 


6.4.3 The OPO below threshold: Signal-idler entanglement 

Linearizing now the Langevin equations ()6.96l) around the below threshold classical solution (16.981) we can prove that 
the quadratures of the signal and idler modes have correlations of the EPR type. In particular, we will prove that for 
cr > 0 these modes satisfy 


- Xi)/V2; O] < 1 and + 1))/^; O] < 1, 


( 6 . 100 ) 


which is to be regarded as the generalization of the entanglement criterion (12.381) to the free-space fields leaking out 
of the cavity. Moreover, we will show that these EPR like correlations become perfect exactly at threshold. 

To this aim, let us expand the stochastic amplitudes of the modes as (16.681) : it is straightforward to see that the 
linear evolution of the signal/idler fluctuations is decoupled from the pump fluctuations, and obey the linear system 


with 


bsi — .^sibsi T t/V^Csi (^); 


bsi (r) = col [6s(r), 6+ (r), 6i(r), b^ (r)] , 

Ci(r)=col{C(r),C+(r),r(T),[C+(r)]*}, 


being 


= 


-1 0 0 cr 

0 -1 cr 0 

0 cr -1 0 

cr 0 0 -1 


a symmetric, real matrix with orthonormal eigensystem 


Ai = -1 - cr, 
A 2 = -1 - cr, 
Ag = 1 - CT, 
A 4 = 1 — CT, 


Vl = -col(l,l,-l,-l), 
V 2 = icol(l,-l,l,-l), 
V 3 = icol(l, 1 , 1 , 1 ), 

V4 = icol(l,-l,-l,l). 


( 6 . 101 ) 

( 6 . 102 a) 

( 6 . 102 b) 

(6.103) 


(6.104a) 

(6.104b) 

(6.104c) 

(6.104d) 


Once again, this linear system is solved by defining the projections cj (r) = vj ■ bgi (r), which obey the following simple 
linear stochastic equation with additive noise 


Cl ,4 = Ai,4Ci,4 + igy/oCi^4(T) 

C2,3 = A2,3C2.3 + 9(.2 , s { t ) , 


(6.105a) 

(6.105b) 
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where the new real noises {Cj('r)}j=i, 2 , 3,4 satisfy the standard statistical properties (I2.82|) : the correlation spectrum 
associated to each projection can be found then by particularizing the corresponding expression in Appendix [BI 

In this case, the relation between the quadrature fluctuations of the signal and idler modes, and the projections 
are easily found to be 


ci(r) = ((ixs — Sxi)/2, (6.106a) 

C2(r) = i{6ys + %)/2, (6.106b) 

C 3 (t) = (fes + Sxi)/2, (6.106c) 

C4(r) = i{Sys - %)/2, (6.106d) 


where the normalized quadratures are defined as in (16.551) . 
combinations of signal-idler quadratures as 

V°'^^[{X,-Xi)/V2;n] = 1 + 
V°'^^[{% + Yi)/V2-,Pl] = 1- 
V°'^^[iXs + Xi)/V2;n] = 1 + 

y°"*[(f;-hj)/V2;r!] = 1- 


Hence, we can evaluate the noise spectra of the different 


^ (l + cr)2 + fl2^ 

.C2(^) ^ 

' (l + a)2 + 112' 


(1 -cr)2 + 122^ 

CAm ^ (i±^. 


(6.107a) 

(6.107b) 

(6.107c) 

(6.107d) 


Note that the two first (last) expressions coincide with the noise spectrum of the squeezed (anti-squeezed) quadrature 
of the DOPO below threshold, see (16.7611 . Hence, we have proved exactly what we promised (16.1001) : Below threshold, 
the signal and idler fields have correlated X quadratures, and anticorrelated Y quadratures. This correlations become 
perfect at zero noise frequency when working exactly at threshold. Once again, it can be proved that this is a flaw of 
the linearization procedure, and nonlinear corrections in the g parameter make them become finite |116] . 


6.4.4 The OPO above threshold: Twin beams 


Consider now the OPO operating above threshold. We are going to prove that the signal and idler beams, which have 
now a non-zero mean field, have perfectly correlated intensities; they are what we will call twin beams. In Figure 
16.81 we show the scheme of a typical experiment designed to look for such intensity correlations. The signal and idler 
beams are first separated by a polarizing beam splitter, and then measured with independent photodetectors; the 
corresponding electric signals are then subtracted, and the power spectrum of this difference photocurrent is finally 
analyzed. 

Using the approach that we developed in Section [S751 it is not difficult to show that, similarly to the homodyne 
detection spectrum (15.461) . in this case the power spectrum of the difference photocurrent is also formed by a shot 
noise contribution, plus a part which depends on the state of the system (and goes to zero for vacuum or coherent 
states). In particular, assuming the state of the system to be stationary, one easily gets 


Po{^) ^ I 1 

-fshot ('^s,out) H" ('^i,out) 


p + oo 


dt'Shjfi 

,out {t)5hp, 

,out [t + t^) :)e 


— iQt' 


(6.108) 


where we have defined the number-difference operator 


f^D-out — ^s,out out- (6.109) 

We can rewrite this expression in terms of intracavity operators by using relations (I5.22|) . After doing this, and given 
that all the expectation values are in normal order, we can directly use the positive P representation to evaluate them, 
just as we did in the previous sections. Taking also into account the definition of the normalized variables ()6.95l) . this 
leads to 

1 + 2 t/ Li dt'{Snr,{t)Snr,{t + t'))pe-‘^‘', (6.110) 

shot 9 (\^s) \^i/) J—oo 

where we have defined the normalized versions of the different operators within the positive P representation: 

Hi = /?;+ /3i, and np, = /?+A - Pi- 


ris = PtPs, 


( 6 . 111 ) 



























92 


6. Quantum description and basic properties of OPOs 



Fig. 6.8: Detection scheme designed for the observation of the intensity correlations between the signal and idler beams coming 
out from a type II OPO above threshold. 


The last manipulation that we need is to consider the linearized version of this expression. To this aim, we can 
expand the coherent amplitudes as usual (I6.68L that is, as some quantum fluctuations around the classical stationary 
solution (I6.99|l . and then expand the spectrum (16.11011 up to the lowest order in the fluctuations. The final result is 
actually very intuitive: 

- Xf)/V2; fl!], (6.112) 

-^shot 

that is, the linearized version of the spectrum (16.1081) corresponds to the noise spectrum of the difference between the 
amplitude quadratures of the signal and idler modes. This result comes from the fact that the linearized version of 
the number-difference fluctuations itself is proportional to such quadrature-difference fluctuations, that is, 

Jno ^ Kk + - Pth - Pibt = - 5x1)- (6.113) 

this actually makes sense, as we already saw in Chapter [5] that the number and phase fluctuations of the harmonic 
oscillator are related to the fluctuations of its amplitude and phase quadratures, provided that the mean value of the 
oscillator’s amplitude is large enough (large enough a in this case). 

Hence, proving that the joint quadrature {X~^ — X®)/-\/2 is squeezed is equivalent to proving intensity correlations. 
To do so we follow the procedure of the previous sections. First, we write the linear system obeyed by the quantum 
fluctuations, which for the above threshold OPO reads 

b = £b + 5C('r), (6.114) 

where b = col(6p, &s, fci*"), C{'^) = col{0, 0, C('r), (“'■(t), ^*(t), [^+(r)]*}, and the linear stability matrix reads 

in this case 


— K 

0 

—Kpe’® 

0 

—Kpe ‘® 

0 

0 

— K 

0 

—Kpe~'^ 

0 

—Kpe^^ 


0 

-1 

0 

0 

1 

0 

pe’® 

0 

-1 

1 

0 


0 

0 

1 

-1 

0 

0 

pe“’® 

1 

0 

0 

-1 


where p = \/a — 1. Even though this matrix is not Hermitian, it is simple to check that the vector 

V = i col(0,0, e“‘®, e'®, —e‘®, —e“'®), (6.116) 

is an eigenvector of it with eigenvalue A = —2 irrespective of the system parameters, that is, v*£ = —2v*. On the 
other hand, the projection of the fluctuations b onto this eigenvector is 

* . b(r) = [5x7®(r) - <5xf(T)]/2; 


c(r) = 


(6.117) 
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then, by projecting the linear system (16.11411 onto v we get the evolution equation for this projection, which reads 

c =—2c + igr]{t), (6.118) 

where 77 (t) is a real noise which satisfies the usual statistics (I2.82p . As usual this is a linear stochastic equation with 
additive noise, see Appendix |B] Hence, the noise spectrum we are looking for can be finally written as 

- Af )/y2; H] = 1 + ^0^ = (6.119) 

where once again we have used the results of Appendix iBl for the correlation spectrum of c(t). 

As stated, the signal and idler modes have perfect amplitude quadrature correlations above threshold (for any value 
of the system parameters) and at zero noise frequency, what is equivalent to perfect intensity correlations as explained 
above. The shape of the spectrum is the usual Lorentzian that we have found for all the previous perfectly squeezed 
quadratures; however, as we show in Section ..., in this case this shape is not an unrealistic artifact of the linearization; 
the intensities (or amplitude quadratures) of the generated twin beams can be indeed perfectly correlated. 

Let us finally remark that the vector (16.11611 is not the only one with a definite eigenvalue in all parameter space; 
it is simple to check that the vector 


Vo = ^col( 0 , 0 , e ‘®,-e*®,-e'®,e *®), ( 6 . 120 ) 

satisfies Vq£ = 0, and hence has zero eigenvalue. This zero eigenvalue is an indicator that there is a direction of phase 
space along which quantum noise can act freely. It is actually easy to realize which is the corresponding variable 
of the system affected by this undamped quantum noise; one just needs to evaluate the projection of the quantum 
fluctuations b onto Vq, what leads to 


co(t) = • b(r) = [Sy^ \t) - 5yf (t)]/2, ( 6 . 121 ) 

that is, the difference between the phase quadratures of the signal and idler modes is the variable we are looking 
for. In other words, as within the linearized description the fluctuations of the phase quadrature are related to the 
fluctuations of the actual phase of the mode, the phase difference 6 that we have taken as a fixed quantity of the above 
threshold solution, is actually dynamical, it should diffuse with time owed to quantum noise (as already advanced 
above). Fortunately, it can be proved that adding this phase diffusion doesn’t change the results we have shown 
concerning intensity correlations |114j : it however affects other aspects of above threshold OPOs that we haven’t 
tackled in this introduction, and we will need to treat the phase diffusion in depth in the next chapters. 
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7. BASIC PHENOMENA IN MULTI-MODE OPTICAL PARAMETRIC OSCILLATORS 


In the previous chapter we developed the quantum model of an optical parametric oscillator, showing that it is a 
threshold system capable of generating squeezed and entangled states of light. In order to prove so, we simplihed the 
system as much as possible, particularly assuming that only a single three-wave mixing process is selected, that is, 
that pump photons can only be “broken” into one particular signal-idler pair (an extraordinary, frequency degenerate, 
TEMoo pair of photons in the case of the DOPO, for example). This is however not general enough, as pump photons 
may have many different “decay channels”. We will call multi-mode OPOs to such OPOs in which pump photons 
have not a single decay channel. 

The first type of multi-mode OPOs that were ever studied were DOPOs in which several transverse modes could 
resonate at the signal frequency, just as we allowed in the derivation of the three-wave mixing Hamiltonian in Section 
o In this case, the different decay channels available for the pump photons correspond to opposite orbital angular 
momentum signal-idler pairs, as can be appreciated in expression (16.4211 . The study of these spatial multi-mode OPOs 
was first motivated either by the desire to understand the spatial correlations of the signal beam |117l 111811119j , to 
model real experiments [120j , or to describe quantum mechanically the phenomenon of pattern formation [121j . Shortly 
after these preliminary studies, Lugiato and collaborators |122l I123111241 [T25] came to realize that the phenomenology 
appearing in this system was far more rich than that of their single-mode counterpart, and their seminal ideas gave 
rise to the field of quantum imaging. 

A different type of multi-mode OPOs are the so-called temporal multi-mode OPOs. In order to understand 
which are the different decay channels in this case, let us consider the following example. Assume that the OPO is 
tuned so that the frequency degenerate type I process (Figure 16.2b ) is the one with optimal phase matching, that is 
cA/cd-i = 2a;o [no(2a;o) — ne(a;o)] = 0. We can evaluate the phase mismatch associated to the nondegenerate process 
('Figure [6j2h ) as 


cA/cnd-i 


2a;ono(2a;o) — (wq + O)ne(wo -I- O) — (wq — O)ne(wo — O) ~ —20^ 


due 

dio 


(7.1) 


where we have assumed D, ujq and made a series expansion of the refractive indices around ui = ujq. It is not difficult 
to show that for typical values of the dispersion and taking into account that O can be of the order of the 

free spectral range of the cavity, is usually much larger than the typical lengths of nonlinear crystals. In other 

words, even though not optimally, the phase matching condition A/cnd-i ^ can still be satisfied by nondegenerate 
processes, and hence pump photons have many decay channels open: The degenerate and all the nondegenerate ones 
allowed by energy and momentum (phase-matching) conservation. Even though temporal multi-mode parametric 
down-conversion was studied in free space a long time ago [1261112711128) , it wasn’t until a few years ago that these 
kind of processes were considered in cavity systems [1291113011131) . 

This thesis is devoted to the study of multi-mode OPOs. Throughout the rest of the thesis we will show that 
both their quantum and classical properties can be understood in terms of two basic phenomena: pump clamping and 
spontaneous symmetry breaking. In this Chapter we shall introduce these two phenomena in a general, intuitive way 
by making use of simple examples. 


7.1 Pump clamping as a resource for noncritically squeezed light 

In this section we would like to introduce the phenomenon of pump clamping which was first predicted in [29) . 


7.1.1 Introducing the phenomenon through the simplest model 

In order to introduce the phenomenon of pump clamping we will consider the most simple multi-mode scenario: 
Pump photons can decay through two degenerate type 1 channels. As we will argue at the end, the results are trivially 
generalized to any other combination of decay channels. Hence, consider three intracavity modes: The pump mode. 
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with annihilation operator denoted by oq, and two signal modes whose annihilation operators we denote by oi and 
02 ; these are connected via the Hamiltonian 

He = i/i(xiaodf + X 2 dod 2 ^) + H.c. (7.2) 


The dependence of the coupling parameters Xj on the system parameters depends on the particular processes underlay¬ 
ing this basic scheme^; we will assume here that Xi > X 2 for definiteness, that is, that the decay channel corresponding 
to mode 1 is favoured. Moreover, we will assume that the decay rates for the signal modes are the same, that is, 
7 i =72 = 7s, and that the system is pumped by the external laser exactly at resonance. Working in the interaction 
picture defined in the previous chapter, and scaling the variables as we did there (see Section [6.3.IL it is simple to 
show that the positive P Langevin equations associated to this system read 


^ = «;[a-/3o-/3?/2-r/3|/2], (7.3a) 

$+ = K[a - P+ - / 3 +V 2 - r/32+V2], (7.3b) 

/3i = -/3i + PuPt + ffV^Ci(T), (7.3c) 

Pt = -Pt + PuPi + <?v/^C+(^), (7.3d) 

P 2 = -132 + rl3ol3^ + 5\A^C2(t), (7.3e) 

P 2 = -Pt + P 2 + g\f^ Ct ('^)i (7.3f) 


where we have defined the parameter r = X 2 /X 1 < 1, and all the noises are real, independent, and satisfy the usual 
statistical properties (12.821) . 


Classical emission 


Let’s first analyze the classical emission properties of the system. In particular, let us study its classical stationary 
solutions. As we argued in Section IB. 3. 21 the classical equations corresponding to the Langevin equations (17.311 are 


/3o = k[o--/3o-/ 3?/2-r/3^/2], (7.4a) 

/3i = -Pi + PoPi, (7.4b) 

P 2 = -P 2 + rPoP 2 - (7.4c) 


Just as the single-mode DOPO, these equations posses a stationary solution with the signal modes switched off which 
is given by 

Po = a, Pi=P2 = 0. (7.5) 

On the other hand, the first particularity that we can see in this case is that a stationary solution with the modes 1 

and 2 switched on at the same time does not exists, as it would imply |/3o| = 1 and |/3o| = r simultaneously, what is 

not possible (the pump amplitude cannot take two different values at the same time!). Hence, we are left with two 
different stationary solutions, one given by 

^0 = 1, ^1 = v'2 (a-1), ^2 = 0, (7.6) 

which has the second mode switched off, and another given by 

Po = r~^, P 2 = V2(CT-r-i), ^ 1 = 0 , (7.7) 


which has the first mode switched off. Note that these solutions have thresholds located at fi = 1 and a = > 1, 

respectively, and hence the lower threshold corresponds to the solution with mode 1 switched on. 

On the other hand, the stability matrix associated to equations (|7.4|1 is given by 


— K 

0 

-kPi 

0 

—nrP2 

0 

0 

— K 

0 

-kPI 

0 

—ktP 

P*l 

0 

-1 

Po 

0 

0 

0 

Pi 

^0 

-1 

0 

0 

rP2 

0 

0 

0 

-1 

rPo 

0 

rP2 

0 

0 

rPu 

-1 


^ For example, if the cavity is confocal, so that even and odd families are spectrally separated by half the free spectral range inside 
the cavity, we could assume that the even families resonate at the signal frequency, and modes 1 and 2 would correspond then to the 
-7oo(fcs; rj^, z) and the Lio(ks‘, rj^, z) transverse modes, as long as we could forget about the rest of the transverse modes. 
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It is then trivial to show that the eigenvalues of this matrix particularized to the trivial solution (US are all real 
and negative except for the following two: Ai = —1 + a and X 2 = — 1 + ra. Hence, for cr > 1 this solution becomes 
unstable, just as expected from the previous chapter: (USD is the so-called below threshold solution. Similarly, it is 
very simple to check that all the eigenvalues of C particularized to the solution (ESI) have negative real part for cr > 1, 
and hence, this solution is stable in all its domain of existence. Finally, it is straightforward to find that the solution 
(EH) is always unstable, as C has in this case the eigenvalue A = — 1 -I- r ^ which is always positive. 

Hence, we arrive to the conclusion that only one of the two modes can be switched on by increasing the external 
pump injection, the one with the largest coupling to the pump mode. In other words, the nonlinear competition is 
won by the mode with the lowest threshold. Indeed, there is a simple physical explanation for this. The fluctuations of 
the signal modes are not fed directly through the injection parameter cr, but through the pump amplitude /3o, as can 
be appreciated in (I7.4bl7.4cll . Now, once we get to cr = 1 —the threshold of mode I— the pump mode gets clamped 
to ,5o = I no matter how much we increase cr (all the remaining pump injection is used to make the signal mode 
oscillate). Hence, as mode 2 feels changes in the system only through the pump mode, it will feel as if the system is 
frozen to cr = 1, no matter how much we increase the actual cr. Hence, the instability point leading to its activation, 
which requires j3o = r“^, cannot be reached, and hence it will stay switched off forever. 


Quantum properties 

Classically, the pump mode and mode 1 behave, respectively, as the pump and signal modes of the single-mode DOPO 
(see Section r6.3.2p . Following the analysis of Section [6.3.31 it is straightforward to show that the quantum properties 
of these modes are also just like those that we found for the single-mode DOPO, that is, the pump mode is always 
in a coherent state, while mode 1 is squeezed only when working near to the threshold cr = 1. Hence we focus on the 
quantum properties of the non-amplified mode, which is indeed the one showing the new phenomenon appearing in 
the multi-mode case: No matter how much we increase cr, from the point of view of mode 2 the system is frozen to 
its state at cr = 1. As we are about to see, this is a very interesting effect from the quantum point of view. 

In order to study the quantum properties of mode 2, we use the linearization procedure that we introduced in the 
previous chapter, that is, we expand all the stochastic amplitudes as /3j(r) = + bj{T) and ( t ) = +b'^ (r), and 
assume that the &’s are order g quantities. Then, given that /?2 = 0 irrespective of the system parameters, the stability 
matrix (EH) shows that the fluctuations of mode 2 get decoupled from the rest of the modes; in particular, and taking 
into account that /3o is real and positive for all the system parameters, they satisfy the linear system 


b2 = £2b2 gy r/3oC2(T), 

with b 2 (r) = col [& 2 ('r), b^ (r)], C 2 (t) = col [C 2 (t), ( 2 ^(r)], being 


£2 = 


-_I r/3o 
r/3o -1 


a real, symmetric matrix with orthonormal eigensystem 


A± = - (I T rPo) , v± = -^ col(l, ±1) 


(7.9) 


(7.10) 


(7.11) 


Note that, as commented, the evolution of the fluctuations of mode 2 does not depend directly on cr, but on the 
stationary value of the pump mode Pq. Also, note that the eigenvectors v± are exactly the same as those which 
appeared in the single-mode DOPO below threshold (16.7311 . and hence the projections c± = v± • b 2 are related to the 
quadratures of mode 2 by 


c+(t) = [& 2 (t) -I- &^(r)] IV 2 = 5x2{t)IV2, (7.12a) 

c-(r) = [b 2 ij) - b'^( t)] l\f2 = \ 8 y 2 (T)l\pi, (7.12b) 

so that the noise spectrum of the X and Y quadratures of mode 2 can be evaluated as 

y°“*(X 2 ; f^) = 1 + (7-13a) 

r 

I/°"‘(y2;fl) = l-4^-(^)- 

r 


(7.13b) 
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On the other hand, projecting the linear system dm) onto the eigenvectors v± we get the following evolution equations 
for the projections: 


(7.14) 


where C±('^) = [C 2 (t) ± (t)] /v^ are new independent real noises satisfying the usual statistical properties. The 

general treatment of this type of equations can be found in Appendix [B) Taking in particular the expression of their 
associated correlation spectrum (ESI), we can finally write 




V°'^\Y 2 ;n) 


(1 + r/3o)^ + 

(l-r^o)2 + 02’ 

(1 - r/3o)^ + 

(l + r^o)2 + 02’ 


Note first that mode 2 is in a minimum uncertainty state as 

V°'^*{X2;n)V°'^\Y2;n) = 1 


(7.15a) 

(7.15b) 


(7.16) 


. On the other hand, for tr < 1 we have f3o = cr, while for cr > 1 the pump mode is clamped to /3o = 1- Hence, as a 
increases, quantum noise gets reduced in the Y quadrature (and correspondingly increased in the X quadrature), so 
that mode 2 is in a squeezed state. Maximum squeezing is obtained at zero noise frequency and for cr > 1, where we 
have 

Q) ^ _ ^Y/{1 + rf < 1. (7.17) 

The interesting feature about this squeezing is that, owed to the fact that the system is frozen from the point of view 
of mode 2, it is independent of the system parameters (above threshold), a reason why we call it noncritical squeezing; 
this is in contrast to the squeezing appearing in the single-mode DOPO, which needs a fine tuning of the system 
parameters, in particular to the instability point cr = 1. It is interesting to note that the squeezing levels predicted 
by (17.171) are above 90% as long as r < 0.5; this is actually very good news, as it means that even if mode 2 has its 
threshold two times above the threshold of mode 1, it will still be highly squeezed. 


7.1.2 Generalization to many down-conversion channels: The OPO output as a multi-mode non-classical held 

The results we have just found for the simple situation of having two degenerate type 1 decay channels are trivially 
generalized to an arbitrary number of decay channels of any kind. 

The idea is that when pumped at frequency 2u}q, the OPO can have many available down-conversion channels 
(corresponding to degenerate or non-degenerate, type 1 or type 11 processes, and even channels having some detuning), 
but one of them will have the lowest threshold, say a = oq. Classically, this channel, and only this, is the one that will 
be amplihed above threshold, while the rest of the channels will remain switched off irrespective of the injection tr. 

As for the quantum properties, from the point of view of the non-amplihed channels the OPO will stay frozen at an 
injection parameter cr = crp, and they will show the levels of squeezing or entanglement predicted for that parameter. 
In particular, all the channels with indistinguishable (distinguishable) signal and idler modes will show squeezing 
(entanglement), the level of which will depend on the distance between erg and their corresponding thresholds. 

Hence, we predict that a general OPO with a single pump will emit an intrinsically non-classical field formed by a 
superposition of various squeezed or entangled vacua plus the bright amplified mode above threshold. This prediction 
was first introduced in [55] and it has been checked experimentally very recently [132] . 


7.2 Noncritically squeezed light via spontaneous symmetry breaking 

We introduce now the phenomenon of noncritically squeezed light generation through spontaneous symmetry breaking, 
which will occupy indeed most of the original research to be found in this thesis. 

7.2.1 The basic idea 

The idea behind this phenomenon can be put in an abstract way as follows. Suppose that we work with an OPO which 
is invariant under changes of some continuous degree of freedom of the down-converted field, say e, which we might 
call free parameter (FP) in the following (we already found an example of such system, the frequency degenerate type 
H OPO, in which the phase difference between signal and idler was a symmetry of the system). Above threshold the 
classical or mean field value of the down-converted field, say E£(r, t) —we explicitly introduce the FP in the field—, is 
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Fig. 7.1: Schematic representation of a DOPO tuned to the first family of transverse modes at the signal frequency. When 
pumped above threshold it emits a TEMio mode whose orientation 6 respect to the x axis is arbitrary. This is one 
of the simplest examples of spontaneous symmetry breaking, and it is actually the one that we will be using to study 
this phenomenon in depth. 


not zero, and when the OPO starts emitting it, a particular value of the FP is chosen through spontaneous symmetry 
breaking, as commented in Section 16.4.21 

Let’s think now about what quantum theory might introduce to this classical scenario. First, as variations of 
the FP do not affect the system, quantum fluctuations can be expected to make it fluctuate without opposition, 
eventually making it become completely undetermined. Then, invoking now the uncertainty principle, the complete 
indetermination of a system’s variable allows for the perfect determination of its corresponding momentum, meaning 
this that we could expect perfect squeezing in the quadrature selected by the local oscillator —i9eE£(r,t) in an 
homodyne detection scheme. 

The first proof of such an intuitive reasoning was offered through the study of a DOPO with plane mirrors [Ml EH, 
where transverse patterns as well as cavity solitons have been predicted to appear above threshold [1331113411135111361 
113711138] . hence breaking the translational symmetry of the system. The main difficulty of this model was that it is not 
too close to current experimental setups and such transverse structures have not even been observed yet in DOPOs. 
This was one of the main motivations to study the phenomenon with a simpler, more realistic system, consisting on 
a DOPO with spherical mirrors tuned to the first family of transverse modes at the subharmonic [Ml 133] (see Figure 
Ol). We will introduce in this section the phenomenon through this example, which was actually the first original 
work originated from this thesis [32] : we will show that it is the rotational symmetry in the transverse plane the one 
which is broken in this case, a symmetry that was also exploited later in another type of nonlinear cavities which make 
use of nonlinearities [3^ . 

The phenomenon can be extended to systems in which the FP is not a spatial degree of freedom in the transverse 
plane. The first of such generalizations was made in ESI, where the FP was a polarization degree of freedom of a 
degenerate type II OPO. This case will be properly addressed in Chapter [TOl Continuing with a generalization to 
different symmetries, in the outlook section of the concluding chapter we will propose a new scheme in which the FP 
is associated to a temporal degree of freedom, hence closing the types of symmetries that the electromagnetic field has 
to offer. 


7.2.2 The two-transverse-mode DOPO and spontaneous rotational symmetry breaking 
The two-transverse-mode DOPO model 

In order to introduce the phenomenon of squeezing induced by spontaneous symmetry breaking we consider a DOPO 
tuned to the first family of transverse modes at the signal frequencjH; the DOPO is pumped by a TEMqo beam 
resonant with the pump mode, that is, wl = 2a;o in the nomenclature of the previous chapters. We would like to 
remind that the first family of transverse modes contains the Laguerre-Gauss modes Lo,±i(fcs; rj_, z) which is the 
reason why we will call two-transverse-mode DOPO (2tmDOPO) to this system. Most of this thesis has been devoted 
to study several aspects of this system [Ml 1331133] j as we have used it as a playground where analyzing spontaneous 
symmetry breaking at the quantum level. 

Let us denote by oq the annihilation operator for the pump mode, and by a±i the ones associated to the 
.^o,±i(fcs; rj_, z) signal modes. Instead of using the Laguerre-Gauss basis, we can work in the most usual TEMm„ 
basis. Denoting by HfQ{ks; r±,z) a TEMio mode rotated an angle iIj with respect to the x axis and by rj_, z) 


^ See 113911140111321 for related experimental configurations. 
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to its orthogonal, these are given by 


HfQ{ks;rj_,z) = -^[e Lo,+i{ks]r±, z) + Lo-iiks]rj_, z)] = V2\Lo^±i{ks]rj_, z)\cos{(j) - ip), (7.18a) 

H^iiks;r±,z) = [e~''^ Lo^+i{ks;rj_, z) - e*’^Lo,-i(fcs; r±, z)] = V2\Lo,±iih;r±, z)\siii{4> - pj). (7.18b) 

V 2 i 


These relations can be inverted as 


1 

71^ 


Lo,±iiks;rj_,z) = Hf^^ks^r^, z) ±iH^^{ks]r±, z) 


The part of the signal field propagating along can be written as (Schrodinger picture is understood) 
E^tl (r) = 


HlOs 
A eorisL, 


■Ge [d+iLo.+i(fcs; rj., z) + d_iLo,-i(fcs; rj., -z)] e 


irisksZ 


(7.19) 


(7.20) 


Introducing the relation (17.191) between the Laguerre-Gauss and the Hermite-Gauss modes in this expression, we find 
the relation between their corresponding annihilation operators: 


dio.v- = (e‘’^a+i + e , 

ooi.v. = (e'^^a+i - e“‘^a_i) . 


(7.21a) 

(7.21b) 


The quantum model for this OPO configuration was already introduced in Section r6.2l we just need to particularize 
the three-wave mixing Hamiltonian (I6.42|) to the case of operating in frequency degenerate type 1 conditions with only 
the Lo,±i(fcs; rj_, z) present at the signal frequencjl^. Working as usual in a picture rotated to the frequency of the 
injected laser, which in this case is described by the operator 

Uq = exp[Hot/ih] with Hq = lia;o(2dJdo + a^j^a+i + aLid_i), (7.22) 

the master equation of the system can be written in this case as 

+ X! 7j(2%/5ia] - a]%/5i - ;Oia]%), (7.23) 

1 = 0,±1 


api 

dt 


xdoaJ^iaLi 


+ 


p“o 


H.C., 


Pi 


where we will denote 70 by 7 p to match our previous notation, and will assume that 7+1 = 7 _i = 7 s which is as to 
assume that the DOPO is invariant under rotations around the longitudinal axis, that is, rotationally symmetric in 
the transverse plane. As usual, we take £p as a positive real. On the other hand, the nonlinear coupling parameter y 
can be found by particularizing () 6 . 1 . 2 I) to the current situation; taking into account that 


^ + 00 


rdrG{kp-r) [TZp{ks] r)]'^ = ' ^ 


3/2 ^+0 


dr- 


2r3 


■ exp 


Jo \" / Jo ‘Vp'Vs 

where we have used that Wp/w^ = Ap/Ag = 1/2, see (I3.86bl) . we get 


wl 


47r3/2 


Ws 


(7.24) 


3 L 


^0 


X = xiel(2wo;wo,wo)W . 

2 Ws V 87r'^eo?T-c-^opt 


(7.25) 


The above master equation has exactly the same form as that modeling the OPO, see (16.9211 : this makes perfect sense, 
as even though the down-converted photons are indistinguishable in frequency and polarization, they are not in orbital 
angular momentum, and hence the 2tmDOPO is not a truly degenerate system. From an operational point of view 
this is very fortunate, as we can then directly take the Langevin equations that we already derived for the OPO, and 

® From the previous section we know now that the only important feature is that this process is the one with the highest gain, it doesn’t 
matter if other processes are present (such as frequency non-degenerate processes or processes involving other transverse families), as long 
as these have a higher threshold. 
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rewrite them to match the notation of the current system. Using also the same scaling for the coherent amplitudes, 
the time, the noises, and the parameters as in Section r6.4.1l see (16.951) and (16.531) . this allows us to write 


$0 = K[a - Po - P+iP-i], (7.26a) 

/3o+ = 4a - 13+ - /?+i/3ii], (7.26b) 

/3+1 =-/3+1+/3o/3ii+5\/^C('r), (7.26c) 

/3ii = -f3+, + (3+l3.r + 5V^C+(r), (7.26d) 

/3-1 = -P-i + /3o/3|i + gV^CiT), (7.26e) 

/3^l = -/3^l + /3o+/3+i + (7.26f) 


Let us finally remind that the squeezing spectrum of any signal mode can be evaluated from this normalized variables 
as 


s{xi-n) = - 


(*+oo 


dr' exp(-iUr')(fe‘^ (r) (r + r'))p, 


(7.27) 


with 

x);(r) = e-^/3™(T)+e‘‘''/3+(r), (7.28) 

m referring to any of transverse modes resonating at the signal frequency. 


Classical emission: Spontaneous rotational symmetry breaking 


We now show that above threshold the two-transverse-mode DOPO shows the phenomenon of spontaneous symmetry 
breaking of its rotational invariance in the transverse plane. 

Following the approach introduced in the previous chapter, the classical equations of the system are retrieved from 
the Langevin equations by neglecting the noise terms and making the correspondences (3+ —>■ /3* to come back to the 
classical phase space: 

/3o = K[cr -/3o -/3+i/3-i], (7.29a) 

/3+1 = —/3+1 +/3o/3-i, (7.29b) 

/3_i = -/3_i + /3o/3;i. (7.29c) 

Now, from our previous treatment of the OPO (see Section 16.4.21) we can directly understand the classical emission 
properties of the current 2tmDOPO. For cr < 1 the signal modes are switched off, that is, its only long time term 
stable solution is 

h = a, hi = hi = 0. (7.30) 

On the other hand, for cr > 1 the only stable solution is 

/3o = 1, hi = pexp(=Fid), (7.31) 

with p = ^cr — 1 and where 6 is arbitrary, as the classical equations are invariant under the change j3±i —> 
cxW=Fi0)/3±i, that is, 9 is the FP of the 2tmDOPO. Taking the expectation value of expression (17.201) . and us- 
in^ {a±i(t)) = exp(—iwoO/^ii/d within the classical limit, we get the form of the signal held as predicted by classical 
optics 


Eiyyt) = i,hzh. 

y ieoUsLsg^ 


[e ‘®Lo,+i(fcs;ru,-z) + e'^Lo-i(fcs;i’_L,- 2 :)] e oc i7fQ(fcs;r_L, z), (7.33) 


that is, classical emission takes place in the form of a TEMio mode forming an angle 9 with respect to the x axis (see 
Figure lTTl) . Hence, the FP is identihed in this case with the orientation of the transverse pattern which is formed above 
threshold, what hnally shows that the rotational transverse symmetry of the 2tmDOPO is spontaneously broken. 

In the following, we will call bright mode to HfQ{ks]rj_, z) —as it is classically excited— and dark mode to its 
orthogonal x, z) —as it is classically empty of photons—, and will dehne the collective indices b = (10,0) 

and d = (01, 9) to simplify the notation. 

Note tliat this result comes from the following chain of equalities: 

(a±i(t)) = tr{/3ii7j[a±if/o} = exp(-iaJof)tr{pia±i} = exp(-ia;ot)(a±i)p = exp(-iaJof)(/3±l>p/9 


(7.32) 
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Quantum properties: Pattern diffusion and noncritical squeezing 

The linearized Langevin equations. Just as we did with the DOPO, we are going to discuss the quantum properties 
of the down-converted field by inspection of the quantum Langevin equations (17.2611 in the limit 7 p %, i.e., k ^ 1, 
where the pump variables can be adiabatically eliminated. We will show in the next chapter that all the important 
properties found in this limit are valid in general. 

As we already commented in Section 16.3.31 the deterministic procedure for adiabatically eliminating the pump 
modes (which consists in assuming that Pq = = 0) is still valid in the stochastic case, but only if the equations are 

interpreted in the Ito sense. Hence, after applying this procedure, the Langevin equations read in Stratonovich form: 


P+i = - (1 - ffV4) P+i + (cr - P+iP-i)P+^ + g^/a - P+iP-iC (r), (7.34a) 

Pti = - (1 - 3V4) Pti + (^ - + 9\l<T-PX^PUe (t) , (7.34b) 

/?_! = - (1 - 5^4) P -1 + (cr - P+iP-i)PXi + ffVcr -/3+i/3_iC* (r) , (7.34c) 

= - (1 - 3^4) P\ + (ff - PXiP-i)P+i + 9^^-PXiP-i [C+ (r)] * . (7.34d) 


In order to find analytic predictions from these equations we are going to linearize them. As explained in the 
previous chapter, the usual procedure begins by writing the amplitudes as Pm = Pm + ^Pm and /3+ = + d/3^, 

and treat the fluctuations as order g perturbations. This is in particular how we proceeded with the OPO. However, 
as already stated in the previous chapter and emphasized in the present one, we expect quantum noise to rotate 
the generated TEMio mode (that is, to make the phase difference between the opposite angular momentum modes 
diffuse), and hence fluctuations of the fields in an arbitrary direction of phase space could not be small (i.e., order g). 
Nevertheless, equations (17.341) can be linearized if the amplitudes are expanded as 

P±i {r) = [p + b±i (r)] (7.35a) 

/3ii(r)= [p + 6+i(r)]e±'®M, (7.35b) 


because as we will prove 6 (r) carries the larger part of the fluctuations, while the 6’s and 6 remain as order g quantities. 
In addition, expanding the fields in this way allows us to track the evolution of the classical pattern’s orientation, as 
we take 6 as an explicit quantum variable. Then, writing equations (17.341) up to order g^ we arrive to the following 
linear system (arriving to this expression is not as straightforward as it might seem, there are some subtleties that we 
clarify in Appendix ICl) 

— 2ii/9Wod + b =£b + g^ (r), (7.36) 


with 


b = 


/b+l] 



bXi 

b -1 

, C(r) = 

C+ (t) 

C (t) 

\b-ij 


VC+ (r)]7 


and where £ is a real, symmetric matrix given by 

( 


C = - 


a 

0 

cr — 1 

V -1 


0 

a 

-1 
a — 1 


a — 1 ~4 \ 

— I a — 1 
a 0 

0 cr / 


with the following eigensystem 


Ao = 0, Wo 

Ai = -2, wi 

A 2 = -2 (cr - I), W 2 
A 3 = - 2 cr, W 3 


icol(I,-I,-I,l) 
I col (1,1,-1,-1) 
I col (1,1,1,1) 

I col (1,-1,1,-1). 


(7.37) 


(7.38) 


(7.39) 


Defining the projections Cm (t) = Wm ■ b (r), and projecting the linear system (17.361) onto these eigenmodes, we 
find the following set of decoupled linear equations (cq is set to zero, as otherwise it would just entail a redefinition of 
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0 ) 


^ = -^Vo {t) 

2 p 

(7.40a) 

Cl = -2ci -1- iggi (r) 

(7.40b) 

C 2 = -2 (cr - 1) C 2 -1- gg 2 (t) 

(7.40c) 

C3 = -2crc3 -f gr]3 (r), 

(7.40d) 

been defined 

go (t) = Wo ■ C (t) = Im (r) - C (t)} 

(7.41a) 

m {t) = -iwi • C ('t) = Im {C+ (t) -k C ('t)} 

(7.41b) 

72 (t) = W 2 • C (t) = Re {C (r) -k (r)} 

(7.41c) 

73 (t) = W3 • C (t) = Re {C (r) - C+ (r)} , 

(7.41d) 


which satisfy the usual statistical properties (I2.82I1 . 

Note finally that in the long time term the solutions for the projections Cj will be of order g (see Appendix [B]), and 
hence so will be the &’s (note that this is not the case for 0, whose initial value is completely arbitrary, although its 
variation 9 is indeed of order g). This is consistent with the initial assumptions about the orders in g of the involved 
quantities. 

Quantum diffusion of the classical pattern. Just as we commented in the previous sections, equation (I7.40a|) 
shows that the orientation of the bright mode (the FP of the system) diffuses with time ruled by quantum noise. How 
fast this diffusion is can be measured by evaluating the variance of 9. Using the statistical properties of noise (I2.82p . 
it is straightforward to obtain the following result 

Ue (r) = (J02 {^r))p = Dt, (7.42) 

where D = d/ {cr — 1) with 

d = g^j^ = xV47p7s- (7.43) 

Note that we have assumed that Vg (0) = 0, which is as saying that every time the 2tmDOPO is switched on, that 
is, on any stochastic realization, the bright mode appears with the same orientation; in Chapter IH] we will show that 
the pattern can be locked to a desired orientation by injecting a low-power TEMio seed at the signal frequency inside 
the cavity, and hence our assumption can be satisfied experimentally by switching on the 2tmDOPO with this seed 
present, and turning it off at one point so that quantum noise can start making the bright mode rotate arbitrarily. 

Passing to quantitative matters, Eq. (17.4211 shows that the delocalization of the pattern’s orientation increases as 
time passes by, though for typical system parameters (see Section l6.3.31 where we argued that gft!4xl0“®) one finds 
d ~ 4 X 10“^^, and hence the rotation of the pattern will be fast only when working extremely close to threshold. 

Independent quadratures and noncritical squeezing. The first step towards analyzing the squeezing prop¬ 
erties of the field within the framework presented above, is identifying a set of independent quadratures. As showed 
in the previous analysis, these appear naturally within our approach, as the eigenmodes {wm}m=o,i, 2,3 of the stability 
matrix give us a set of quadratures with well defined squeezing properties. In particular, from (I7.35L (17.211) . and 
(17.2811 . it is easy to find the following relations 


xo (r) = 2v^p -k a/ 2 c 2 (r) 

(7.44a) 

Vh (t) = -i'Hco (r) 

(7.44b) 

Xd (r) = iv^co (r) 

(7.44c) 

yd (r) = V2ci (r), 

(7.44d) 


where {xb,2/b} and {xd,2/d} are the (normalized) X and Y quadratures of the bright and dark modes, i7fg(fcs; rj^, z) 
and HQ^{ks',r±, z), respectively. 

The evolution of these quadratures can therefore be found from the equations satisfied by the projections (I7.4n|l . 
which are solved in Appendix [B] (remember that cq = 0). In particular, using the expression for the correlation 
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spectrum of the projections (IB.6|) as usual, it is straightforward to find the following results 


yout j 

'XbiO) 

= 1 + 1 . 

(fT- if +02/4 

(7.45a) 

^out 


= 1 ^ 

cr2 + 112/4 

(7.45b) 

yout j 

'XdiO) 

= 1 

(7.45c) 

^out 


= 1 -1- . 

1 + 02/4 

(7.45d) 


We see that the quadratures of the bright mode have the same behavior as those of the single mode DOPO: The 
quadrature Yb is perfectly squeezed = 0) at zero noise frequency = 0^ only at the bifurcation (ct = 1 ). 

On the other hand, the dark mode has perfect squeezing in its Y quadrature at zero noise frequency. What is 
interesting is that this result is independent of the distance from threshold, and thus, it is a noncritical phenomenon. 

This result was first shown in [32) . and we can understand it by following the reasoning given in above: As the 
orientation 6 of the classically excited pattern is undetermined in the long-time limit, its orbital angular momentum 
must be fully determined at low noise frequencies. On the other hand, the orbital angular momentum of the bright 
mode i?fQ(fcs; rj_, z) is nothing but its 7r/2 phase shifted orthogonal Hermite-Gauss mode, i.e., = 

iHQ^{ks; r±,z), which used as a local oscillator in a homodyne detection experiment would lead to the observation of 
the Yd quadrature fluctuations. 







8. DEEP STUDY OF SPONTANEOUS SYMMETRY BREAKING 
THROUGH THE TWO-TRANSVERSE-MODE DOPO 


In the previous chapter we have learned that spontaneous symmetry breaking allows for the obtention of noncritically 
squeezed light in OPOs. We have introduced this phenomenon by studying a particular example, the two-transverse- 
mode DOPO, in which the rotational invariance in the transverse plane is the symmetry broken by the TEMio signal 
field generated above threshold; the fundamental results at the quantum level have been that (i) this bright pattern 
rotates randomly in the transverse plane owed to quantum noise, and (ii) the dark mode consisting the the TEMio 
mode orthogonal to the generated one shows perfect squeezing on its Y quadrature irrespective of the distance to 
threshold. 

In this chapter (and the next one) we answer some questions that appear naturally after the results of the previous 
chapter, and which are important both to get a clear understanding of the phenomenon, and to evaluate up to what 
point it is experimentally observable. 


8.1 On canonical pairs and noise transfer 

Although the noncritical squeezing of the dark mode coincide with what was intuitively expected after the arguments 
given in Section 17.2.11 a strange, unexpected result has appeared in (17.451) : The quadratures of the dark mode seem 
to violate the uncertainty principle as B = 0)E°'^‘(Yd; B = 0) = 0. 

Moreover, the noise spectrum of an arbitrary quadrature of the dark mode, which can be written in terms of its X 
and Y quadratures as X'^ = Ad cos (p -\-Yd sin ip, is 

= 1 - , ( 8 . 1 ) 

V / I + fI74 ^ ^ 

what shows that all the quadratures of the dark mode (except its X quadrature) are squeezed. Thus two orthogonal 
quadratures cannot form a canonical pair as they satisfy the relation 

fl) < I, (8.2) 

in clear violation of the uncertainty principle. This might look surprising, but one needs to keep in mind that the 
bright and dark modes are not true modes, as their orientation is not a fixed quantity, but a dynamical variable of the 

probleu0. 

The natural question now is: Where does the excess of noise go if it is not transferred from one quadrature to its 
orthogonal one? The intuitive answer is that it goes to the pattern orientation, which is actually fully undetermined 
in the long term as we showed above (j7.42ll . This section is devoted to prove this statement. 

In particular we will prove that two orthogonal quadratures of the dark mode do not form a canonical pair, while 
the orientation 9 is the canonical pair of all the squeezed quadratures. One way to prove this would be to evaluate 
the commutator between the corresponding quantum operators. However, 9 is half the phase difference between the 
opposite orbital angular momentum modes a±i, whose associated operator has a very difficult expression |I4I11142] . 
making the calculation of the needed commutators quite hard. Nevertheless, in |143) we gave evidences of this via a 
simple procedure based on the close relation between the quantum commutators and the classical Poisson brackets 
introduced in Section FA. II and this is the one we present here. 

Let us then come back to a classical description of the system in which a pair of normal variables 
is associated to each mode of the field. The Poisson bracket between two phase space functions f 

^ This gives rise to an even more important question: If the modes depend on the system variables, can we actually select them with 
a local oscillator? One can try to picture a detection scheme using some kind of feed-forward information in which the orientation of the 
local oscillator is locked somehow to the orientation of the bright or dark modes, but it seems highly unlikely. Nevertheless, we show along 
the next sections that this does not destroy the possibility of observing the phenomenon, or even of using it in applications. 
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h (yrn, ^m) ^^11 be rewritten in terms of the normal variables (instead of the position and momenta) as 

ffh\ = V— ( 

^ iWm V dVm ) ’ 


(8.3) 


where the sum covers all the cavity modes, being uim their corresponding frequencies. 

As an example, the Poisson bracket between two orthogonal quadratures of a given mode Xm = y/ 
and Ym = —y/{vm — I'm) is found to be 


{Xm.Ym} = 2lh, (8.4) 

which is consistent with the quantum commutator [Xm,Ym] = 2i given the correspondence [Xm^Ym] = '^fi{Xm,Ym}- 
Now, we say that two observables A and B are canonically related when their commutator is not an operator, but 
an imaginary number, that is, when [A, B] = iK with AT £ K, as therefore they satisfy an uncertainty relation of the 
type AAAB > K'^fd. In an analogous way, given the relation between the commutators and the Poisson brackets, 
we will say that two classical observables / {I'm-, I'm) and h {vm, I'm) forni a canonical pair if their Poisson bracket is a 
real number, that is, {/, h} £ R. 

In our case, the functions we are interested in are the classical counterparts of the dark mode quadratures, which 
using (17.211) with ^ = 0 are written in terms of the normal variables of the Laguerre-Gauss modes as 




(8.5) 


with the orientation given by 


6* = :r7ln 


2i “ Vl^"+ilk-il 


( 8 . 6 ) 


which is just half the phase difference between u+i and v-i. 

Now, using the definition of the Poisson brackets (18.31) with m = ±1 and after some algebra, it is simple to show 
that 

/ _ ( 1^+11 1 ^— 11 ) 

i^d I J — ■ 


2h|i/+i| |z/_i| 


and 


{xtM = 


exp(-iv3) (|j^+i| + lu-il) y/W+il W-il 


Aiy/hw^ 


k+ll 


3/2,^_ ,3/2 


+ c.c. 


(8.7) 


( 8 . 8 ) 


On the other hand, in the 2tmDOPO the number of photons with opposite orbital angular momentum is sensibly 
equal, that is, \i'+i\ ~ W-il', in particular, the steady state solution of the system above threshold (I7.3ip states that 
\i'±i\ = y/2h/u)s\{a±i)\ = y/2h/LOs\P±i/g\ = y/2hlu}splg, and thus the dominant term of the previous Poisson brackets 
will be 

(8.9) 




0 , 


and 




^ . ( 8 . 10 ) 

^/2hp 

Hence, at least at the classical level two orthogonal dark quadratures X)^ and do not form a canonical 

pair (moreover, they commute), while X‘^ and 6 do. This can be seen as an evidence of the same conclusion for the 
corresponding quantum operators. 


8.2 Hoinodyne detection with a fixed local oscillator 

So far we have considered the situation in which one is able to detect independently the bright and dark modes. 
However, as shown by Eq. (l7.40aL these modes are rotating randomly, what means that a local oscillator field 
following that random rotation should be used in order to detect them separately. This might be a really complicated, 
if not impossible, task, so we analyze now the more realistic situation in which the local oscillator is matched to the 
orthogonal orientation of the emerging pattern only at the initial time, remaining then with the same orientation 
during the observation time T. We will show that even in this case, and as the rotation of the modes is quite slow 
(I7.42p . large levels of noise reduction can be obtained. 
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Fig. 8.1: Zero-frequency noise spectrum of the Y quadrature corresponding to a fixed TEMoi mode as a function of the detection 
time T. Three different values of d are considered 10“^^ and 10“^^ from top to bottom). The inset shows also 

this spectrum at zero noise frequency, but evaluated at the optimum detection time Topt and as a function of d (note 
that the d axis is in logarithmic scale). As mentioned in the text a = ^/2. 


Without loss of generality, we suppose that the bright mode emerges from the resonator at some initial time r = 0 
oriented within the x axis, i.e., 9 (0) = 0. Hence, by using a TEMqi local oscillator with a phase ip, the quadrature 
of a fixed Hgi^ks] rj^, z) mode (the initially dark mode) will be measured. In terms of the Gauss-Laguerre modes, the 
amplitude /3oi of the this mode is given by ()7.21ll with ■0 = 0. Then, by using the expansion (17.351) of the amplitudes 
Pm as functions of the fluctuations hm and the orientation 0 , the normalized quadrature of this mode can be 
rewritten as 

Xqi = 2 -\/ 2 pcos(/jsin 0 -b ■\/ 2 c 2 cosi^sin 0 -b a/^ci sin(^cos 0 — i-\/ 2 c 3 sin(/ 7 sin 6 (. ( 8 - 11 ) 

Hence, the two-time correlation function of x'^i yields (note that (I7.40p show that ci, C 2 , C 3 , sin0, and cos 9 are 
uncorrelated, as their corresponding noises are independent) 

(Ti)a:oi ('^ 2 )) =2 005^ if [4p^ -b C 2 {ti,T 2 )] S (ti,T 2 ) + 2siv? ip[Ci (n, r 2 ) C (n, r 2 ) - {ti,T 2 ) S (ri,r 2 )], (8.12) 

with 


5 '('ri,T 2 ) = (sin 0 (Ti)sin 0 (T 2 )) (8.13a) 

C'(ti,T2) = (cos0 (ti) COS 0 (T2)) (8.13b) 

Cm iTi,T 2 ) = {Cm (ti ) Cm {,T 2 )) . (8.13c) 


As shown in Appendices |B] and El the latter correlation functions can be evaluated by using the linear evolution 
equations of the projections Cm and 9 -see equations (1531) . (EH), and (EH-; then from (18.121) the squeezing spectrum 
of a general quadrature of the i7oi(^s; rj_, z) mode can be found by using the general expression ()5.52l) . which in terms 
of the normalized quadratures is written as 




2 

— / dr dr' cos 
Tg'^ Jo Jo 


0 (r — t') 


{ Sx^i (t) (t + t'))p, 


(8.14) 


with T = 7 sT, as in this case the stationary expression (I7.27|) cannot be used because S {ti,T 2 ) and C {ti,T 2 ) don’t 
reach a stationary state, see (EH and (EH- 

This integral is easily performed; however the resulting expression for H) is too lengthy, and a more compact 

approximated expression can be straightforwardly found in the limit of small d, leading to the following expression for 
the noise spectrum 

H) = 1 + (H) cos^ p + (H) sin^ p, 


(8.15) 
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[dB] 



Fig. 8.2: (a) Noise spectrum of the fixed TEMqi mode as a function of the noise frequency fl, and for four different values of 
the local oscillator phase {(p = 88, 89, 89.5, and 90 from top to bottom curves). It can be appreciated how the infinite 
fluctuations of Sgi at zero noise frequency enter in the spectrum for any p yf 90. The rest of parameters are a = \/2, 
d = and T — Topt, but the same behavior appears for any other election of the parameters, (b) Noise spectrum 

of the fixed TEMqi mode evaluated for the optimum parameters llopt and Topt as a function of ip (d = 10“^® for the 
blue-solid curve and 10“® for the red-dashed one, having both a — y/2). In addition, it is plotted the analogous curve 
for the single-mode DOPO (gold, dashed-dotted curve). The inset shows the dependence of the optimum frequency 
flopt with the phase of the local oscillator p. 
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8df 
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(cr- 1) 1 

U + (40-2 -p 02^ 


(8.16) 


(8.17) 


where sine a; = sin (x) /x. In the following we will fix a to \/2 (pump power twice above threshold), as the results 
are almost independent of its value as far as it is far enough from threshold. Hence, the free parameters will be the 
detection parameters T, H and tp, and the diffusion d which depends on the system parameters. 

In this section, the results for (X^j^; H) are presented in dB units, defined through the relation [dB] = 
10 log 14°“* (hence, e.g., —10 dB and —oo dB correspond to 90% of noise reduction — 1 /°“* = Q.l— and complete noise 
reduction —yout _ q— respectively.) 

From expression (18.151) we see that the maximum level of squeezing is obtained at H = 0 (see also Figure ISl^ ) and 
when the phase of the local oscillator is tuned exactly to 7r/2. In Figure [O] we show the noise spectrum (18.151) for 
these parameters as a function of the detection time T for 3 different values of d. We see that in all cases there exist 
an optimum detection time for which squeezing is maximum. Minimizing Eq. (18.151) with H = 0 and ip = 7r/2 with 
respect to T, it is straightforward to find that this optimum detection time is given by 


Topt — 


'fT2 ((7-1) 
d{a^ + l)'' 


(8.18) 


with an associated noise spectrum 14°“* = l/Topt (shown in the inset of Figure l8Tl as function of d). 

These results show that large levels of noise reduction are obtained for the Y quadrature of the fixed TEMqi mode, 
even for values of the diffusion parameter d as large as 10“® (remember that 10“*^ is a more realistic value). However, 
in real experiments it is not possible to ensure that = 90 ° with an uncertainty below approximately 1.5° [SJIHIS], 
and hence we proceed now to investigate the level of noise reduction predicted by (18.151) when the local oscillator phase 
is different from (p = 90 °. 
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Of course, when ^ 90 ° the noise frequency with maximum squeezing is no longer O = 0, as in this case the 
infinite fluctuations of Sqi at zero noise frequency, due to the rotation noise, enter the noise spectrum (see Figure 
I8.2b l . By numerical minimization of (Xq.^ ; O) with respect to O and T for different values of (p and d, it is possible 
to show that the optimum value of the detection time is almost independent of ip for small deviations of this from 90 °, 
and hence it is still given to a good approximation by (I8.18L although in this case this minimum is less pronounced 
than in the (/? = 90° case shown in Figure [83] (i-C., the curve is almost horizontal around Topt). On the other hand, 
the optimum noise frequency Oopt is independent of d and depends on ip as shown in the inset of Figure [HUb- 

As for the squeezing level, in Figure 18.2b we show the noise spectrum evaluated at Topt and Oopt as a function 
of ip for 2 different values of the diffusion d. Together with these curves, we have plotted the noise spectrum of the 
single-mode DOPCd evaluated for its optimum parameters (in this case it is optimized respect to a and O) as a 
function of ip. We see that the noise reduction is independent of d as is taken apart from 90°. On the other hand, 
the squeezing level is similar to that of the single-mode DOPO, as the maximum difference between them are 1.5 dB 
(a factor 1.4 in the noise spectrum) in favor of the single-mode DOPO, with the advantage that in the 2tmDOPO 
this level is independent of the distance from threshold. 

Therefore we see that the phenomenon of noncritical squeezing through spontaneous rotational symmetry breaking 
could be observed in the 2tmDOPO without the need of following the random rotation of the generated pattern, which 
makes its experimental realization feasible with currently available technology. 


8.3 Beyond the considered approximations 


8.3.1 Beyond the adiabatic elimination of the pump 


The first assumption made in the search for the quantum properties of the system was that 7 p 7s, a limit that 
allowed the adiabatic elimination of the pump field. Now we are going to show analytically that the phenomenon of 
squeezing induced by spontaneous rotational symmetry breaking is still present even without this assumption, but still 
working within the linearized theory (in the next section we will check it via a numerical simulation of the complete 
nonlinear stochastic equations). 

The way to show this is quite simple; starting from the complete equations (17.261) . we expand the amplitudes dm 
around the classical stationary solution (17.311) as we made in (17.351) , but adding now a similar expression for the pump 
amplitudes: do = i + bo and do = 1 + (note that for the pump modes the 6’s are directly small as the phase of 
this mode is locked to that of the injection £p). Then, linearizing these equations for the fluctuations and noises, we 
arrive to a linear system formally equal to (I7.36p . but with 
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(8.19) 


( 8 . 20 ) 


Although in this case C is not Hermitian, it can be checked that it possess a biorthonormal eigenbasi^, and 
in particular, the following two vectors are present in its eigensystem: Wq = i col (0, 0,1, —1, —1,1) and w( = 
i col (0,0,1,1, — 1, — 1), with corresponding eigenvalues Aq = 0 and A'^ = —2. These eigenvectors have null projec¬ 
tion onto the pump subspace, and coincide with Wq and Wi in what concerns to the signal subspace, see (17.391) . 
Hence, all the properties derived from these vectors are still present without any change. In particular, as they ac¬ 
count for the diffusion of 9 and the squeezing properties of the dark mode, we can conclude that these properties are 
still present when working out of the limit 7p ^ 7s. 


^ In the single—mode DOPO the best levels of squeezing are found below threshold, where its noise spectrum can be written as 
yout = 1 + S+ (Q) cos^ ip — S— (O) sin^ ip, with S± (fl) = Acr/ ± 1)^ -|- , see 116.7611 . 

® This means that there exist a set of eigenvectors Vm satisfying Cvm = ^mVm, and another set Wm satisfying C^Wm = such 

that w;;;, ■ Vm = Smn . 























110 


8. Deep study of spontaneous symmetry breaking through the 2tmDOPO 



yout 



Fig. 8.3: (a) Evolution of the variance of the orientation 6 given by the numerical simulation. It has been divided by the 
slope D predicted by the linearized theory (17.4211 . so the straight line obtained is in perfect agreement with this 
linear result. Quantitatively, a linear regression analysis shows that the slope obtained by the data is 0.99985, with 
standard error 7 x 10“®. (b) Noise spectrum of the X (red-dashed curve) and Y (blue-solid curve) quadratures of the 
dark mode as obtained by the numerical simulation. The results are in perfect agreement with the ones predicted 
by the linearized theory (17.4511 . In particular, a nonlinear regression analysis of the numerical data respect to the 
function (cn/2)^ / \b~\- a (cn/2)^], shows that (a, 6) = (0.9996, 1.0071) are the best fit parameters having standard errors 
(l X 10““*, 4 X 10“"^), which is in good agreement with the values (a, 6) = (1,1) predicted by (17.451) . Note finally that 
the small oscillations of the blue-solid line would disappear by increasing the number of stochastic trajectories E. 


8.3.2 Numerical simulation of the nonlinear equations 

In this section we will show that the diffusion of the orientation and the associated noncritical squeezing of the 
dark mode, which have been found by linearizing the Langevin equations, are also present when we consider the full 
nonlinear problem. To do so, we will solve numerically the complete stochastic equations (17.261) using the semi-implicit 
algorithm developed by Drummond and Mortimer in |144) . 

The details of the numerical simulation are explained in Appendix Here we just want to point out that the 
important parameters of the simulation are the step size At used to arrive from r = 0 to the final integration time Tend, 
and the number of stochastic trajectories, say E, which are used to evaluate stochastic averages. The initial conditions 
/3m (0) are not relevant as the results in the stationary limit are independent of them. The system parameters which 
have been chosen for the simulation are a = k = 1 (to show also numerically that the adiabatic elimination has 
nothing to do with the phenomenon), and g = 10“^. We haven’t chosen a smaller value for g (like 10“® as followed 
from the physical parameters considered along the thesis) because such a small number can make the simulation fail; 
nevertheless all the results we are going to show should be independent of g and ct, and we have also checked that the 
same results are obtained for other values of these. 

It is also important to note that we have defined a general quadrature of the rotating dark mode as (directly from 
(imi) with /3 = 0) 


V 

d 
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( 8 . 21 ) 


with 6 defined within the positive P representation through 

g2i6» ^ P-lP+1 

1/3-111 Oil 


( 8 . 22 ) 


Now let us show the results evaluated for the following simulation parameters: At = 3 • 10“^, Tend = 30 and 
E = 7.5 • 10®. This simulation has been compared with other ones having different values of these parameters to ensure 
convergence. 

In Figure [575h we show the variance of 0 as a function of time. The result has been normalized to D, so that the 
linear result (I7.42p predicts a straight line forming 45° with respect to the time axis. It can be appreciated that this 
is indeed what the simulation shows (see also the caption of the figure). 

In Figure 18.3b . we show the numerical results for the noise spectrum associated to the quadratures of the dark 
mode. Only times above r = 10 have been considered in the correlation function to ensure being working in the 
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stationary limit. Again, the results shown in Figure 18.3b are in reasonable agreement with the linear predictions 
(I7.45cl) and (I7.45d|) . as explained quantitatively in the caption of Figure lOl 

These results show that the phenomenon of noncritically squeezed light via spontaneous rotational symmetry 
breaking is not a product of the linearization. 
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9. THE TWO-TRANSVERSE-MODE DOPO WITH INJECTED SIGNAL 


In this chapter we keep studying the properties of the 2tmDOPO, analyzing in particular how the injection of a TEMio 
mode at the signal frequency modifies its properties [36] . The study of this signal seed is motivated by two experimental 
issues. First, the arbitrariness of the initial orientation of the above-threshold pattern is highly inconvenient, since 
one cannot know in advance within which orientation it will rise at a particular realization of the experiment, what 
makes the matching of the local oscillator to the initial dark mode quite difficult; hence some means of fixing this 
orientation is called for, and we will show that this is exactly what the signal seed accomplishes. On the other hand, 
it is customary to inject a low intensity signal field in experiments to keep the cavity stable and locked to the desired 
frequency. 

Note that this signal seed would break the rotational invariance of the system and hence a degradation of the 
squeezing level is expected. The goal of this chapter is then to determine the impact of the signal injection on the 
quantum properties of the 2tmDOPO. 

In what follows, we will refer to this configuration as driven 2tmDOPO, denoting then by free-running 2tmDOPO 
the system without the injection at the signal frequency. 

We will show that, fortunately, the 2tmDOPO still exhibits large levels of noncritical squeezing, even larger than 
those exhibited by the usual single-mode DOPO with injected signal, a result that is connected with the squeezing 
due to the spontaneous breaking of the rotational symmetry that exists in the absence of injection, but also to the 
existence of a new bifurcation in the system. 

The current system is closely related to that analyzed by Protsenko et al. |I45j who considered a single-mode 
DOPO with injected signal (see also |14611147] !. Indeed our model contains, as a limit, the model studied in [145] . 
but we shall see that the existence of a second signal mode substantially modifies the properties of the system. 

9.1 Model of the 2tmDOPO with injected signal 

The system we are dealing with is exactly the same as the one we have already studied, with the exception that now 
the signal modes have also an injection term. In the previous chapters we wrote the system’s equations in terms of the 
Laguerre-Gauss modes; now, however, it is quite recommendable to work in Hermite-Gauss basis, as we are injecting 
one of these modes. To this aim, we first use the relations (17.211) between the Laguerre-Gauss and the Hermite-Gauss 
boson operators to write the following relation between the corresponding normalized coherent amplitudes: 

/3±i = (/3x T idy) /v^, (9.1) 

where hx/y are the coherent amplitudes associated to the HiQ/Qi(ks;r±, z) modes; then, we use these relations to 
rewrite the Langevin equations (I7.26|) which model the 2tmDOPO in terms of the flx/y amplitudes, arriving to 


do = K[a - Pq- [Pi + Pi) /2] , 

(9.2a) 

/3+ = .[a-/3+-(/3r+«/2], 

(9.2b) 

P^= £i- p^+ PoP+ + (t) , 

(9.2c) 

Pt = £* -Pt + P^Px + (r), 

(9.2d) 

Py = -Py + (loPy + 9\/%Cy (t) , 

(9.2e) 

^y = -Py + PtPv + 9\[^Cy (t) , 

(9.2f) 


where in addition 
the signal TEMio 


to the usual dimensionless parameters, we have introduced the normalized injection parameter for 
mode 

Xfs 


£i = 




(9.3) 
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Fig. 9.1: Intensity of the TEMio mode for the ‘one-mode’ solution as a function of the injected field intensity T for t/Ji = 0 and 
the four indicated values of a. Note that for a > 1 the solution is three-valued. We have indicated the turning points 
TPl and TP2 for the case a = 1.5. 


being fg the injection rate parameter appearing in the Hamiltonian piece corresponding to this signal injection, see 

(Oa . 


9.2 Classical steady states and their stability 

As discussed in depth in previous sections, the classical limit is recovered from the Langevin equations (E21) by 
neglecting the noise terms and by making the identification /3+ (3'^ (m = 0,x,2/), arriving to 

/?o = K [cr - /3o - [Pi + dl) /2] , (9.4a) 

dx = Si-dodl, (9.4b) 

dy =-dv +dodl- (9.4c) 

In this section we study the steady states of this classical model, as well as their stability properties. Notice that by 
setting /3j, = 0, equations (lOl) become those for a single-mode DOPO with injected signal. Such model (generalized 
by the presence of detunings) was studied in |148) for the case of real e and then extended to arbitrary injection phases 

in fm\ . 

A straightforward inspection of (19.41) leads to the conclusion that for e 0 there are only two types of classical 
solutions, either with /3y = 0 or with dy ^ 0, both having dx 0. In the first case the intracavity signal field is 

single-mode and has the same shape as the injection; on the other hand, when /3y 0 the intracavity field is in a 

coherent superposition of both transverse modes. We will refer to these two types of states as the one-mode and 
two-mode solutions, respectively. 

In the following we decompose the fields into modulus and phase as 

ei = V^e‘‘^S dm = y/T^d^^, (9.5) 

when needed. 

9.2.1 The one-mode solution 

We look first for a solution in which the non-injected mode HQi{ks',r±, z) is off {dy = 0). This solution was the one 
analyzed in [Ml], and we refer to that work for the details. Using our notation, the intensity C of mode Hio{ks] rj_, z) 
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verifies the implicit relation 




2 {X - 1) 

0-2 + X'^ + 2aX cos 2(fi ’ 


where X = 1 


\lx, which is a quintic polynomial in I^, while its phase is given by 


(9.6) 


giVx ^ ± 


cre-‘‘^‘ + XC^' 

+ X"^ + 2aX cos 2ipi ’ 


(9.7) 


where the plus and minus signs correspond, respectively, to cases X > a and X < a. Finally, the intracavity pump 
field is given by 


lo = + cr^ - alx cos 2ip:x, (9.8a) 

ipQ = arg (2cr - . (9.8b) 

In Figure l^TTI we show the dependence of the intensity Ix on the injected intensity I, in the case = 0 (amplification 
regime) for various values of the pumping level a as indicated. For ct < 1 (below the free-running 2tmD0P0 threshold) 
the curve is single-valued, while for ct > 1 the curve is multivalued for small injection intensities. The location of the 
turning points (marked as TPl and TP2) existing for ct > 1 can be obtained from Eq. (19.61) by solving dXjdIx = 0 
(see |145) for more details). One of them is analytical, 

/JPi = 2 (ct - 1), (9.9) 

which exists only if ct > 1, as expected. For Ij = 0 as follows from dMl), and then corresponds to the 

upper turning points in Figure [93] The intensity at the lower turning points in Figure I9d1 is given by a fourth 
order polynomial, which we do not present here as it gives no analytical information and, moreover, because it plays 
no effective role in the system behavior as is shown below in the stability analysis. 

The final conclusion is simple: For ct < 1 Eq. (19.61) has a single real and positive solution, while for ct > 1 the 
solution is three-valued for small injection intensities. 

As for the stability of this one-mode solution (see Figure [921 for a graphical summary of the discussion to follow), 
the stability matrix C turns out to be block-diagonal (as usual, the switched off mode is decoupled from the rest). One 
submatrix affects only the subspace (/3y, /?*) and then governs the possible switching-on of mode Hmiky, rj_, z), while 
the other affects the rest of variables and is the same as the one considered in |145) . Accordingly, the characteristic 
polynomial is factorized into two. 

The first polynomial, quadratic in A, governs the evolution of the perturbations of the variables as 

commented, and gives the following two eigenvalues 

Ai. 2 = —1 ± \/7o, 

with Iq given by Eq. (I9.8a|) . Solving Ai = 0 gives two solutions, namely Ix = 

and _ 

Ix = 2-\/r+'CTM^3CTa3s3^ = I^^, 

which occurs at, using dMl), 

li = 4 -I- CTC0s2<pi -I- \/T+'2acos2<fi'+~^^ = I™. (9-12) 

In a moment it will become clear why we denote by PB this new bifurcation. 

The analyzed solution is stable (i.e., Ai < 0) for ij^^ < I^ < I™. For Ix > I™ or Ix < Ai > 0 and the 

one-mode solution is unstable. For ct < 1 the turning points TPl and TP2 don’t exist and the one-mode solution is 
stable all along its unique branch until Ix = I^^ ■ On the other hand, for ct > 1 the one-mode solution is stable only 
in the portion of its upper branch going from the turning point TPl to the bifurcation PB; hence the branches lying 
below the turning point TPl are unstable, including the turning point TP2 as anticipated. 

Let us now understand the meaning of these two instabilities, having in mind that they affect the subspace 
corresponding to the (non-injected) TEMqi mode i7oi(fcs; rj_, z), which is off. The existence of an instability at the 
turning point TPl is due to the fact that its corresponding injection intensity is null, i.e., = 0, Figure [53] 

In the absence of injection the system is rotationally symmetric in the transverse plane, and the 2tmDOPO can 
generate equally both modes Hio{ks] rj_, z) and Hoicks', r±,z)-, hence, at 2i = 0 the solution with /3y = 0 is marginally 
unstable. On the other hand, the instability at PB is of a different nature as for injection intensities li > 2?® the 


(9.10) 

ij^^, Eq. (19.9L which occurs at 2i = 0, 

(9.11) 
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Fig. 9.2: Steady states of the system on the plane (lijlio). Continuous and dashed lines correspond to stable and unstable 
solutions, respectively. The black and grey lines correspond to the one-mode and two-mode solutions, respectively. 
The parameter values are ct = 3 and (fi = 0, k, — 0.25 in (a) and ipi = tt/S, k = 1 in (b). Notice that for li ^ 0 the 
pitchfork bifurcation where the TEMoi mode is switched on (marked as PB) is the only relevant bifurcation. TPl and 
TP2 denote the turning points (see Figure I^TTI) and HBl and HB2 denote two different Hopf bifurcations (which are 
always preceded by the bifurcations occurring at points TPl and PB, see text). 


one-mode solution is no more stable. As this instability governs the growth of mode HQi{ks',rj_, z) we conclude that 
at PB a pitchfork bifurcation takes place giving rise to a new steady state branch (the two-mode steady state, see 
Section 19. 2. 2D . This instability is analogous to the one predicted in intracavity type II second harmonic generation, 
where the field orthogonal (in the polarization sense) to the injected one is generated at a pitchfork bifurcation 

fT4^ ITMl [T^ [T^ [T^ [T^ IT^ IT^ 

We show in the reminder of the section that TPl and PB are the only relevant instabilities in the 2tmDOPO with 
injected signal. 

As for the second polynomial it is, as commented, the one analyzed in [145] . We summarize next the results of 
that analysis and refer to [145] for the details. When cr > 1 an eigenvalue is null in correspondence with the turning 
point TP2 in Figure 19.11 as usual, but this point (as well as the whole lower and intermediate branches) is already 
unstable as stated above. On the other hand, a pair of complex-conjugate eigenvalues become purely imaginary (then 
with null real part) at an intensity Ix = existing at any value of a, thus signalling a so-called Hopf bifurcation. 
In the case cr > 1 the Hopf bifurcation is located on the upper branches in Figure 19.11 and it is then relevant to ask 
if this bifurcation can play a role in the 2tmDOPO with injected signal. The expression for is not analytical 

in general; however in the amplification regime {(fi = 0), = 2 (rt-b cr + 1) > 2 (cr-b 1) = I™, see (19.IIP . As 

> Ix^^, the Hopf bifurcation is always preceded by the pitchfork bifurcation and then the former never comes 
into play (note that for k —0 though). On the other hand a second Hopf bifurcation (HB2) exists 

in the case cr > 1, but it is always located below the upper turning point TPl in Figure IHTT] [145] and then affects 
an already unstable solution. In other words, the Hopf bifurcations of the one-mode solution, which coincide with 
those of the single-mode DOPO with injected signal, are always preceded by other bifurcations genuine of the driven 
2tmDOPO, and then play no role in our case. While we have not extended this analytical proof to arbitrary values of 
ipi, we have convinced ourselves through a numerical study, that its validity is general; The only bifurcations affecting 
the one-mode solution are the turning point bifurcation TPl, and the pitchfork bifurcation PB that gives rise to the 
switch on of the mode 77oi(fcs; t:_L,z). In Figure 1^1^ we exemplify these results for two sets of parameters. 


9.2.2 The two-mode solution 


Next we consider the case Py ^ 0, which is genuine of the present driven 2tmDOPO model. After simple but tricky 
algebra on finds /3o = — exp(2i(/3i) (the intracavity pump intensity |/3o|^ = 1 is clamped as usual in OPOs after a 
bifurcation is crossed). 


± -, tan [ifx -:pi) = - 


— sin(2v9i), 


(9.13) 
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Fig. 9.3: X™ as a function of the injected field phase tp for the indicated values of a, see (19.1111 . Above this value of the injected 
intensity the non-injected TEMqi mode is switched on. Note that for a > 1 and (^ = 7r/2 there is no threshold for the 
generation of the TEMqi mode. 


with the constrain {ipx — Xi) ^ [~f > f ] i 


li 4(7^ , 2 r. 

-/x — ^ I sin 2^i, 

ly = ^ sin^ 2(pi — 2 [1 + cr cos 2(^i]. 

4 Xi 


(9.14a) 

(9.14b) 


Note that the phase of the mode iJoi(fcs; r_Lj -z), ts-ke any of two opposite values (this residual discrete symmetry 

survives even with the injection of the TEMio mode), see (19.131) : in other words, the sign of jdy can be either, as usual 
in DOPOs above threshold. 

For this solution to exist ly must be a positive real —note that Ix > 0 always, as follows from (I9.14ap — . From 
(I9.14b[) the condition ly > 0 is seen to be equivalent to Ix > Ix^ or, alternatively, li > I?®, as expected: At the 
pitchfork bifurcation the two-mode solution is born. 

In Figure 1^31 we show the dependence on ipi of I?® for several values of a. In the absence of pump (tr = 0) I?® 
is independent of the injection’s phase (pi as no reference phase exists in this case. For a 0 the threshold has a 
maximum in the case of amplification {ipi = 0) and a minimum in the case of attenuation {pi = 7r/2). Interestingly, this 
minimum is zero when the external pump is above the free-running 2tmDOPO threshold (ct > 1). These results are 
actually quite intuitive: In the attenuation case, pi = 7r/2, the injected mode Hx (r) is depleted as it has the ‘wrong’ 
phase, a fact that makes easier the amplification of the orthogonal mode HQi(ks',r±, z), while the amplification case 
(/7i = 0 is obviously detrimental for mode i?oi(fcs; rj_, z) as mode Hio{ks', rj_, z) is being amplified. 

This two-mode solution does not correspond to a HG mode as it consists of the superposition of two orthogonal 
HG modes with different amplitudes and phases. Curiously, in the special case (/Sj = 7r/2 and cr = 1, equations (j9.14p 
imply that fix = ii/3y, with /3x = This is also true for any pi value for sufficiently strong injection ![. This 

means that in these cases the emitted mode is a pure LG mode with +1 or —1 0AM, see Fq. (I7.19I1 . which is a 
somewhat unexpected result. 

As for the linear stability analysis of this two-mode solution one gets a sixth order characteristic polynomial for 
the eigenvalue A from which no conclusions can be drawn in general. However in the special cases pi = Q and pi = 7r/2 
the polynomial gets factorized giving rise to two cubic equations of the form 0 = Pi ^2 (A), with 


Pi (A) — A^ + (k + 2) A^ + — (li T 4cr) A + ' 2 ^'’ 


(9.15) 
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Fig. 9.4: Dependence of the optimal noise spectrum Eq. (I9.22bll . on the injected intensity Xi for the four values of the 

injection phase ifii indicated at each figure. For each of g>i, three values of a have been plotted, namely cr = 1 (black), 
1.5 (blue), and 2 (red), which correspond to the upper, middle and lower curves at the left of the maxima, respectively. 
Notice the different scales in each figure. 


and P 2 (A) = Pi (A) =F 4k (cr + 1), where the upper (lower) signs of the polynomials correspond to the case (pi = Q 
{ipi = 7r/2). It is now easy to demonstrate that all eigenvalues have negative real part when Xi > Xf^: By taking 
A = in in the above polynomials one obtains the frequency at the bifurcations (if any) and the values of the injected 
signal strength Xi leading to instabilities. It is easy to see that these bifurcations occur for Xi < Xf^ (where the 
solution does not exist) and hence the two-mode solution is stable within its whole domain of existence. Through a 
numerical study of the characteristic polynomials for arbitrary injection phase pi we have convinced ourselves that 
this conclusion holds always. 


9.2.3 Summary 

In order to have a global picture of the steady states and their stability, what is necessary in order to perform the 
quantum analysis, we summarize the general results obtained up to now. After all, the picture is very simple, see 

Figure in21 

On one hand the one-mode solution (with mode iJoi(fcs; rj_, 2 ) off) is stable from the null injection point li = 0 
till the pitchfork bifurcation point at Xi = X?®. For cr < 1 this comprises the single branch existing between these 
points (Figure I9.1L while for cr > 1 the stable domain extends from the turning point TPl along the upper branch 
till the pitchfork bifurcation point PB (Figure [93J. No other instabilities affect this solution. On the other hand 
the two-mode solution is born at the pitchfork bifurcation point Xi = Xf^ and is stable for any injection intensity 
Xi>xp. 


9.3 Quantum properties of the non-injected mode 

In this section we study the squeezing properties of the system by linearizing the Langevin equations (19.21) . We 
are specially interested in the squeezing properties of the TEMqi mode (as it corresponds to the dark mode in the 
free-running conhguration). Moreover, once we move above the threshold for its classical generation, we expect it to 
approach a coherent state and hence we focus on the region where its mean field is still zero, that is, we focus on the 
one-mode solution (Section 19. 2. II) . 
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As usual, we write Pm = Pm + bm, where the overbar indicates steady state and bm is an order g fluctuation. Then, 
considering the one-mode solution {Py = 0), the equations (19.21) can linearized as 


boa, — '^Oajboa; T (f) 

by = Cyhy + <7 \/^Cl/ I 


where bo^ = col {bo,b^,bx,b+), by = col(6y,6+). 


and the noise vectors read 


r — 
— 


r — 

J^y — 


/ -K 0 -kPx 0_ \ 

0 —K 0 —I'^Px 


V 0 

— 1 Po 

Po -1 


0 -1 

i P*0 


-1 


Cox = col 
Cy = col 


(9.16a) 

(9.16b) 


(9.17a) 

(9.17b) 

(9.18a) 

(9.18b) 


The procedure we follow below is the same we have used elsewhere in the previous chapters: We project quantum 
fluctuations onto the eigenvectors of the Hermitian matrix Cy, as these projections are, up to a constant factor, the 
relevant quadratures of the output TEMqi mode (those that are maximally squeezed or antisqueezed). The eigensystem 
of matrix Cy {Cy ■ = AiW^) comprises the eigenvalues Ai ,2 given in (19.101) and the associated eigenvectors 


wi,2 = 7^2, 


(9.19) 


with ipo given by Eq. (j9.8bll . Defining the projections 


Jj) 

Cy 


= w* - by, we obtain the following decoupled equations 


c«=A,c(/)+gv%4^)(t), (9.20) 

where we defined the standard real white Gaussian noises Cy^’^'^ = {Cy ^ Cy) /v^- It is then trivial to obtain 


y.<Po/2 ^ ^247), = -i42c(4 • 


(9.21) 


After integration of (I9.20p —see Appendix |B] — and substitution into the stationary squeezing spectrum (I6.54|) , we 
obtain 


^out 

p/-out 




= 1 


= 1 - 


4-47o 


(I-/F 0 ) +D2- 

4-\/7o 

(1 + /Fo)Vd2' 


(9.22a) 

(9.22b) 


The only quadrature that can be perfeetly squeezed (l/°“* = 0) is at D = 0 when /q = 1 (quadrature Xy°^'^ 

exhibits antisqueezing). According to (19.81) and (I9.6|l this happens only in two cases: Either at the turning point TPl 
(li = 0, no injection, where there exists perfect squeezing because of the rotational symmetry breaking occurring in the 
free-running 2tmDOPO at any a > 1), or when = I?®, which corresponds to the pitchfork bifurcation where mode 
Hoi{ks]Yo_,z) is switched on. Figure liOl shows the dependence on the injected intensity Xi of the optimal squeezing 
level il = 0), see Eq. (I9.22bl) . for several values of the pump level a and the injection phase 

In terms of the injection’s external power, see (1^31) . (USD and (14.401) , the injection intensity parameter Xi reads 


. Ps 

7s7p 


(9.23) 
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Fig. 9.5: Comparison between the optimum squeezing levels of the 2tmDOPO with injected signal, (black lines, left 

vertical axis), and that of the single-mode DOPO, (grey lines, right vertical axis), as a function of the injected 

intensity 2). We have taken g>i = 80° and two values of n: cr = 1 (full lines) and a = 0.99 (dashed lines). 


where Pp,thr is the usual DOPO threshold pump power, that is, the pump power needed for making the signal field 
oscillate when no injection is used (Ij = 0), which can be found from (14.4011 with Ifp^thrl^ = (7s7p/x)^ as follows 
from the threshold condition cr = 1; Pg is the actual injection power. In usual experiments, when the injected seed is 
used for active locking purposes, Pg is a small fraction of Pp,thr (say 0.001 — 0 . 1 ); this is the reason why we show a 
zoom of the region G [ 0 , 0 . 2 ] in Figure (the enlargement is representative of what happens in the rest of cases 
represented in Figures lOl) . It is remarkable the very small squeezing degradation that the injected field induces in 
the 2tmDOPO model, specially close to attenuation (tpi = 7 r/ 2 ). 

A relevant issue is how this squeezing level compares with the usual single-mode DOPO with injected sig¬ 
nal, whose optimal squeezing level is calculated in |145j . and is in particular given by Eq. (187) in that paper 
under the following substitutions, in order to adapt the expression to our notation: {Aq, Ai, Aq, Ai, P, e, 7 , } —i 
{/3o,/3jV2, 0,0, cr, £,/ \/2, K ^}. This comparison is made in Figure [9.51 where we represent in the same plot the opti¬ 
mal squeezing level both for the 2tmDOPO and the single-mode DOPO with injected signal. That of the single-mode 
DOPO, is shown in the limit k —>■ 00 , which is a common limit from the experimental viewpoint and yields 

its best noise reduction (the 2tmDOPO squeezing level, on the other hand, does not depend on k). As compared with 
the usual single-mode DOPO we observe that the squeezing level of the 2tmDOPO is quite insensitive to the injection 
(note the different scales for both quantities). As well as that, by increasing I, from zero, the squeezing first degrades 
but, in the 2tmDOPO, it improves again unlike the single-mode DOPO case. We want to stress that the squeezing 
level in a single-mode DOPO is highly sensitive to the pumping level cr (only very close to ct = 1 the squeezing is 
high), while in the case of the 2tmDOPO large squeezing levels can be found for any cr. This phenomenon is directly 
related to the rotational symmetry breaking which is the origin of the perfect, noncritical squeezing occurring for any 
cr > 1 for null injection. We can conclude that adding a small injection to a 2tmDOPO could be useful to improve the 
levels of squeezing available with single-mode DOPOs. 










10. TYPE II OPO; POLARIZATION SYMMETRY BREAKING 
AND FREQUENCY DEGENERACY 


In the previous chapters we have studied in depth the phenomenon of spontaneous symmetry breaking via a particular 
example: The rotational symmetry breaking which happens in the transverse plane of a 2tmDOPO (as well as any 
DOPO tuned to an odd family at the signal frequency, as proved in the next chapter). We have analyzed many 
features which are important both from the theoretical and experimental points of view, showing the phenomenon to 
be quite robust. It is then natural to try to generalize the phenomenon to other types of symmetries, in particular 
to symmetries whose associated free parameters are in the polarization or temporal degrees of freedom of the light 
coming out of the OPO. 

In this chapter we introduce the phenomenon of spontaneous polarization symmetry breaking (the temporal one 
will be outlined in the next and final chapter, where we will discuss the outlook of the research developed in this 
thesis). The phenomenon will be analyzed in a system that we already dealt with: The frequency degenerate type II 
OPO introduced in SectionWe will show it to be completely analogous to the 2tmDOPO, just changing the ±1 
orbital angular momentum modes by the two linearly polarized modes within the ordinary and extraordinary axes; 
the free parameter in this case will correspond to a continuous parameter in the polarization ellipse of the outgoing 
signal field. So much as in the 2tmDOPO, we will then be able to define bright and dark polarization modes, and 
rephrase all the properties that we found for them in the 2tmDOPO to the case of the frequency degenerate type II 
OPO. 

The study of this system will also allow us to tackle a major problem in OPOs: It is quite difficult to ensure 
working at exact frequency degeneracy above threshold (both in type I and II), as we already discussed briefly in 
Section lB.1.21 In |157) it was proposed a way of locking the frequencies of the signal and idler modes in type II OPOs 
by introducing a wave-plate with its fast axis rotated respect to the ordinary-extraordinary axes (see also m for the 
quantum analysis of the system and [38) for the experiments); we will show that the same locking can be accomplished 
by injecting an external laser field with the right polarization. 


10.1 Spontaneous polarization symmetry breaking 


In Section 16.41 we already studied the properties of OPOs in which signal and idler are distinguishable, as is the 
case of frequency degenerate type II OPOs, where signal and idler have orthogonal linear polarizations. In that 
section we showed that signal and idler share EPR-like correlations below threshold, which become perfect exactly 
at threshold. Above threshold, we only studied the signal-idler intensity correlations, what we did by neglecting 
the quantum diffusion of their phase difference, arguing that it does not affect the results on intensity correlations 
at all. On the other hand, in Chapter [71 and Section 17.2.21 in particular, we developed a method for studying this 
phase diffusion when analyzing the 2tmDOPO, which actually has the same evolution equations as type II OPOs 
—just compare (17.261) with (16.961) —. In this section we are going to translate all the results found in the 2tmDOPO 
to the frequency degenerate type II OPO, showing how their properties can be interpreted in terms of spontaneous 
polarization symmetry breaking. 

Let us first write the part of the down-converted (signal+idler) field propagating to the right as (Schrodinger 
picture is understood) 


E 


(+) 

DC.- 


(r) = 




leoUsL. 


■ (00Gg -j- eoUi)(7(A:g, 


( 10 . 1 ) 


where we have made the (unrealistic) approximation rig = rii for simplicity, see (I6.29|) : in a moment it will be clear 
that this approximation is not relevant at all, except for some quantitative considerations that we will explain later 
on. 

Taking into account that the classical solution of the system above threshold is given by (16.991) 


/3p = 1, /3s,i = Vcr - Iexp(=FD), 


( 10 . 2 ) 
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where 0 is arbitrary, that is, it is not fixed by the classical equations of motion, the form of the field in the classical limit 
can be obtained by taking the expectation value of (llO.ip and making the correspondence (as,i(t)) = exp(—ia;ot);5s,i/5, 
arriving to 


E 


(+) 

DC,- 


V AeoUsLsg 




,)G(fcs;r_L,z)e 


— iuJot-\-ins ksZ 


oc e{9, ip = 7r/4), 


(10.3) 


where the general parametrization of the polarization vector £{9, ip) is given in (I3.27p . This shows that the down- 
converted field can arise with any of the polarizations depicted in Figure 13.21 that is, polarized along the -|-45° or 
—45° axis, and with arbitrary eccentricity and elicity. Hence, the system posses an invariance related to a polarization 
degree of freedonfl, which is spontaneously broken once the OPO starts emitting the down-converted field, just as 
commented above. 

Just as in the 2tmDOPO, we can thus define a bright polarization mode £(0, ip = 7r/4) = (e“‘®ee -I- e+'®eo)/-\/2 in 
which mean field emission takes place, and a dark polarization mode £{9 7r/2, ip = 7r/4) = —i(e“'®ee — 

which is empty of photons at the classical level. 

As for the quantum properties of the down-converted field, they can also be directly enunciated without the need 
of further calculations by exploiting the analogy with the 2tmDOPO: {i) Quantum noise makes 9, and hence the 
polarization of the bright mode, diffuse (see Section [7.2.2^ : (m) the dark mode has all the properties described in 
Section 17.2.21 and Chapter [SI for example, its Y quadrature —which is the one detected by a local oscillator with 
polarization ide£{9,ip = 7r/4)— is perfectly squeezed irrespective of the system parameters. All these results are then 
in concordance with the general picture of spontaneous symmetry breaking introduced in Section 17.2.11 

This spontaneous polarization symmetry breaking phenomenon was introduced in |35| . where we proposed its 
observation also in a Kerr resonator, where the generation of frequency degenerate cross-polarized twin beams has 
been accomplished without the need of breaking any invariance of the system |159j , as opposed to the state of the art 
in OPOs, see below. 


10.2 From nondegenerate to degenerate operation 

In the previous section we have assumed that the type II OPO works at exact frequency degeneracy. As explained 
in 16.1.21 the phase-matching conditions ensuring that it is the degenerate process the one with larger gain (lowest 
threshold) are quite critical; for example, in the case of [160) . where the authors are able to make the frequency 
difference between signal and idler as small a 150 kHz for a cavity with an 8 GHz free spectral range and a 6 MHz 
linewidth (loss rate), variations of the cavity length on the order of the nanometer can change the oscillation frequencies 
of signal and idler (mode-hopping). 

In practice, this means that it is not possible to work at exact frequency degeneracy without additional locking 
techniques that break the phase invariance of the OPO. The pioneering example of such locking techniques was 
performed by Fabre and collaborators [157111581138) . Their idea was to introduce in the resonator a A/4 plate with its 
fast axis misaligned respect to the extraordinary axis of the nonlinear crystal. For small misalignments, the effect of 
this plate is to introduce a coupling between the signal and idler modes described by the Hamiltonian 

Hp = ih{p,pdsal — ppdlai), (10.5) 

where /ip is some complex parameter. It was then shown in m that in a given region of the parameter space (in 
particular of the detunings of signal and idler) the frequencies of signal and idler get locked to half the pump frequency; 
this OPO is known as the self-phase-locked OPO., which was already tested experimentally in |38) . 

Note that, as mentioned above, this self-locking effect is accomplished by breaking the symmetry {as,ai} —> 
{exp(—i0)as, exp(i0)ai} of the OPO —check that the Hamiltonian (110.51) does not posses this symmetry—, and hence 
a degradation of the signal-idler intensity correlations, as well as of the noncritical squeezing induced by spontaneous 
polarization symmetry breaking described above are to be expected. For example, in |38) the intensity-difference 
fluctuations were reduced by an 89% respect to the vacuum level prior to the introduction of the plate; then, after 
obtaining frequency degeneracy through the self-phase-locking mechanism this noise reduction fell down to a more 
humble 65%. 

^ When ris > ni is taken into account, the situation is similar qualitatively, but not quantitatively. In particular, the polarization of the 
mean field is in this case 

e(^*si,¥’si) = Be exp[-i0si(z)] cosysi-I-Go exp[i0si(z)] sinysi, (10.4) 

with 6 ai( 2 :) = 6— (ns — n\)k^z j'l and tanygi = ynfLf/nfLr, (i^g; S [ 0 , 7 r/ 2 ]). This means that the polarization has still a free parameter, 6 , 
but is more complicated than the one explained in the text. Indeed, owed to 2 :—dependence of 0sii the polarization changes depending on 
the exact longitudinal point that we observe inside the crystal (this is actually a quite expected result, as the crystal is birefringent and 
hence the ordinary and extraordinary components of the field acquire different phases upon propagation through the crystal). 
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Fig. 10.1: Resonance scheme of the type II OPO in which we propose to obtain frequency degeneracy via an external injection 
at the degenerate frequency luq. 


In this section we introduce an alternative frequency-locking mechanism, based on the injection of an external 
beam at the degenerate frequency m- We will call actively-phase-locked OPO to such OPO configuration. The 
model for this system follows from the resonance scheme sketched in Figure 110.11 The signal and idler modes are 
already close to frequency degeneracy |160) and we inject an external laser field at the degenerate frequency loq with 
arbitrary polarization sl = e~'^^ cos(^Lee + e+'®^ sim^neo, see (Id.2711 . In terms of the signal and idler boson operators, 
the corresponding injection Hamiltonian is given by 

Finj-si = '^h{£sal + Siol) exp(-ia;ot) + H.c., (10.6) 

with £s = cosi^l and Si = She~^'^^ sin(/JL, where the injection parameter for the mode with polarization sl 

(which is fed by the whole power Pinj of the injected field) is denoted by fn = \/‘2"fsPini/hidQ exp(i())L). 4>-l is the phase 
of this signal injection relative to the pump injection. 

Moving to the interaction picture defined by the transformation operator 

Uq = exp[HQt/ih] with Hq = fiuJo{2d^pdp + aids + djai), (10-7) 

the master equation of the system can be written as 


dpi 

dt 


-iAsolos+ iAia|'ai+ xdpa|a]'+fpai Tfsoi+£iia|'+H.c.,/3i + ^ ^j{2djpid] - d]djpi - pid]dj), 


( 10 . 8 ) 


where we take 7 s = 7 i as in (I6.92|) . and the detunings Ag = wg — Ws and Ai = Wi — wg are taken as positive by 
convention. As usual, we take £p as a positive real. The stochastic Langevin equations associated to this master 
equation are 


(ip — £'p ^pQ^p 

(10.9a) 

d+ = fp - 7pa+ - xat 

(10.9b) 

as = Ss- (7s + lAs) as + X^pa^ + ^/)^^{t), 

(10.9c) 

d+ = fs - (7s - iAs) a+ + ya+ai + xaj^+(t). 

(10.9d) 

ai=£i- (7s - lAi) tti + xapa+ + y/x^Ci.t): 

(10.9e) 

af = Ei- ( 7 s + iAi)a+ Txap^s + [?^(i)]*, 

(10.9f) 


which are just as (16.931) . but including the parameters associated to the external injection. 

We will be interested only in the classical behavior of the system, as our main intention is to show that signal-idler 
frequency-locking can be accomplished with this scheme. Moreover, we will be working in the 7 p ^ 7 s limit, where 
the pump variables can be adiabatically eliminated. Let us then directly write the classical equations governing the 
evolution of the system in this limit, which are obtained from the Langevin equations by setting the noises and the 
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pump time derivatives to zero, and making the identifications usual, we also redefine time as r = 7 st 

and the coherent amplitudes as 


so that the final equations read 


j3s = gets exp(i0L) and /3i = gai exp(-i0L), 

/3s = -Ss + (cr - /3sl3i)l3*, 

/3i = - (l - iAi) /3i + (a - MOUt, 


where we have defined the parameters 


£s = —I^lI cos((Ol, Ei = — I^lI sin((5L, and Aj = Aj/ys, 
7s 7s 


( 10 . 10 ) 


(10.11a) 

(10.11b) 


( 10 . 12 ) 


while the parameters g and a are defined as usual, see (I6.5dll . Note that this equations are invariant under changes of 
0L, and hence, the dynamics of the system are only sensitive to the parameter ipy of the injection’s polarization. 

In order to get some analytic insight, we are going to simplify the problem to what we will call symmetric configura¬ 

tion of the actively-phase-locked OPO: We assume the detunings to be equal, Ag = Aj = A, and inject with tpL = tt/I 
(arbitrary polarization ellipse along the ±45° axis), so that signal and idler get equally pumped. Eg = e, = \/X. We 
also choose to inject in phase with the pump injection, that is, (j)y = 0. With these simplifications equations (lin.ll|) 
are reduced to 

/3g = - (l ± iA) /3g ± (a - /3gA)/3r, (10.13a) 

A = v^- (l - iA) A ± (^ - (10.13b) 


These equations have the symmetry {/3g —>• A*iA /^s}; what allows us look for symmetric stationary solutions of 
the type 

A = A* = ■/fexp(iiy9). (10.14) 

Note that whenever this solution exists (and is stable), the classical down-converted field emitted by the OPO will be 



4eonsTsff^ 


-i(±-v)e^ + e‘(®^-^)eo)G(fcg; r±, 


(10.15) 


where we have used (110.111 and made the correspondence (dgj(<)) = exp(—iwot)A,i/5- As expected, this corresponds 
to a field oscillating at the degenerate frequency wq. Moreover, the polarization of this field (which is always within 
the ±45° axis) can always be chosen as linear by selecting a proper tuned to Lp. In the remaining of this section we 
study the conditions under which this solution exists and is stable. 

It is completely trivial to show from (110.131) that the intensity I of the symmetric solution satisfies the third order 
polynomial 

I = [(/+ 1 - ct)2 + A^] J, (10.16) 

while its phase (p is uniquely determined from I as 

= arg{/± 1 — (T — iA}. (10.17) 

Now, so much as happened in the previous chapter (see Figure EH), the polynomial (110.161) sometimes has a single 
positive definite solution, while sometimes its three roots are positive definite. By solving the equation dl/dl = 0, it 
is simple to show that the turning points I± have the expression 

I^ = lia-l)±y{a-iy-3A^ 

and hence, they exist only for tr > 1 ± 1 / 3 A. For ct < 1 ± -x/sA the solution is therefore single-valued. 

In order to analyze the stability of this symmetric solution, we will change to a new polarization basis 


(10.18) 
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where Sb corresponds to the polarization mode excited by the symmetric solution (110.141) and ed to its orthogonal, 
that is, to the bright and dark modes of the system. The corresponding coherent amplitudes are written as 

/?b = ^(e-m + e“"A) and (10.20) 

and satisfy the evolution equations 


/3b = v^cos - /3b + AA + (^ - /3b/2 - /3^/2)A, 
A = -v^siny. - A - AA + (fT - Pl/2 - /3^/2)A. 
In this new basis the symmetric solution reads 

A = V^, A = 0, 

and its associated stability matrix is 


-1 - 21 

a — I 

A 

0 

a — I 

-1-2/ 

0 

A 

-A 

0 

-1 

a — I 

0 

-A 

a — I 

-1 


(10.21a) 

(10.21b) 

( 10 . 22 ) 


(10.23) 


The characteristic polynomial of this stability matrix can be factorized into two second order polynomials, namely 
Pi (A) = (A + 1 + cr)^ + A^ — and Pii(A) = (A + 1 — cr + 2/)^ + A^ — The bifurcation diagrams for the different 
parameter regions are shown in Figure 110.21 now we discuss them in depth. 

Let us start by studying the instabilities predicted by the first polynomial, whose roots are given by 

A'± =-{l + a)±VP - A^. (10.24) 

Therefore, the condition Re{A?|_} = 0 can only be satisfied for 

I = ^(1 + (t)2+A2 = JpB. (10.25) 

The fact that the instability appears without imaginary part in the Aj., and it is located in the upper branch of the 
S-shaped curve (IpB > 1+ for any value of the parameters), signals that it corresponds to a Pitchfork bifurcation where 
a non-symmetric stationary solution {A = 6xp(i(/7s), A = •\/A'6xp(i(/7i)} with Ig yf Ii borns (as we have checked 

numerically, see the grey lines in Figure 110.21 This bifurcation is equivalent to the one introduced in the previous 
chapter when studying the effects of a signal injection in the 2tmDOPO, and can be understood as a switching on of 
the dark mode. 

As for the second polynomial, its roots are given by 

a" = cr - 1 - 2/ ± VP - A2. (10.26) 

Note that A(b = 0 for I = I±, that is, the turning points of the S-shaped curve signal an instability. It is then simple 
to check (for example numerically) that the whole middle branch connecting this instability points is unstable, as 
intuition says (see Figures HO.2b . dh 

But A?b has yet one more instability when 

1 =—-— =/hb- (10.27) 

At this instability the eigenvalues become purely imaginary, in particular, A^ = ±iwHB with whb = \J — {a — 1)^/4, 
and hence it corresponds to a Hopf bifurcation. Note that /hb is negative for ct < 1, while whb becomes imaginary 
for cr > 1 + 2A, and hence the Hopf bifurcation only exists in the region 1 < cr < 1 + 2A. It is simple to check that 
/hb is always below /pB and /_; in particular, it borns at / = 0 for cr = 1, and climbs the X — I curve as a increases 
until it dies at I = I- for cr = 1 + 2A (see Figures flO.2b . c.db The portion of the curve with I < /hb is unstable, and 
no stationary solutions can be found there, as the stable states correspond in this case to periodic orbits (as we have 
checked numerically, see Figures Il0.2b .c.d'). This is also quite intuitive because when no injection is present, that is, 
for I = 0, we know that the stable states of the OPO above threshold are the ones with the signal and idler beams 
oscillating at the non-degenerate frequencies Wg = wq + A and wi = wq ~ A, which in the picture we are working on 
means {A('^) oc exp(—iAr), A(t) oc exp(iAr)}. 

This analysis proves that there exist regions in the parameter space where the frequencies of the signal and idler 
beams are locked to the degenerate one, and hence active-locking can be a good alternative to the self-locking technique 
already proposed for type II OPOs [157111581 155] . 
























126 


10. Type II OPO: Polarization symmetry breakingand frequency degeneracy 


(T < 1 1<<T<1+ \/3A 




1 + \/3A < <7 < 1 + 2A 


(7 > 1 -(- 2A 



Fig. 10.2: Bifurcation diagrams of the type II OPO with an injected signal at the degenerate frequency, for the symmetric 
configuration As = — Ai = A and Eb = ei = \fT\ the value A = 0.6 is chosen for all the figures (the same behavior 
is found for any other choice), while we set a to 0.5 in (a), 1.98 in (b), 2.09 in (c), and 2.8 in (d). The black lines 
correspond to the intensity I of the stationary symmetric solution (110.141) . the solid or dashed character of the lines 
meaning that this solution is stable or unstable, respectively. The upper and lower grey solid lines correspond to the 
values of |/3bp/2 and |,5d|^/2, respectively, that is to half the intensity of the bright and dark (only showed in the 
a < 1 case) modes; these lines have been found numerically, and show how above the pitchfork bifurcation (marked 
as PB in the figures) the symmetric solution (110.141) becomes unstable, and a new asymmetric solution is born. As 
explained in the text, for cr > 1 it is possible to find periodic solutions connecting the 7=0 axis with the Hopf 
bifurcation (marked as HB in the figures); we have checked numerically that this periodic orbits exist, and moreover 
they are “symmetric”, that is, /3s(t) = I3*{t). The grey circles correspond to the mean value of |/3a|^ (half the sum 
between its maximum and its minimum of oscillation). Note that stable stationary solutions and periodic orbits 
coexist for 1 + %/3A < a < 1 + 2A. Note also that after the Hopf bifurcation is extinguished (cr > 1 + 2A) the 
periodic orbits are connected directly to the upper turning point of the S-shaped curve (it is to be expected that 
periodic orbits connecting the upper and lower turning points exist but become unstable when cr > 1 + 2A, although 
we haven’t checked it numerically yet). 

































11. DOPOS TUNED TO ARBITRARY TRANSVERSE FAMILIES 


So far we have studied DOPOs tuned to a fundamental TEMqo mode fSection l6.3l) and to the first family of transverse 
modes at the signal frequency (Section 17.2.21 and Chapters [5] and [S]) . The former was introduced as an example of a 
system showing bifurcation squeezing, while we proposed the later as a playground where studying the phenomenon 
of noncritical squeezing induced by spontaneous symmetry breaking. It is then natural to generalize the study to a 
DOPO tuned to an arbitrary family of transverse modes at the signal frequency, and this is what this final chapter is 
intended to do. We remind that a given family, say family /, posses / + 1 transverse modes having orbital angular 
momenta {±/, ±(/— 2),..., ±/o}, with Iq equal to 0 for even families and 1 for the odd ones, so that the part signal field 
propagating along +6^ can be written in the Laguerre-Gauss basis as (from now on all the sums over I are assumed 
to run over the set I G {/, / — 2,..., Iq}) 


^ ^ ail^(/-|i|)/2,i (fcs; r±, z) 


( 11 . 1 ) 


hence, for / > 2 this DOPO has more than one parametric down-conversion channel available, that is, a pump photon 
can decay into any pair of opposite angular momentum signal photons. Armed with the things that we have learned 
so far (bifurcation squeezing, pump clamping, and spontaneous symmetry breaking), the properties of such system 
will be quite intuitive; in fact, this is the system in which we originally predicted the phenomenon of OPO clamping 
[29] that was introduced in a general way in Section 17.11 

What is interesting about this particular implementation of a multi-mode DOPO that we may call f-transverse- 
family DOPO is that, as we will show in Section 111.41 by tuning the thickness of the pump mode (what can be done 
by using monolithic designs in which the cavities for the pump and signal modes are independent, or singly-resonant 
OPOs) one can find many transverse modes with large levels of squeezing, hence creating a highly nonclassical and 
multi-mode beam. 


11.1 The model 

As in the previous cases, the general model for intracavity down-conversion that we developed in Section 16.21 covers 
also the configuration that we are dealing with in this chapter. In particular, the down-conversion Hamiltonian can be 
obtained by particularizing (16.421) to the current scenario in which the set of transverse modes resonating at the signal 
frequency is the corresponding to the Laguerre-Gauss modes {L{f-i)/2,±i [k] •2^)}ie{/,/-2,...,Jo}- Denoting by Sp and 

ai the annihilation operators for pump photons and signal photons with orbital angular momentum /, respectively, we 
get 

H = —OpaJaV+H.c., (11-2) 

V 1 + ^o.i 


where 


Xl — 3(cxiel(2^0; Wo, Wo)< 


IvjJq 


^+oo 


2eanlLl 


rdrG{kp; r) 


opt ^ 0 


7^! 


(/-0/2 


{ks-,r) 


1 2 


(11.3) 


Note that the larger is the 0AM of the down-converted pair, the smaller is the overlapping between the square 
of TZ’'^j_iy 2 {ks',r) and the Gaussian pump profile G{kp;r), what comes from the fact that the modes are thicker the 
larger their angular 0AM is, and hence the following ordering of the couplings holds 


Xf < Xf-2 <■■■ <Xloy 


(11.4) 


that is, the lowest 0AM modes are the ones coupled more strongly to the pump. 
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11. DOPOs tuned to arbitrary transverse families 


The master equation associated to the /-transverse-family DOPO in a picture rotated to the laser frequency and 
in which everything is assumed to be resonant reads then 


dpi 

dt 


E 


1 + dot 


+ £pal + H.c., pi 


+ E 7j(2djMj - dja^pi-Mjdj); 

t=p,±* 


(11.5) 


now, assuming that all the signal modes have the same loss rate 7 s, we can map this master equation into the following 
Langevin equations within the positive P representation; 


= £.- 


p 7pQ;p 


-E 


XI 


1 + dot 


«? = ^■p - 7pap - E Y 

i 


XI 


o-ia-i, 




-a, a 


Oo,i 


i 


ai = -JsCXl + XlOipOiti + y/XlO^p^l (t), 

al = -7sa+ + Xia+ a-i + \Jxiat^t (t), 

a-i = -7sa-i + XiO-pO!^ + y/Xio^p^i (t), 
ati = -IsOiti + Xiotpai + \Jxiat (0] * i 

where all the various complex noises satisfy the usual statistical properties (16.9411 and are independent. 
As usual, we now rewrite the equations in terms of the following normalized variables 


T = 7st, Po{t) = 


Xlo 


7sV7p/7j 




arriving to 


Pp = K 


■ - /3p - E 


n 




Qij) = 


Pifi-i 


/3+ = K 


-/3p-E 


1 + ^1 


0,1 




Pi = -Pi + riPpP:Pi + 5\/n/3p0('r), 

P^ = -P^ + riP^P-i + 9\JnPtCt [t), 

P-i = -P-i + riPpPl + y/napCiir), 

Pli = -Pli + riP+Pi + [Cj+(r)] * , 

where in this case the parameters are defined as 


(11.6a) 

(11.6b) 

(11.6c) 

(11.6d) 

(11.6e) 

(11.6f) 


(11.7) 


(11.8a) 

(11.8b) 

(11.8c) 

(11.8d) 

(11.8e) 

(11.8f) 


K = 7p/7s, cr = Xio^p/7p7s, 9 = Xio/\/7p7s, n=Xi/xio- (11-9) 

Note that 0 < n < 1, where the equality holds only for I = Iq. 

It will be convenient for future purposes to remind that instead of the Laguerre-Gauss basis, one could describe 
the system through the Hybrid Laguerre-Gauss modes {I^- 7 /_;)/ 2 ,; (^sl rj_,-z)}fY {//-2 io}’ (13.491) . For I = 0 the 
HLG and LG modes coincide and are rotationally symmetric, while for / ^ 0 the HLG modes have a well defined 
orientation in the transverse plane (see Figure lT5ll . The annihilation operators for HLG photons are related to the 
LG ones by 

ac,i = {d+i + d-i)/V2, ds,i = i{d+i - d-i)/V2. ( 11 . 10 ) 


11.2 Classical emission 

Based on the phenomenon of pump clamping that we introduced in Section [7.11 it is completely trivial to understand 
the classical behavior of the /-transverse-family DOPO; let’s see this. 
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/ = 0 

/ = 2 

• 

• 

/ = 1 

/ = 3 

% 

% 

% 

% 


Fig. 11.1: Transverse profile of the signal field above threshold when the DOPO is tuned to the different families at the signal 
frequency. 


The solution with the ±/ couple of 0AM modes switched on requires a > to exist; hence, the process involving 
the lowest 0AM modes ±/o is the one with the lowest oscillation threshold, which is obtained for cr = 1. As ct 
increases all the injected power is transferred then to the ±/o couple, while the pump mode gets clamped to its value 
at threshold; the rest of the signal modes remain then switched off and feel that the DOPO is frozen at ct = 1. 

Being more specific, the system has only two types of classical solutions: The below threshold solution 


/3p = (T, /3i = 0 v;, 

which is stable for cr < 1, and the above threshold solution, which reads 


^p = l, ,9o = ±v'2(a-l), ^±,=0W^0, 

for even families, and 

/3p = 1, /3±i = A/CT^^exp(=Fi6'), 

with 9 arbitrary, for odd families. 

Above threshold, the corresponding classical down-converted fields will be 


Htl (r) = i 

E^tl (r) = i 


I hu!s{(7 1) . 

I 2eon.L^g^ ^eLf/2,o{h,r^,z)e 

/ ^s(g’ ~ 1) V , r ,, (Ic ■ r fh — 9 p-i^ot+irisfcsZ 


( 11 . 11 ) 


( 11 . 12 ) 


(11.13) 


(even) 


(odd) 


for even or odd families, respectively. The transverse profiles of these classical fields are plotted in Figure fTl.il for the 
first four transverse families. It can be appreciated that for even families the field preserves the rotational symmetry of 
the system, as T// 2 ,o (^s; r^, z) is rotationally symmetric in the transverse plane. On the other hand, for odd families 
the field takes the form of a HLG mode with I = 1 and arbitrary orientation in the transverse plane, and hence the 
phenomenon of spontaneous rotational symmetry breaking appears in this case. 
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N 

2 

4 

6 

8 

10 

12 

2 

88.9 






4 

96.0 

49.0 





6 

98.0 

71.0 

18.1 




8 

98.8 

81.6 

36.8 

5.6 



10 

99.2 

87.4 

51.4 

14.7 

1.6 


12 

99.4 

90.9 

62.1 

24.9 

5.1 

0.4 



3 

5 

7 

9 

11 

13 

3 

75.0 






5 

88.9 

33.1 





7 

93.8 

55.6 

10.8 




9 

96.0 

69.1 

24.9 

3.1 



11 

97.2 

77.6 

38.0 

9.1 

0.9 


13 

98.0 

83.0 

49.0 

16.6 

3.0 

0.2 


Fig. 11.2: Percentage of noise reduction for the nonamplified hybrid modes I yf lo lying in even (left table) and odd (right table) 
families. Note that large levels of squeezing are obtained for the lower angular momentum modes. 


11.3 Quantum properties 


Armed with all the background that we have learned in the previous chapters, the quantum properties of the /- 
transverse-family DOPO are as intuitive as the classical properties that we just found. First, remember that the 
dynamics of non-amplified down-conversion channels are decoupled (within the linearized theory) from the properties 
of the classically excited modes, and then we can discuss their properties separately. 

For even families, the I = 0 mode will behave as the signal field of the single-mode DOPO, that is, it shows 
bifurcation squeezing. In particular, its Y quadrature is perfectly squeezed at zero noise frequency only at threshold, 
the squeezing level degrading as one moves far above or below this instability point (see Section 15751) . 

For odd families, the I = ±1 modes behave as the signal modes of the 2tmDOPO, that is, their properties can be 
understood in terms of noncritical squeezing induced by spontaneous rotational symmetry breaking. Concretely, one 
can show that the orientation of the classically excited HLG mode diffuses with time driven by quantum noise, while 
the Y quadrature of the mode orthogonal to this one, Ys,(/-i)/ 2 ,i r^cj) — 9, z), is perfectly squeezed irrespective of 
the system parameters above threshold (see Section [7221) ■ the properties that we have studied in Chapters [8] and 
M concerning the phenomenon of spontaneous symmetry breaking also apply to this case. 

As for the modes with I ^ Zqi let us change to the HLG basis in order to formulate their quantum properties. The 
three-wave-mixing Hamiltonian (111.21) can be rewritten in this basis as 

= ift^xzop /2 + H.c., (11.15) 

l^lo 


where we have not considered the lowest angular momentum modes, as their properties have been already discussed. 
Once the threshold ct = 1 is reached, these modes feel the DOPO as frozen at that point no matter how much we keep 
increasing a. Hence, and given that the Hamiltonian in the HLG basis is a combination of down-conversion channels 
of indistinguishable pairs of photons, just as the case studied in Section 17.1.11 we can directly asses that the noise 
spectra of the different modes will be 

y°“*(A,,q D) = D) = ^ (11.16a) 

(1 - nfjpy + 

("1 - riB 

H-*(F,,;D) = H°"*(y.,z;D) = i-7 / - , (11.16b) 

(1 + n/3p)^ + 


see (I7.15L and hence, all the {Fj,(/-;)/ 2 ,i (^s) rj_, I 0 + 2 } uiodes have squeezing on their Y quadrature; in 

particular, the maximum levels of squeezing are obtained above threshold (/3p = 1) and at zero noise frequency (D = 0), 
and read 


D = 0) = D = 0) 


(1 + n)^' 


(11.17) 


Recall that as long as ri > 0.5, this expression predicts more than 90% of noise reduction. Moreover, by defining the 
integral 


h 


[(/- 0 / 2 ]! 
[(/ + 0 / 2 ]! 



due 


-2«^^2i+l 


L 


U-l)/2 



(11.18) 
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pump mirrors 



Fig. 11.3: Monolithic design in which the cavities for the pump and signal fields are independent. The pump (signal) mirrors 
are made completely transparent for the signal (pump) frequencies. 


in terms of which the nonlinear couplings are written as (remember that vo^/wl = Ap/Ag = 1/2) 

3 L ' " 


XI = o—xiel(2wo;wo,wo). 


8^q 


n^eonlLl 


c-*-^opt 


the actual ratios ri can be evaluated for the different modes as 


(11.19) 


ri = h/hT, ( 11 - 20 ) 

in the tables of Figure 111.21 we show the noise reduction obtained for the different 0AM pairs of the first families. 
Notice that the largest squeezing levels occur for large values of / and small values of 1. 

It is to be remarked that both the Hybrid mode yc,(f-i)/ 2 ,i (^si rj_, z) and its orthogonal 1/ (^si rj_, z) have 
the same squeezing properties. This means that the orientation of the mode is irrelevant, as an hybrid mode rotated 
an arbitrary angle respect to the x axis, which is given by 

Yc,u-i)/ 2 ,i iIj,z) = (fc^; r_L, z) cosiV' + A;.(/- 0 / 2 ,i ih;r±,z)smlilj, (11-21) 

also has the same squeezing properties. This is in clear contrast to the perfectly squeezed mode in the I = 1 case 
which has not an arbitrary orientation but is orthogonal to the classically excited mode at every instant. 


11.4 Tuning squeezing through the pump shape 


In this last section of the chapter we would like to discuss how we can take ri closer to one (and hence increase the 
squeezing levels of the non-amplified modes) by modifying the shape of the pump mode. 

The idea comes from the following fact. The only difference between the nonlinear couplings (111.311 of the different 
0AM pairs is the three-mode overlapping integral 
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(fr±G{kp] r±,z = 0)L(/_q/2,Kfcs; r±, z = 0)Ly_iy2,iiks; r_L, 2 = 0 ); 

( 11 . 22 ) 


now, if instead of the Gaussian profile G(kp] rj_, z = 0) the pump mode had a simple plane profile, that is, G{kp\ r^, z = 
0) —?► C yf C'(rx), the integral in the RHS of this expression would be transformed into the normalization of the 
Laguerre-Gauss modes, and hence all the modes would have the same nonlinear coupling to the pump field. 

It is true that having a completely homogeneous pump profile is not possible because it is not physical. However, 
what we can actually do is design an OPO configuration in which the spot size of the pump mode exceeds the value 
Wp = Ws /obtained when the pump and signal fields are resonating within the same cavity, which was the situation 
considered in the previous sections. 

An obvious way of doing this is by using a singly-resonant DOPO, in which the cavity mirrors are completely 
transparent at the pump frequencies; was this the case, one could pump the crystal with a Gaussian mode of arbitrary 
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Fig. 11.4: Dependence of the rations ri on the ratio between the spot sizes of the pump and signal modes, p. The insets show 
how the threshold of the system changes with p. 


thickness (or whatever shape one wanted!), as the pump does not have to match the profile of any mode resonating 
in the cavity at the pump frequency. The drawback of this configuration is that pump photons pass through the 
nonlinear crystal only once (single-pass down-conversion), and hence the threshold of the system is increased (see 

e.g., [I30]). 

In Figure [Tl.31 we sketch another configuration based on semi-monolithic OPOs which is interesting for the same 
purposes but in which both pump and signal are resonating. An OPO is said to be semi-monolithic if one of the faces 
of the nonlinear crystal acts itself as one of the mirrors of the cavity, what is accomplished by treating that face with 
an appropriate reflecting coating. Now, if we use one face of the crystal as a mirror for the pump, and the opposite 
face as a mirror for the signal as shown in Figure Hi.31 the cavities for the pump and signal fields become independent, 
and we can tune the spot size of the pump and signal Gaussian modes independently. 

Let us then assume that we can tune the ratio between the thickness of the pump and signal modes at will, and 
define the parameter p = Wp/ws. Under these conditions, and following (lll.lflp . the nonlinear couplings can be written 
as 
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where now 
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(11.24) 


and we have assumed that the lengths of the pump and signal cavities are similar. In Figure [Tl.41 we show how the 
ratios ri (p) = Ii (p) / (p) change with p; note that p does not need to be really big in order for ri to approach unity 
(in fact, remember that with ri > 0.5 we already find squeezing levels above 90%). 

Of course, we should worry about what happens with the threshold of the system when changing the relation 
Wp = Ws/V^- In particular, the ratio between the power needed to make the signal field oscillate for an arbitrary p, 
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and that for p = l/-\/2 is given by 


^th(p) 


PM 
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(11.25) 


as follows from H4.40L (I11.9L and (111.231) . This expression is plotted in the insets of Figure 111.41 for the different 
families. These figures show that the changes in the threshold are quite reasonable, and moreover, the threshold is 
even lowered respect to the p = case for small enough ratios p. 
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12. CONCLUSIONS AND OUTLOOK 


12.1 Summary of the original research on OPOs 

This thesis has been devoted to the study of some new properties of optical parametric oscillators (OPOs). Such 
devices consist of an optical cavity embedding a second order nonlinear crystal, which, when pumped with an external 
laser beam at frequency Wp = 2wo, is able to generate light at frequencies Wg and Wj such that Wp = uig + uii, through 
the process of parametric down-conversion (the Wp, lUs, and Wj fields are called, respectively, pump, signal, and idler). 
The down-conversion process is known as degenerate when the signal and idler modes have the same frequency wq, 
and type I when they have the same polarization (if they are generated in orthogonal, linearly polarized modes, we 
talk then about type II down-conversion). 

As stressed in the Introduction, the first two-thirds of the dissertation have consisted on a self-contained discussion 
about the basic physics behind these devices. Here we would like to remark the following well known properties of 
OPOs (see Section [1.2.II for an extensive summary of this introductory part): 

• From a classical point of view, the interplay between parametric down-conversion and cavity losses forces the 
pump power (denoted along the thesis by the dimensionless parameter cr) to go above some threshold level 
(cr = 1) in order to make the signal-idler fields oscillate. Hence, at cr = 1 the system shows a bifurcation in 
which the OPO passes from a steady state with the down-converted fields switched off, to a new steady state in 
which these are switched on (much like in the laser). 

• Working with type I, degenerate down-conversion, we simply talk about a degenerate OPO (DOPO). If in 
addition the signal and idler modes are generated with in the same transverse mode (typically a TEMqo mode), 
we talk about a single-mode DOPO. It is possible to show that in such system the down-converted field is in 
a squeezed state, that is, one of its quadratures has fluctuations below the vacuum (shot noise) level. However, 
this squeezing is only large when working close to the bifurcation: We say that it is a critical phenomenon. 

• When the down-converted photons are distinguishable in frequency or/and polarization, we have shown that 
the joint state of the signal and idler modes corresponds to an entangled state in which these share correlations 
which go beyond what is classically allowed. Again, the entanglement level is large only when working close to 
threshold. 

However, in this case there is one highly squeezed observable at any pump level above threshold: The signal-idler 
intensity difference. We say then that signal and idler are twin beams, as they have perfectly correlated photon 
numbers. 

These well known results were the starting point of the research developed in this thesis; in the remaining of this 
section we make a summary of the main original results that we have found (numbering of this list follows the chapters 
and sections of the dissertation): 

[71 In the first completely original chapter we have introduced the concept of multi-mode OPO as that having 
several down-conversion channels available for a single pump mode. We have argued that this is actually the 
natural way in which OPOs operate, either because it is impossible to forbid the existence of other transverse 
modes close to the one in which we would like to operate, or because the phase matching curve is wide enough 
as to include more than a single signal-idler frequency pair. 

We have then introduced two phenomena characteristic of multi-mode OPOs, phenomena which are considered 
by the PhD candidate as the most important contribution of the thesis: Pump clamping and spontaneous 
symmetry breaking. As we explain now, their main interest is that they offer new means for generating squeezed 
(or entangled) light, with the incentive that the squeezing is noncritical, that is, independent of the system 
parameters. 

17.11 Let us first explain the key points describing the phenomenon of pump clamping: 




136 


12. Conclusions and outlook 


* In general, the different down-conversion channels of the multi-mode OPO will have different thresh¬ 
olds, depending these on the coupling to the pump, the detuning, and the loss rates of the modes 
involved in the particular process. 

+ Classically, only the channel with the lowest threshold can be amplihed, that is, the processes with 
higher thresholds remain switched off no matter how much we increase cr. 

* What is interesting is that once the lowest threshold mode is generated, the non-amplified modes feel as 
if the OPO was frozen at the bifurcation, even if we change the actual pump injection. This applies also 
to their quantum properties, that is, the modes of the non-amplified channels will have the squeezing 
or entanglement that they are supposed to have below their oscillation threshold, irrespective of the 
system parameters. 

Hence, our first prediction has been that, above threshold, apart from the bright signal-idler modes which 
behave as the ones in the single-channel OPO (bifurcation squeezing or entanglement), the output of a 
general OPO has a lot more signal-idler pairs with some squeezing or entanglement, their actual levels de¬ 
pending on the distance between their thresholds and the lowest threshold of the system (the true threshold). 

[7211 We have introduced the basic idea behind spontaneous symmetry breaking in an abstract way as follows: 

* Suppose that we work with an OPO which is invariant under changes of some continuous degree of 
freedom of the down-converted field, say e, which we have denoted by “free parameter” all along the 
dissertation. Above threshold, the down-converted field, say E£(r, t) —we explicitly introduce the free 
parameter in the field—, is not zero, and when the OPO starts emitting it, a particular value of the 
free parameter is chosen according to the particular fluctuations from which the field is built up. We 
say that e is chosen through spontaneous symmetry breaking. 

* Let’s think now about what quantum theory might introduce to this classical scenario. First, as 
variations of the FP do not affect the system (what mathematically is reflected in the appearance of a 
Goldstone mode in the matrix governing the linear evolution of the system, that is, a mode with null 
eigenvalue), quantum noise is expected to make it fluctuate without opposition, eventually making it 
become completely undetermined. 

* Then, invoking now the uncertainty principle, the complete indetermination of a system’s variable allows 
for the perfect determination of its corresponding momentum, meaning this that we could expect perfect 
squeezing in the quadrature selected by the local oscillator —i9(:E(:(r, t) in an homodyne detection 
scheme. 

* Finally, as this process relies only on the generation of the down-converted field, this perfect squeezing 
is expected to be independent of the distance to threshold, as long as we are above the bifurcation 
point. 

The first proof of such an intuitive reasoning was offered through the study of a DOPO with plane mirrors 
[30l [31] , where transverse patterns as well as cavity solitons have been predicted to appear above threshold 
pTifns) . hence breaking the translational symmetry of the system. Most of the present thesis has been 
devoted to study several aspects of the phenomenon of spontaneous symmetry breaking, but we have 
designed a much more simple (and realistic) DOPO configuration for that matter. 

17. 2. 2181 The system we have used to study in depth the phenomenon of spontaneous symmetry breaking is a DOPO (hence 
signal and idler have the same frequency and polarization) pumped by a TEMqo mode, and whose cavity is tuned 
so that the first family of transverse modes resonates at the down-converted frequency. Under this circumstances 
the down-converted photons are created in opposite orbital angular momentum (0AM) Laguerre-Gauss modes, 
and, consequently, we have called two-transverse-mode DOPO (2tmD0P0) to this system. 

Let us summarize now the main results that we have found in this system. 

17.2.21 In connection with the general picture of l7.2.11 these are the properties of the system: 

* A weighted superposition of two ±1 Laguerre-Gauss modes can be seen as a TEMio mode, whose ori¬ 
entation in the transverse plane is given by half the phase-difference between the underlying Laguerre- 
Gauss modes. Hence, owed to the rotational invariance of the cavity, classical emission takes place 
in a TEMio mode with an arbitrary orientation in the transverse plane (mathematically this is clear 
because the 2tmD0P0 classical equations are invariant against changes in the relative phase between 
the Laguerre-Gauss modes). 
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Hence, once the threshold is crossed and the orientation is chosen according to the particular initial 
fluctuations, the rotational symmetry is spontaneously broken, and we can talk about a bright mode 
(the generated one which breaks the symmetry) and a dark mode (the mode orthogonal to the generated 
one). 

* Quantum noise is able to make the bright TEMio mode rotate randomly in the transverse plane. 
Mathematically, this is reflected in the appearance of a Goldstone mode in the matrix governing the 
linear evolution of the fluctuations above threshold. The null eigenvalue of this mode allows quantum 
noise to change the orientation of the bright mode without opposition. Though continuously increasing 
with time, this rotation of the classically excited pattern is quite slow when working above threshold. 

* As for the squeezing properties, it has been proved that the bright mode has the same behavior as 
the single-mode DOPO, i.e., large levels of squeezing appear only close to threshold. On the other 
hand, accompanying the Goldstone mode it appears another mode whose associated eigenvalue takes 
the minimum possible value (—2). 

Together, the Goldstone mode and the maximally damped mode are responsible of the remarkable 
properties of the dark mode: Its Y quadrature is perfectly squeezed at any pump level above threshold, 
while its X quadrature carries only with vacuum fluctuations (in apparent violation of the uncertainty 
principle). 

This is in full agreement with the abstract picture of the phenomenon offered in l7.2.Il as the dark mode 
coincides (up to a 7r/2 phase) with the 0AM of the bright mode. 

18.11 We have proved that the apparent violation of the uncertainty principle is just that, apparent, as the 
conjugate pair of the squeezed quadrature is not another quadrature but the orientation of the bright 
mode, which in fact is completely undetermined in the long time term. 

O Next we have pointed out that in order to measure the quantum properties of the dark mode via homodyne 
detection, one has to use a TEMio local oscillator that is perfectly matched to the orientation of this mode 
at any time. However, the mode is rotating randomly, which seems to make impossible the perfect matching. 
For this reason we have studied the situation in which the local oscillator is matched to the dark mode’s 
orientation only at the initial time, remaining fixed during the detection time. 

We have shown that arbitrarily large levels of noise reduction can be obtained even in this case if the phase 
of the local oscillator is exactly 7r/2. We then considered phase deviations up to 2° (1.5° seems to be the 
current experimental limit mm, comparing the results with those predicted for the single-mode DOPO; 
similar levels are obtained for both, with the advantage that in the 2tmD0P0 this level is independent of 
the distance from threshold, and hence, noncritical. 

ESI We have also shown that the assumptions made in order to analytically solve the problem are not the 
responsible for the quantum properties of the dark mode. In particular, we have used numerical simulations 
to show that these analytic predictions coincide with those of the complete nonlinear stochastic equations 
describing the system. 

E In this chapter we have studied the classical and quantum dynamics of the 2tmD0P0 when a TEMio beam is 
injected at the signal frequency. This study was motivated by experimental reasons: On one hand, this injection 
is customarily used in real DOPOs to stabilize the cavity, so that, in particular, the signal resonance is locked to 
the desired value (active locking); on the other, in the 2tmD0P0, and given that down-conversion is a stimulated 
process, we think that the injection of a TEMio mode could also lock the orientation of the bright mode, what 
seems highly recommendable from the detection point of view. 

These are the main results that we have found: 

19.21 Let’s start with the classical dynamics. For signal injections below some threshold, the system posses a 
unique, stable solution in which the TEMqi (the non-injected mode) remains switched off. However, above 
this injection threshold both the TEMio and TEMqi modes become populated. Hence, the system posses 
a new bifurcation linked to the switching on of the non-injected mode. 

This bifurcation is present for any a, and in particular it exists also for (7 = 0, when the DOPO runs as a 
second harmonic generator (as in this case the 2a;o field is generated from the wq injection); of course in 
this case the threshold is independent of the injection’s phase, as there is no other phase reference. For 
tr > 0 this is no longer the case: The threshold is maximum (minimum) when the signal injection is in 
phase (anti-phase) with the pump injection. 

Surprisingly, working in anti-phase and when cr > 1, there is no threshold for the generation of the TEMqi 
mode. On the other hand, in the in-phase case there exists a clear threshold below which the bright mode 
is locked to the injected TEMiq mode, just as we wanted to prove. 
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19.31 As for the quantum properties, we have proved that the TEMqi mode has large levels of squeezing in all 
the region below their generation threshold, hence proving that the TEMio injection does not degrade too 
much the squeezing capabilities of the 2tmDOPO. 

This insensitivity to the injection (in particular we have proved that it is far much insensitive to the injection 
than the single-mode DOPO, the configuration customarily used in experiments) comes from the fact that 
the TEMqi mode shows perfect squeezing at the instability point leading to its activation. 

[ini In this chapter we have studied type II OPOs tuned to the TEMqq mode for all the frequencies involved in the 
down-conversion process. We had a twofold intention: 

110.11 On one hand, we wanted to generalize the phenomenon of spontaneous symmetry breaking to the polar¬ 
ization degrees of freedom of light. In particular, we have shown that when the down-conversion process 
is also frequency degenerate, the system is isomorphic to the 2tmDOPO, where the role of the opposite 
orbital angular momenta are now played by the orthogonal linear polarizations of the signal-idler modes. 
We have then proved that the behavior expected after the general reasoning of Section f?. 2. II applies: Clas¬ 
sical emission takes place in an elliptically polarized mode, and the free parameter of this system (the 
relative phase between signal and idler) is related now to the eccentricity of the corresponding polarization 
ellipse; quantum noise is responsible for a diffusion process of this polarization parameter, which eventually 
becomes completely undetermined; the Y quadrature of the dark mode, which in this case consists on the 
mode orthogonally polarized to the bright one, has perfect squeezing at any pump level above threshold. 

110.21 However, we have pointed out that in real experiments it seems not possible to obtain frequency degeneracy 
in OPOs. In the case of type II operation, frequency degeneracy can be obtained by introducing a birefrin- 
gent element inside the cavity (self-phase-locked type II OPOs), but this breaks the polarization symmetry 
of the system, hence destroying the phenomenon of spontaneous symmetry breaking. Nevertheless, we have 
argued that a residual squeezing should be present after this explicit symmetry breaking, and that it was 
actually observed (but not interpreted a residue of the symmetry breaking) some years ago [38] . 

We then show that frequency degeneracy might as well be obtained by injecting an external laser beam at 
the degenerate frequency (actively-phase-locked type II OPOs). Moreover, we have studied the complete 
bifurcation diagram of this system in the simple case of having opposite detunings for the signal and idler 
modes, showing that there are regimes in which stationary solutions coexist with periodic orbits. 

EH Motivated by the fact that we already studied DOPOs tuned to the fundamental TEMqq mode at the subharmonic 
(single-mode DOPOs), as well as DOPOs tuned to the first family of transverse modes (2tmDOPOs), in the last 
original chapter of the thesis we have studied what happens when the DOPO is tuned to an arbitrary family 
of transverse modes at the signal frequency. Note that family / contains Laguerre-Gauss modes with orbital 
angular momenta {±/, ±(/ — 2), ...,±/q}, with Iq equal to 0 for even families and 1 for the odd ones. 

The results have been actually very intuitive based on the phenomena that we studied in the previous chapters. 
In particular: 

111.21 Given that the lowest orbital angular momenta of the family are the ones which couple the strongest to the 
pump (so that they have the lowest threshold), they will be the ones classically amplihed above threshold, 
while the rest of modes will remain switched off. 

For even families this means that the bright mode will consist in a 0 0AM mode, and hence the rotational 
symmetry of the system will be preserved; on the other hand, the bright mode for the case of odd families 
will consist in a superposition of two ±1 0AM modes (a Hybrid Laguerre-Gauss mode), and hence the 
rotational symmetry will be spontaneously broken. 

111.31 As for the quantum properties, they are very simple to guess as well. First, and given that the dynamics of 
the non-amplified modes decouple from the ones of the amplihed ones, the 0 0AM mode of the even-family 
case will behave as the signal held of the single-mode DOPO (bifurcation squeezing); similarly, the ±1 
0AM modes of the odd-family case will behave as the ones in the 2tmDOPO (the Hybrid Laguerre-Gauss 
mode generated above threshold and its orthogonal will behave, respectively, as the bright and dark modes 
of the 2tmDOPO). 

On the other hand, and this is the most relevant result, the properties of the higher 0AM modes are 
dictated by the phenomenon of pump clamping, that is, the Hybrid Laguerre-Gauss modes associated to 
the opposite 0AM modes will show noncritical squeezing, the particular squeezing levels depending on the 
distance of their corresponding thresholds to that of the lowest 0AM modes. 
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111.41 In the last section of the chapter we have shown that the thresholds of the higher 0AM modes can be 
brought closer to that of the lowest 0AM modes by pumping with a TEMqo mode wider than the one 
expected for the doubly resonant cavity (in particular, in the limit of infinite transverse thickness of the 
pump, the couplings of these to the different 0AM pairs become all equal). We have suggested that this 
might be implemented either by using singly resonant DOPOs (in which the cavity is transparent at the 
pump frequency, and therefore the shape of the pump can be arbitrary), or by using clever monolithic cavity 
designs in which the pump and signal cavities become independent. 

This offers the possibility to generate multi-mode beams with a large number of squeezed modes within it, 
what could be interesting for quantum information protocols requiring multipartite entanglement (quantum 
correlations shared between more than two parties). 

12.2 Outlook 

There are several ideas related to the research summarized in the previous section which we have started to analyze, 
but which I have decided not to in include in the main text either because they are not completely developed, or just 
to keep the dissertation at a reasonable size. This section is devoted to summarize some of these ideas. 


12.2.1 Temporal symmetry breaking 

In the thesis we have studied the phenomenon of noncritical squeezing generated via spontaneous symmetry breaking 
by means of examples involving spatial and polarization degrees of freedom. It is then natural to try generalizing 
the phenomenon to the last kind of degrees of freedom that light can hold: the temporal ones. Time is a very subtle 
variable in quantum mechanics, and hence it seems interesting to find out whether our general reasoning introduced 
in Section [7. 2. II applies to symmetries involving it or not. 

The idea can be explained as follows. Suppose that we work with an OPO which posses in some parameter region 
a dynamic mean field or classical solution (in the sense that the intensity of the field is not stationary, contrary to 
most of the examples that we have analyzed in the thesis); assume for simplicity that the solution is periodic. Now, 
as the classical equations of the OPO are invariant under time translations, the periodic solution can start at any 
point of its allowed values. We then expect quantum noise to make this parameter fluctuate randomly, eventually 
making it become completely undetermined; physically, this means that in the long time term, it won’t be possible 
to determined at which point of its oscillation the mean field is. Based on the results found for the spatial and 
polarization symmetries, it seems interesting to analyze whether a local oscillator with the temporal profile of the 7r/2 
phase-shifted time derivative of the bright field will measure perfect, noncritical squeezing in some quadrature of the 
field coming out of the cavity. 

We have already analyzed these ideas in one of the most simple temporal instabilities that can be found in OPOs: 
The temporal instability associated to second harmonic generation. In particular, it is simple to show that when only 
the degenerate signal field is pumped externally, there exists a threshold value of this injection at which the stationary 
solution becomes unstable through a Hopf bifurcation. Therefore, for injected intensities above this threshold, the 
solution becomes time dependent, and in particular periodic when working close enough to the bifurcation. We advance 
that, unfortunately, the general reasoning explained above does not seem to apply to this case, that is, the squeezing 
of the 7r/2 phase-shifted time derivative of the bright field is not perfect, as happens in the case of spontaneous spatial 
or polarization symmetry breaking. 

We believe that the problem lies in the fact that the instability of the stationary solution leading to the periodic 
solutions involves not only the signal field, but also the pump field (that is, the eigenvectors of the stability matrix 
have projections both onto the pump and signal subspaces), and it is well known that the pump mode never has large 
squeezing in OPOs. 

In this sense, the actively-phase-locked OPO introduced in Section 110.21 seems a perfect candidate, in particular 
in the parameter region where non-stationary, periodic solutions exist (see Figure [ins, as in this case the pump 
fluctuations are completely decoupled from the signal-idler fluctuations as long as one works in the adiabatic limit 
7 p ^ 7 s (a limit that cannot be taken in second harmonic generation because then the Hopf bifurcation goes to infinity, 
and the stationary solution becomes stable for finite external injection). 

What makes the actively-phase-locked OPO even a more suited candidate for the study of this phenomenon, is 
that it connects directly with the free-running OPO when no injection at the degenerate frequency is present (1 = 0 
in the notation of Chanter IIOII . and hence, one knows what to expect at that exact point. 

We have just started the analysis, and then hope to offer new results soon enough. 
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12.2.2 Self-phase-locked two-transverse-mode type II OPO 

In order to study in depth the phenomenon of noncritical squeezing induced by spontaneous symmetry breaking, we 
have made extensive use of the two-transverse-mode DOPO, in which signal and idler are degenerate in frequency 
and polarization, but have opposite orbital angular momenta. Even though there is nothing fundamental preventing 
experimentalists to operate OPOs in such configuration, it is quite hard to ensure that this particular down-conversion 
channel wins the nonlinear competition, and then in real experiments frequency-degeneracy might not be possible to 
achieve. 

However, we believe to have found a way to bring the phenomenon of spontaneous symmetry breaking to observable 
grounds. The idea is to work with a type II non-degenerate OPO tuned to the first family of transverse modes at the 
signal and idler frequencie^, and then use the self-phase-locking mechanism introduced at the beginning of Section 
II().2l to lock the signal and idler frequencies to the degenerate one |I5711158I Id8) : we believe that a residual continuous 
symmetry in the orbital angular momentum degree of freedom of signal and idler will be present, and hence in the 
frequency locking region one should be able to study the phenomenon of spontaneous rotational symmetry breaking. 

In order to show explicitly how this is so, let us reason from the Hamiltonian of the system. Let us denote by as,±i 
and ai_±i the annihilation operators for signal and idler photons with ±1 orbital angular momentum, respectively. 
The parts of the Hamiltonian corresponding to the down-conversion process and the mixing induced by the A/4 plate 
misaligned respect to the extraordinary axis of the nonlinear crystal can be written for this configuration as 

Hdc = i%ap(as,+ia|' _i -f aj -f H.c. (12.la) 

Hp = ife(as,+ia]’+;^ -|- -I- H.c.. (12.Ib) 

As in the case in which the OPO is tuned to the fundamental Gaussian modes at the signal-idler frequencies |1571 
imisH], we expect Hp to be able to lock the frequencies of signal and idler to the degenerate in a certain parameter 
region. On the other hand, there is a continuous symmetry still present in these Hamiltonian terms, namely 

{fts,-1-1, a-s.-ijOi,-1-1,0,-1} ( 12 . 2 ) 

i 

{exp(-i6>)as,+i,exp(i6>)as-i,exp(-i6l)ai,+i,exp(i6>)ai,_i}, 

and hence, the phenomenon of spontaneous symmetry breaking should still be present in the system. 

In simple terms, we believe that the polarization degree of freedom will allow us to make OPO become frequency 
degenerate through the self-phase-locking mechanism, while the extra orbital angular momentum degree of freedom 
will allow for the existence of a residual continuous symmetry in the system, which will be spontaneously broken above 
threshold once the mean field is switched on. 

We have already started the analysis of this idea, although it might take a while to understand the parameter 
region where frequency locking is present, as the classical equations related to the system involve six modes, and are 
therefore hard to extract information from. 


12.2.3 Effect of anisotropy 

Another thing that we have been studying is how robust is the phenomenon of squeezing induced by spontaneous 
symmetry breaking against imperfections of the system’s symmetry, what feels important as no perfect symmetry is 
present in real physical systems. Note that we have already answered this question partly, as in Chapter [S] we studied 
the 2tmDOPO with an injected signal beam which explicitly breaks the rotational symmetry of the system, showing 
that the squeezing levels of the dark mode can still be very large for reasonable injection intensities. This is the 
main reason why, in an effort to save some space in an already lengthy dissertation as this is, we have decided not to 
introduce the detailed study of symmetry imperfections in the main text; nevertheless, let us spend now a few words 
on how we have made this analysis, and what new interesting features of the phenomenon of spontaneous symmetry 
breaking can we learn from it. 

As usual, we have used the 2tmDOPO as the platform where studying symmetry imperfections. In particular, 
we have considered two sources of anisotropy in the transverse plane which might actually appear in experiment^ 

^ This system, but under the assumption of frequency degeneracy, was recently studied in the context of hyperentanglement, that is, 
entanglement between two independent degrees of freedom (polarization and orbital angular momentum in this case) of signal and idler 

mi- 

^ In the original paper where we considered the 2tmDOPO we already showed the robustness of the phenomenon by allowing the 
TEMio and TEMqi modes to have different damping rates through the partially transmitting mirror. However, while mathematically this 
anisotropy model is very easy to handle, physically it is no justified why these modes could have different damping rates. 
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First, we have allowed the mirrors to not be perfectly spherical, in particular taking them as ellipsoids with some finite 
ellipticity. Then, we have allowed the nonlinear crystal to be misaligned respect to the cavity axis, what may not only 
correspond experimental imperfections, but may even be interesting in order to achieve angular phase-matching (see 
Section 16.1.21) . 

We have already developed the 2tmDOPO model including this sources of anisotropy, and we are currently trying 
to find the best way to characterize the robustness of squeezing against the degree of anisotropy. A preliminary, not 
exhaustive inspection of the resulting squeezing spectrum of the dark mode shows that, as expected, still large levels 
of noise reduction can be found for a reasonably large degree of anisotropy. 

Concerning new physics, the most interesting feature that can be studied in this context is how the phase difference 
9 between the Laguerre-Gauss modes (that is, the orientation of the bright TEMio mode) gets locked as the anisotropy 
increases, and the relation of this locking to the loss of squeezing in the dark mode. Our preliminary analysis shows 
that the variance of 9, which is infinite in the long time term when the rotational symmetry in the transverse plane is 
perfect, see (17.421) . becomes finite when the anisotropy kicks in; of course, this variance tends to zero as the anisotropy 
increases, what means that the bright and dark modes get locked to a certain orientation in the transverse plane. 
Similarly, the noncritical squeezing of the dark mode, which can be perfect when no anisotropy is present, see (I7.45d|l . 
is degraded as the anisotropy increases. What we are trying to understand now is if the scaling of this squeezing 
degradation with the degree of anisotropy is the same as that of the 0’s variance, what will be a further prove of the 
canonical relation existing between 9 and the quadratures of the dark mode (see Section HH). 
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APPENDIX 



A. QUANTUM DESCRIPTION OF PHYSICAL SYSTEMS 


The purpose of this appendix is the introduction of the fundamental laws (axioms) of quantum mechanics as are used 
throughout this thesis. In an effort to make this thesis as self-contained as possible, the Hamiltonian formalism of 
classical mechanics (which is needed to fully understand and motivate the transition to quantum mechanics), as well 
as the theory of Hilbert spaces (which is the fundamental mathematical language in terms of which quantum theory 
is formulated), are briefly exposed. 


A.l Classical mechanics 

The framework offered by quantum mechanics is far from intuitive, but somehow feels reasonable once one understands 
the context in which it was created. This aims to understand (i) the theories which were used to describe physical 
systems prior to its development, and (ii) the experiments which did not fit in this context. 

In this section we make a brief introduction to classical mechanicf0, with emphasis in analyzing the Hamiltonian 
formalism and how it treats observable magnitudes. We will see that a proper understanding of this formalism is 
needed to make the transition to quantum mechanics. 


A. 1.1 The Lagrangian formalism 

In classical mechanics the state of a system is specified by the position of its constituent particles at all times, 
U (^) = [U (^) ’ 2/i (0 j (^)] with j = 1, 2,..., JV, being N the number of particles. Defining the linear momentum of 
the particles as Pj = rrijfj (rrij is the mass of particle j), the evolution of the system is found from a set of initial 
positions and velocities by solving the Newtonian equations of motion P^- = F^-, being F^- the forces acting onto particle 

j- 

Most physical systems have further constraints that have to fulfil (for example, the distance between the particles 
of a rigid body cannot change with time, that is, jr^ — r;| = const), and therefore the positions ^ are no 

longer independent, what makes Newton’s equations hard to solve. This calls for a new, simpler theoretical framework: 
the so-called analytical mechanics. 

In analytical mechanics the state of the system at any time is specified by a vector q (t) = [gi {t) ,q 2 (t) , ...,qn (t)]; 
n is the number of degrees of freedom of the system (the total number of coordinates, 3Y, minus the number of 
constraints), and the g^’s are called the generalized coordinates of the system, which are compatible with the constraints 
and related with the usual coordinates of the particles by some smooth functions q(rj) {r^ (q)}j^i In the 
following, we will call coordinate space to the space formed by the generalized coordinates, and q (t) a trajectory on it. 

The basic object in analytical mechanics is the Lagrangian, L [q [t) , q (t), t], which is a function of the generalized 
coordinates and velocities, and can even have some explicit time dependence. In general, the Lagrangian must 
be built based on general principles like symmetries; however, if the forces acting on the particles of the system 
are conservative, that is, Fj = VjY[{ri};=i_..._Ar] = [dxjV,dy.V,dz,jV) for some potential U[{rz};=i,...,Ar], it takes 
the simple form L = T (q, q) — H (q), being T(q, q) = iA) /‘^ the kinetic energy of the system and 

V (q) = U[{rj (q)}j=i.....n]- The dynamic equations of the system are then formulated as a variational principle on 
the action 

S = [ dtL[q{t) ,q{t) ,t], (A.l) 

Jti 

by asking the trajectory of the system q (t) between two fixed points q (H) and q (^ 2 ) to be such that the action is an 
extremal, SS = 0. From this principle, it is straightforward to arrive to the well known Euler-Lagrange equations 


dL d dL 
dqj dt dqj 


(A.2) 


^ For a deeper lecture concerning this topic we recommend Goldstein’s book Esa, as well as Greiner’s books HMlfTMl 
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which are a set of second order differential equations for the generalized coordinates q, and together with the conditions 
q(ti) and q(t 2 ) provide the trajectory q(t). 


A. 1.2 The Hamiltonian formalism 


As we have seen, the Euler-Lagrange equations are a set of second order differential equations which allow us to find 
the trajectory q (t) on coordinate space. We could reduce the order of the differential equations by taking the velocities 
q as dynamical variables, arriving then to a set of 2n first order differential equations. This is, however, a very naive 
way of reducing the order, which leads to a non-symmetric system of equations for q and q. In this section we review 
Hamilton’s approach to analytical mechanics, which leads to a symmetric-like first order system of equations, and is 
of major importance to understand the transition from classical to quantum mechanics. 

Instead of using the velocities, the Hamiltonian formalism considers the generalized momenta 



(A.3) 


as the dynamical variables. Note that this definition establishes a relation between these generalized momenta and 
the velocities q(q, p) p(q, q). Note also that when the usual Cartesian coordinates of the system’s particles are 
taken as the generalized coordinates these momenta coincide with those of Newton’s approach. 

The theory is then built in terms of a new object called the Hamiltonian, which is defined as a Legendre transform 
of the Lagrangian, 

H (q, p) = pq (q, p) - L [q, q (q, p) , t], (A.4) 

and coincides with the total energy for conservative systems, that is, H (q, p) = T (q, p) -|- E (q), with T (q, p) = 
T[q,q(q,p)]. Differentiating this expression and using the Euler-Lagrange equations (or using again the variational 
principle on the action), it is then straightforward to obtain the equations of motion for the generalized coordinates 
and momenta (the canonical equations), 



and 



(A.5) 


which together with some initial conditions {q(to) ,p(io)} allow us to find the trajectory {q(t) ,p(t)} in the space 
formed by the generalized coordinates and momenta, which we will call phase space. 

Another important object in the Hamiltonian formalism is the Poisson bracket', given two functions of the coordi¬ 
nates and momenta F (q, p) and G (q, p), their Poisson bracket is defined as 


r p ri - V 

^ dqj dpj dpj dqj ■ 


(A.6) 


The importance of this object is reflected in the fact that the evolution equation of any quantity g (q, p, 
written as 


dt 


{g.H} 


dt’ 


t) can be 


(A.7) 


and hence, if the quantity doesn’t depend on time and eommutes with the Hamiltonian, that is, its Poisson bracket 
with the Hamiltonian is zero, it is a constant of motion. 

Of particular importance for the transition to quantum mechanics are the fundamental Poisson brackets, that is, 
the Poisson brackets of the coordinates and momenta. 


Uj,Pi} = Sjh Uj,gi} = {Pj^Pi} = 0 - 


(A.8) 


A.1.3 Observables and their mathematical structure 

In this last section concerning classical mechanics, we would like to explain the mathematical structure in which ob¬ 
servables are embedded within the Hamiltonian formalism. We will show that the mathematical objects corresponding 
to physical observables form a well defined mathematical structure, a real Lie algebra. Moreover, the position and 
momentum will be shown to be the generators of a particular Lie group, the Heisenberg group. Understanding this 
internal structure of classical observables will give us the chance to introduce the quantum description of observables 
in a reasonable way. Let us start by defining the concept of Lie algebra. 
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A real Lie algebra is a real vector space0 C equipped with an additional operation, the Lie product, which takes 
two vectors / and g from C, to generate another vector also in C denoted by {/, g}; this operation must satisfy the 
following properties: 

1- {f ,9 + h} = {/, g} + {/, h} (linearity) 

2- {/,/} = 0 ^ = _ {gjj (anticommutativity) 

3- {/, {g, h}} + {g, {h, /}} + {h, {/, g}} = 0 (Jacobi identity) 

Hence, in essence a real Lie algebra is basically a vector space equipped with a linear, non-commutative, non- 
associative product. They have been subject of study for many years, and now we know a lot about the properties 
of these mathematical structures. They appear in many branches of physics and geometry, specially connected to 
continuous symmetry transformations, whose associated mathematical structures are actually called Lie groups. In 
particular, it is possible to show that given any Lie group with p parameters (like, e.g., the three-parameter groups 
of translations or rotations in real space), any transformation onto the system in which it is acting can be generated 
from a set of p elements of a Lie algebra {gi, g 2 , ■■■, gp}, called the generators of the Lie group, which satisfy some 
particular relations 

p 

{9j,9k} = '^Cjkigi; (A.9) 

1=1 

these relations are called the algebra-group relations, and the structure constants Cjki are characteristic of the particular 
Lie group (for example, the generators of translations and rotations in real space are the momenta and angular 
momenta, respectively, and the corresponding structure constants are Cju = 0 for the translation group and Cju = 
iCjki for the rotation groujU). 

Coming back to the Hamiltonian formalism, we start by noting that observables, being measurable quantities, must 
be given by continuous, real functions in phase space; hence they form a real vector space with respect to the usual 
addition of functions and mnltiplication of a function by a real number. It also appeared naturally in the formalism a 
linear, non-commutative, non-associative operation between phase space functions, the Poisson bracket, which applied 
to real functions gives another real function. It is easy to see that the Poisson bracket satisfies all the requirements of 
a Lie product, and hence, observables form a Lie algebra within the Hamiltonian formalism. 

Moreover, the fundamental Poisson brackets (IA.8I) show that the generalized coordinates q and momenta p, 
together with the identity in phase space, satisfy particular algebra-group relations, namel}0 {Qj^Pk} = Sjk 1 and 
1| = {pj, 1} = 0, and hence can be seen as the generators of a Lie group; this group is known as the Heisenberg 
grou;^. 

Therefore, we arrive to the main result of this section: 


[The mathematical framework of Hamiltonian mechanics associates physical observables with elements of a Lie 
algebra, being the phase space coordinates themselves the generators of the Heisenberg group.] 


Maintaining this structure for observables will help to develop the laws of quantum mechanics. 


^ The concept of complex vector space is defined in the next section; the definition of a real vector space is the same, but changing 
complex numbers by real numbers. 

^ Ejki is the Levi-Civita symbol, which has ei 23 = ^312 = ^231 = 1 and is completely antisymmetric, that is, changes its sign after 
permutation of any pair of indices. 

Ordering the generators as {q, p, 1}, the structure constants associated to this algebra-group relations are explicitly 


f + l L ^ — 1; 2, ..., 2tI 

^ 0 j = 2n + 1 or fc = 2n + 1 


(A.IO) 


being = j Onxn Hxn with Inxn and Onxn fhe nx n identity and null matrices, respectively. 

\ J^nXn Utixti J 

^ This group was introduced by Weyl when trying to prove the equivalence between the Schrodinger and Heisenberg pictures of quantum 
mechanics. It was later shown to have connections with the symplectic group, which is the basis of many physical theories. 

We could have taken the Poisson brackets between the angular momenta associated to the possible rotations in the system of particles 
(which are certainly far more intuitive transformations than the one related to the Heisenberg group) as the fundamental ones; however, 
we have chosen the Lie algebra associated to the Heisenberg group just because it deals directly with position and momenta, allowing for 
a simpler connection to quantum mechanics. 
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A.2 The mathematical language of quantum mechanics: Hilbert spaces 

Just as classical mechanics is formulated in terms of the mathematical language of differential calculus and its ex¬ 
tensions, quantum mechanics takes linear algebra (and Hilbert spaces in particular) as its fundamental grammar. In 
this section we introduce the concept of Hilbert space, and discuss the properties of some operators which will play 
important roles in the formalism of quantum mechanics. 

A.2.1 Finite-dimensional Hilbert spaces 

In essence, a Hilbert space is a complex vector space in which an inner product is defined. Let us define first these 
terms as will be used in this thesis. 

A complex vector space is a set V, whose elements will be called vectors or kets and will be denoted by {|a), |Ii), |c),...} 
(a, b, and c may correspond to any suitable label), in which the following two operations are defined: the vector addi¬ 
tion, which takes two vectors |a) and |6) and creates a new vector inside V denoted by |a) -|- |6); and the multiplication 
by a scalar, which takes a complex number a € C (in this section Greek letters will represent complex numbers) and 
a vector |a) to generate a new vector in V denoted by a |a). 

The following additional properties must be satisfied: 

1. The vector addition is commutative and associative, that is, |a) -I- \b) = \b) |a) and (|a) -|- \b)) |c) = |a) -|- 

m + \c)). 

2. There exists a null vector \null) such that |a) -I- \null) = |a). 

3. a (|a) -I- \b)) = a\a) a \b). 

4. (a -I- /3) |a) = a\a) P |a). 

5. (a/3) |a) = a(/3|a)). 

6. I |a) = |a). 

From these properties it can be proved that the null vector is unique, and can be built from any vector |a) as 0 |a); 
hence, in the following we denote it simply by \null) = 0. It can also be proved that any vector |a) has a unique 
antivector |—a) such that |a) -I- |—a) = 0, which is given by (—1) |a) or simply — |a). 

An inner product is an additional operation defined in the complex vector space V, which takes two vectors |a) 
and \b) and associates them a complex number. It will be denoted by (a\b) or sometimes also by (|a), |6)), and must 
satisfy the following properties: 

1. (a|a) > 0 if |a) ^ 0. 

2. {a\b) = {b\a)*. 

3. (|a), a |6)) = a{a\b). 

4. (|a), \b) -h |c)) = {a\b) + (a|c). 

The following additional properties can be proved from these ones: 

• {null \null) = 0. 

• (a|a),|6)) =a*(a|6). 

• (|a) + 1^): |c)) = (a|c) + {b\c). 

• \{a\b)f < {a\a){b\b) 

Note that for any vector |a), one can define the object (a| = (|a), •), which will be called a dual vector or a bra, 
and which takes a vector \b) to generate the complex number (|a), |6)) G C. It can be proved that the set formed by 
all the dual vectors corresponding to the elements in V is also a vector space, which will be called the dual space and 
will be denoted by V’'". Within this picture, the inner product can be seen as an operation which takes a bra (a| and 
a ket |6) to generate the complex number {a\b), a bracket. This whole bra-c-ket notation is due to Dirac. 
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In the following we assume that any time a bra (a| is applied to a ket |6), the complex number {a\b) is formed, so 
that objects like |&)(a| generate kets when applied to kets from the left, (|fo)(a|) |c) = ((a|c)) |6), and bras when applied 
to bras from the right, (c| (|^)(a|) = ((c|6)) (a|. Technically, |6)(a| is called an outer product. 

A vector space equipped with an inner product is called an Euclidean space. In the following we give some important 
definitions and properties which are needed in order to understand the concept of Hilbert space: 

• The vectors {|ai), [ 02 ),|am)} are said to be linearly independent if the relation ai |ai)+Q :2 \a 2 ) + ---+Oim lom) = 

0 is satisfied only for oi = 02 = = otm = 0, as otherwise one of them can be written as a linear combination 

of the rest. 

• The dimension of the vector space is defined as the maximum number of linearly independent vectors, and can 
be finite or infinite. 

• If the dimension of an Euclidean space is d < 00 , it is always possible to build a set of d orthonormal vectors 

^ 2 d satisfying {ej\ei) = dp, such that any other vector |a) can be written as a linear superposition 

of them, that is, |a) = being the a^’s some complex numbers. This set is called an orthonormal 

basis of the Euclidean space V, and the coefficients Oj of the expansion can be found as Oj = (e^ja). The column 
formed with the expansion coefficients, which is denoted by col (ai, 02 ,..., a^), is called a representation of the 
vector I a) in the basis E. 

Note that the set E+ = 2 d is an orthonormal basis in the dual space V"*", so that any bra (a| can be 

expanded then as (a| = (^il- The representation of the bra (a| in the basis E corresponds to the row 

formed by its expansion coefficients, and is denoted by (a*, 02 ,..., a*). Note that if the representation of |a) is 
seen as a d x 1 matrix, the representation of (a| can be obtained as its 1 x d conjugate-transpose matrix. 

Note finally that the inner product of two vectors |a) and |6) reads {a\b) = when represented in the 

same basis, which is the matrix product of the representations of (a| and |6). 

For finite dimension, an Euclidean space is a Hilbert space. However, in most applications of quantum mechanics 
(and certainly in quantum optics), one has to deal with infinite-dimensional vector spaces. We will treat them after 
the following section. 


A.2.2 Linear operators in Unite-dimensional Hilbert spaces 

We now discuss the concept of linear operator, as well as analyze the properties of some important classes of operators. 
Only finite-dimensional Hilbert spaces are considered in this section, we will generalize the discussion to infinite¬ 
dimensional Hilbert spaces in the next section. 

We are interested in maps L (operators will be denoted with throughout the thesis) which associate to any 
vector |a) of a Hilbert space H another vector denoted by L |a) in the same Hilbert space. If the map satisfies 

L(a|a)+/3|6)) = aL|a)+/3T|6), (A.II) 

then it is called a linear operator. For our purposes this is the only class of interesting operators, and hence we will 
simply call them operators in the following. 

Before discussing the properties of some important classes of operators, we need some definitions: 

• Given an orthonormal basis E = {\ej)}j_^ ^ ^ Hilbert space H. with dimension d < 00 , any operator L has a 

representation; while bras and kets are represented by c? x 1 and 1 x d matrices (rows and columns), respectively, 
an operator L is represented by a d x d matrix with elements Lp = {\ej) ,L |e;)) = (e^j L \ei). An operator L 
can then be expanded in terms of the basis E as L = i=i ki) follows that the representation of 

the vector \b) = L |a) is just the matrix multiplication of the representation of L by the representation of |a), 
that is, bj = J2i=i Lpai. 

• The addition and product of two operators L and K, denoted by L + K and LK, respectively, are defined by their 
action onto any vector \a): {L + K) |a) = L\a) +K |a) and LK |a) = L{K |a)). It follows that the representation 
of the addition and the product are, respectively, the sum and the multiplication of the corresponding matrices, 
that is, {L + k)p = Lp + Kp and {Lk)p = J2k=i LjkKki- 

• Note that while the addition is commutative, the product is not in general. This leads us to the notion of 
commutator^ defined for two operators L and k as [L,k] = Lk — kL. When [A, i^] = 0, we say that the 
operators commute. 
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• Given an operator L, its trace is defined as the sum of the diagonal elements of its matrix representation, that 

is, tr{L} = It may seem that this definition is basis-dependent, as in general the elements Ljj are 

different in different bases. However, we will see that the trace is invariant under any change of basis. 

The trace has two important properties. It is linear and cyclic, that is, given two operators L and K, tT{L+K} = 
tr{L} + tr{i^} and ti:{LK} = tr{KL}, as is trivially proved. 

• We say that a vector |/) is an eigenvector of an operator LiiL\l)=\ |/); A £ C is called its associated eigenvalue. 
The set of all the eigenvalues of an operator is called its spectrum. 


We can pass now to describe some classes of operators which play important roles in quantum mechanics. 

The identity operator. The identity operator, denoted by I, is defined as the operator which maps any vector 
onto itself. Its representation in any basis is then Iji = Sji, so that it can expanded as 

d 

I = (A.12) 

i=i 

This expression is known as the completeness relation of the basis E; alternatively, it is said that the set E forms a 
resolution of the identity. 

Note that the expansion of a vector \a) and its dual (a| in the basis E is obtained just by application of the 
completeness relation from the left and the right, respectively. Similarly, the expansion of an operator L is obtained 
by application of the completeness relation both from the right and the left at the same time. 

The inverse of an operator. The inverse of an operator L, denoted by L~^, is defined as that satisfying 
L-^L = LL-^ = I. 

An operator function. Consider a real function / (i) which can be expanded in powers of a; as / (a;) = 
given an operator L, we define the operator function f{L) = X]m=o/mA™, where L"* means the 
product of L with itself m times. 

The adjoint of an operator. Given an operator L, we define its adjoint, and denote it by L\ as that satisfying 
{\a),L\b)) = (Lf |a), |6)) for any two vectors |a) and \b). Note that the representation of U corresponds to the 
conjugate transpose of the matrix representing L, that is = L*y Note also that the adjoint of a product of two 

operators K and L is given by {KLY = U. 

Self-adjoint operators. We say that H is a self-adjoint if it coincides with its adjoint, that is, H = W. A 
property which will be shown to be of major importance for the construction of the laws of quantum mechanics is that 
the spectrum d ^ self-adjoint operator is real. Moreover, its associated eigenvectors!! 2 d 

form an orthonormal basis of the Hilbert space. 

The representation of any operator function f{E[) in the eigenbasis of Ef is then 
follows 

d 

f{H)=J2f{hj)\hj){h,\. (A.13) 

i=i 

This result is known as the spectral theorem. 

Unitary operators. We say that ?7 is a unitary operator if W = U~^. The interest of this class of operators is 
that they preserve inner products, that is, for any two vectors |a) and \b) the inner product (U |a), U |6)) coincides with 
(a|6). Moreover, it is possible to show that given two orthonormal bases E = {\ej)}j^^ 2 d ~ iWj)} 3 = 1 , 2 ,..,d^ 

there exists a unique unitary matrix U which connects them as {\e'j) = U \ej)'\j=i^ 2 ,..,d, and then any basis of the 
Hilbert space is unique up to a unitary transformation. 

We can now prove that the trace of an operator is basis-independent. Let us denote by trjL}^; the trace of an 
operator L in the basis E; the trace of this operator in the transformed basis can be written then as tT{L}E> = 

® We will assume that the spectrum of any operator is non-degenerate, that is, only one eigenvector corresponds to a given eigenvalue, 
as all the operators that appear in this thesis have this property. 


f{H) = f (hj) Sji, from which 
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tr{WLU} e, or using the cyclic property of the trace and the unitarity of U, tT{L}E' = tT{UU^L} = tT{L}E, which 
proves that the trace is equal in both bases. 

Note finally that a unitary operator U can always be written as the exponential of i-tiines a self-adjoint operator 
H, that is, U = exp{iH). 

Projection operators. In general, any self-adjoint operator P satisfying = P is called a projector. We 
are interested only in those projectors which can be written as the outer product of a vector |a) with itself, that is, 
Pa = |a) (a|; when applied to a vector \b), this gets projected along the ‘direction’ of |a) as Pa \b) = {{a\b)) \a). 

Note that given an orthonormal basis E, we can use the projectors Pj = \e.j) {ej\ to extract the components 
of a vector |c) as Pj |c) = Cj \ej). Note also that the completeness and orthonormality of the basis E implies that 
Pj = I and PjPi = SjiPj, respectively. 

Density operators. A self-adjoint operator p is called a density operator if it is positive semidefinite, that is 
(a| p |a) > 0 for any vector |a), and has unit trace. 

The interesting property of density operators is that they ‘hide’ probability distributions in the diagonal of its 
representation. To see this just note that given an orthonormal basis E, the self-adjointness and positivity of p ensure 
that all its diagonal elements {pjj}j^i ^ d either positive or zero, that is, pjj > 0 Vj, while the unit trace makes 

them satisfy Pjj ~ 1- Hence, the diagonal elements of a density operator have all the properties required by a 
probability distribution. 

It is possible to show that a density operator can always be expressed as a statistical or convex mixture of projection 
operators, that is, p = l®fc) where = 1 and the vectors {\ak)'\^^i are normalized to one, but 

don’t need not to be orthogonal (note that in fact M doesn’t need to be equal to d). Hence, another way of specifying 
a density matrix is by a set of normalized vectors together with some statistical rule for mixing them. When only one 
vector |a) contributes to the mixture, p = |a)(a| is completely specified by just this single vector, and we say that the 
density operator is pure] otherwise, we say that it is mixed. 

A.2.3 Generalization to infinite dimensions 

As shown in the thesis (see Chapters [2] and [3]) , the natural Euclidean space for quantum optics is infinite-dimensional. 
Unfortunately, not all the previous concepts and objects that we have introduced for the finite-dimensional case are 
trivially generalized to infinite dimensions; in this section we discuss this generalization. 

The first problem that we meet when dealing with infinite-dimensional Euclidean spaces is that the existence of 
a basis {\ej)}j^.^ 2 which any other vector can be represented as |a) = l®i) ^^t granted. The class of 

infinite-dimensional Euclidean spaces in which these infinite but countable bases exist are called Hilbert spaces, and 
are the ones that will be appearing in quantum mechanics. 

The conditions which ensure that an infinite-dimensional Euclidean space is indeed a Hilbert space can be found 
in, for example, reference [165) . Here we just want to stress that quite intuitively, any infinite-dimensional Hilbert 
spac 43 is isomorphic to the space called P ( 00 ), which is formed by the column vectors |a) = col(ai, 02 ,...) where the 
set {oj € C}j=i, 2 ,... satisfies the restriction the operations |a) + \b) = col(ai + 61,02 + 62 ,...), 

a |a) = col(Q;ai, 002 ,...), and (a| 6 ) = '^j^j- 

Most of the previous definitions are directly generalized to Hilbert spaces by taking d ^ 00 (dual space, represen¬ 
tations, operators,...). However, there is one crucial property of self-adjoint operators which doesn’t hold in this case: 
its eigenvectors may not form an orthonormal basis of the Hilbert space. The remainder of this section is devoted to 
deal with this problem. 

Just as in finite dimension, given an infinite-dimensional Hilbert space H, we say that one of its vectors |d) is an 
eigenvector of the self-adjoint operator H if H\d) = 6\d), where d G C is called its associated eigenvalue. Nevertheless, 
it can happen in infinite-dimensional spaces that some vector |c) not contained in jf. also satisfies the condition 

^ An example of infinite-dimensional complex Hilbert space consists in the vector space formed by the complex functions of real variable, 

I/) = / {^) with X £ R, with integrable square, that is 

[ dx\f (x) p < 00 , (A.14) 

Jm 

with the inner product 


This Hilbert space is known as the (x) space. 


(9l/> = [ dxg* {x)f{x). 
Jm 


(A.15) 
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H\c) = x|c), in which case we call it a generalized eigenvector^ being x it® generalized eigenvalu^. The set of all the 
eigenvalues of the self-adjoint operator is called its discrete (or point) spectrum and is a countable set, while the set 
of all its generalized eigenvalues is called its continuous spectrum and is uncountable, that is, forms a continuous set 
[MS] (see also fTM| l. 

In quantum optics we find two extreme cases: either the observable, say H, has a pure discrete spectrum 
or the observable, say X, has a pure continuous spectrum {a;}a;gR. It can be shown that in the first 
case the eigenvectors of the observable form an orthonormal basis of the Hilbert space, so that we can build a resolu¬ 
tion of the identity as / = l^i) proceed along the lines of the previous sections. 

In the second case, the set of generalized eigenvectors cannot form a basis of the Hilbert space in the strict sense, 
as they do not form a countable set and do not even belong to the Hilbert space. Fortunately, there are still ways to 
treat the generalized eigenvectors of X ‘as if’ they were a basis of the Hilbert space. The idea was introduced by Dirac 
m, who realized that normalizing the generalized eigenvectors a^ {x\y) = 6 {x — y), one can define the following 
integral operator 

f dx\x) {x\ = Ic, (A.19) 

Jr 

which acts as the identity onto the generalized eigenvectors, that is, Ic\x) = |a;); it is then assumed that Ic coincides 
with the identity in "H, so that any other vector |a) or operator L in the Hilbert space can be expanded as 


|a) = / dia (a;) |a;) and ^ = / dxdyL {x,y) \x) {y\ (A.20) 

Jr dR2 

where the elements a{x) = (xja) and L(x,y) = {x\L\y) of this continuous representations form complex functions 
defined in R and respectively. From now on, we will call continuous basis to the set {|a;)} 2 ,gR. 

Dirac introduced this continuous representations as a ‘limit to the continuum’ of the countable case; even though 
this approach was very intuitive, it lacked of mathematical rigor. Some decades after Dirac’s proposal, Gel’fand showed 
how to generalize the concept of Hilbert space to include these generalized representations in full mathematical rigor 
m- The generalized spaces are called rigged Hilbert spaces (in which the algebra of Hilbert spaces joins forces 
with the theory of continuous probability distributions), and working on them it is possible to show that given any 
self-adjoint operator, one can use its eigenvectors and generalized eigenvectors to expand any vector of the Hilbert 
space. 

Note finally that given two vectors |a) and |6) of the Hilbert space, and a continuous basis {|a^)},j,gR, we can use 
their generalized representations to write their inner product as 


{a\b) = ( dxa*{x)b{x). 

Jr 


(A.2I) 


It is also easily proved that the trace of any operator L can be evaluated from its continuous representation on 
as 



dxL (x, x). 


(A.22) 


This has important consequences for the properties of density operators, say p for the discussion which follows. We 
explained at the end of the last section that when represented on an orthonormal basis of the Hilbert space, its 
diagonal elements (which are real owed to its self-adjointness) can be seen as a probability distribution, because they 
satisfy Pn — ^ Pjj — ^ 'J J- Similarly, because of its unit trace and positivity, the diagonal elements of its 
continuous representation satisfy J^dxp{x,x) = 1 and p{x,x) > 0 V x, and hence, the real function p{x,x) can be 
seen as a probability density function. 


® In f? (x) we have two simple examples of self-adjoint operators with eigenvectors not contained in (x): the so-called X and P, 
which, given an arbitrary vector |/) = / (x), act as X\f) = xf (x) and P|/) = —idf/dx, respectively. This is simple to see, as the equations 

r:fx (x) = Xfx (x) and - i^/p (x) = Pfp (x) , (A. 16) 

dx 

have 

fx (x:) = S (x — X) and fp (x) = exp (iPx) , (A.17) 

as solutions, which are not square-integrable, and hence do not belong to (x). 

® This S (x) function the so-called Dirac-delta distribution which is defined by the conditions 




1 

0 


if y 6 [a:i,X 2 ] 

if y ^ [3:1,3:2] 


(A.18) 
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A.2.4 Composite Hilbert spaces 

In many moments of this thesis, we find the need associate a Hilbert space to a composite system, the Hilbert spaces 
of whose parts we now. In this section we show how to build a Hilbert space TL starting from a set of Hilbert spaces 

Let us start with only two Hilbert spaces 'Ha and Hb with dimensions (Ia and ds, respectively (which might be 
infinite); the generalization to an arbitrary number of Hilbert spaces is straightforward. Consider a vector space V 
with dimension dim(V) = d-A x ds- We define a map called the tensor product which associates to any pair of vectors 
|a) G Ha and \b) G Hb a vector in V which we denote by |a) 0 \b) G V. This tensor product must satisfy the following 
properties: 

1 . (|a) + | 6 )) 0 |c) = |a) 0 |c) + \b) 0 |c). 

2 . |a) 0 (| 6 ) + |c)) = |a) 0 | 6 ) + |a) 0 |c). 

3. (ala)) 0 1^) = |a) 0 (a|fe)). 

If we endorse the vector space V with the inner product (|a) 0 | 6 ), |c) 0 |d)) = (a|c)( 6 |d), it is easy to show it becomes 
a Hilbert space, which in the following will be denoted by 'H = Ha 0 Hb- Given the bases Ea = {\ef)}j=i^2,...,dA 
and Eb = {|e^)}j=i,2,...,dB of th® Hilbert spaces Ha and Hb, respectively, a basis of the tensor product Hilbert space 
Ha 0 Hb can be built as E = Ea 0 Eb = {\^f) ® |cf)}/=i’ 2 ’ ('^ote that the notation in the first equality is 

symbolical). 

We will use a more economic notation for the tensor product, namely |a) 0 \b) = |a, 6 ), except when the explicit 
tensor product symbol is needed for any reason. With this notation the basis of the tensor product Hilbert space is 
written as E = {\ef, 

The tensor product also maps operators acting on Ha and Hb to operators acting on H. Given two operators 
La and Lb acting on Ha and Hb, the tensor product operator L = La 0 Lb is defined in H as that satisfying 
L|a, b) = (L^la)) 0 (Lb| 6 )) for any pair of vectors |a) G Ha and \b) G Hb- When explicit subindices making reference 
to the Hilbert space on which operators act on are used, so that there is no room for confusion, we will use the shorter 
notations La ® Lb = LaLb, La 0 / = La, and I ® Lb = Lb- 

Note that the tensor product preserves the properties of the operators; for example, given two self-adjoint operators 
Ha and Hb, unitary operators Ua and Ub, or density operators pA and pB, the operators Ha 0 Hb, Ua 0 Ub, and 
Pa 0 Pb are self-adjoint, unitary, and a density operator in H, respectively. Note that this doesn’t mean that any 
self-adjoint, unitary, or density operator acting on H can be written in a simple tensor product form La ® Lb- 

A.3 The laws of quantum mechanics 

A.3.1 A brief historical introduction 

By the end of the XIX century there was a great feeling of security among the physics community: analytical mechanics 
(together with statistical mechanics) and Maxwell’s electromagnetism, (in the following classical physics altogether) 
seem to explain the whole range of physical phenomena that one could observe, and hence, in a sense, the foundations of 
physics were completed. There were, however, a couple of experimental observations which lacked explanation within 
this ‘definitive’ framework, which actually lead to the construction of a whole new way of understanding physical 
phenomena: quantum mechanics. 

Among these experimental evidences, the shape of the spectrum of the radiation emitted by a black body, the 
photoelectric effect which showed that only light exceeding some frequency can release electrons from a metal irre¬ 
spective of its intensity, and the discrete set of spectral lines of hydrogen, were the principal triggers of the revolution 
to come in the first quarter of the XX century. The first two lead Planck and Einstein to suggest that electromagnetic 
energy is not continuous but divided in small packages of energy fun (a; being the frequency of the radiation), while 
Bohr succeed in explaining the latter by assuming that the electron orbiting the nucleus can occupy only a discrete 
set of orbits with angular momenta proportional to H. The constant h = /i/27r ^ • s, where h is now known as 

the Planck constant, appeared in both cases as somehow the ‘quantization unit’, the value separating the quantized 
values that energy or angular momentum are able to take. 

Even though the physicists of the time tried to understand this quantization of the physical magnitudes within 
the framework of classical physics, it was soon realized that it would need a complete new theory to do it. The first 
attempts to build such a theory (which actually worked for some particular scenarios) were based on applying ad-hoc 
quantization rules to various mechanical variables of systems, but with a complete lack of physical interpretation for 
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such rules |TM) . However, between 1925 and 1927 the first real formulations of the needed theory were developed: the 
wave mechanics of Schrddinger |170j and the matrix mechanics of Heisenberg, Born and Jordan [1711117211173] (see 
[169] for English translations), which received also independent contributions by Dirac [174] . Even though in both 
theories the quantization of various observable quantities appeared naturally and in correspondence with experiments, 
they seem completely different, at least until Schrddinger showed the equivalence between them both. 

The new theory was later formalized mathematically using vector spaces by Dirac [167] (though not very rigorously), 
and a little after by von Neumann with full mathematical rigor using Hilbert spaces [I75]([IZS] for an English version); 
they developed the laws of quantum mechanics basically as we know it now [17711178111791118011181] . 

A.3.2 The axioms of quantum mechanics 

In this section we will introduce the basic postulates which describe how quantum mechanics treats physical systems. 
Being the basic blocks that build the theory, these axioms cannot be proved] they can only be formulated following 
plausibility arguments based on the observation of physical phenomena and the connection of the theory with previous 
theories which are known to work in some limit. We will try to motivate (and justify to a point) these axioms as much 
as possible. 

Along these lines, the experimental evidence for the tendency of observable physical quantities to be quantized at 
the microscopic level motivates the first axiom: 

Axiom I. [Any physical observable quantity A corresponds to a self-adjoint operator A acting on an abstract 
Hilbert space; after a measurement of A, the only possible outcomes are the eigenvalues of A.J 

The quantization of physical observables is therefore directly introduced in the theory by this postulate. Note 
that it doesn’t say anything about the dimension d of the Hilbert space corresponding to a given observable, and it 
even leaves open the possibility of observables having a continuous spectrum, not a discrete one. The problem of how 
to make the proper correspondence between observables and self-adjoint operators will be addressed in an axiom to 
come. 

In the following we will use the name ‘observable’ for both the physical quantity A and its associated self-adjoint 
operator A indistinctly. Observables having pure discrete spectrum or pure continuous spectrum will be referred to 
as countable and continuous observables, respectively. 

Now we introduce the second axiom. It follows from the following question: the eigenvalues of an observable are 
the only values that can appear when measuring it, but what about the statistics of such a measurement? We know 
a class of operators in Hilbert spaces which act as probability distributions for the eigenvalues of any self-adjoint 
operator, density operators. This motivates the second axiom: 

Axiom II. [The state of the system is completely specified by a density operator p. When measuring an observable 
A having a complete orthonormal set of eigenvectors {\aj)}j^^ ^ d ('^ might be infinite), it is associated to the possible 
outcomes {uj} 2 d ^ probability distribution {pj = pjj'\ 2 d ’^hich determines the statistics of the experiment. 

Similarly, when measuring an observable X having a complete set of generalized continuous eigenvectors {|a;)} 2 ;gRj 
the probability density function P [x) = p (x, x) is associated to the possible outcomes {x}a;GR in the experiment.) 

This postulate has deep consequences that we analyze now. Contrary to classical mechanics (and intuition), even 
if the system is in a fixed state, the value of an observable is in general not well defined; we can only specify with what 
probability a given value of the observable will come out in a measurement. Hence, this axiom proposes a change of 
paradigm, determinism must be abandoned: theory is no longer able to predict with certainty the outcome of a single 
experiment in which an observable is measured, but rather gives the statistics that will be extracted after a large 
number of such experiments. 

To be fair, there is a case in which the theory allows us to predict the outcome of the measurement of an observable 
with certainty: When the system is prepared such that its state is an eigenvector of the observable. This seems much 
like when in classical mechanics the system is prepared with a given value of its observables. One can show however 
that it is impossible to find a common eigenvector to all the available observables of a system, and hence the difference 
between classical and quantum mechanics is that in the later it is impossible to prepare the system in a state which 
would allow us to predict with certainty the outcome of a measurement of each of its observables. Let us try to 
elaborate on this in a more rigorous fashion. 

Let us define the expectation value of a given operator B as 

{B) = tr{pH}. 


(A.23) 
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In the case of a countable observable A or a continuous observable X, this expectation value can be written in their 
own eigenbases as 

('-\-00 

(A.24) 
t=i 


d- r-\-oo 

Pjjttj and {X) = / dxp{x,x) X, 

„•_ 1 ^ —OO 


which correspond to the mean value of the outcomes registered in large number of measurements of the observables. We 
define also the variance of the observable as the expectation value of the square of its fluctuation operator 5A = A— {A ), 
that is, 

V{A) = tr {p(di)2} = (i^) _ (A.25) 

from which we obtain the standard deviation or uncertainty as A A = V which measures how much the outcomes 

of the experiment deviate from the mean, and hence, somehow specifies how ‘well defined’ is the value of the observable 

A. 

Note that the probability of obtaining the outcome Oj when measuring A can be written as the expectation value 
of the projection operator = \aj){aj\, that is pj = (P^)- Similarly, the probability density function associated to 
the possible outcomes {a;}a,gR when measuring X can be written as P (x) = (Px), where P^ = |a;)(x|. 

Having written all these objects (probabilities, expectation values, and variances) in terms of traces is really 
important, as traces can be evaluated in any basis we want to work with, see Section lA. 2. 21 

These axioms have one further unintuitive consequence. It is possible to prove that irrespective of the state of the 
system, the following relation between the variances of two non-commuting observables A and B is satisfied: 


AAAi?>i|([A,B])|. 


(A.26) 


According to this inequality, known as the uncertainty principle (which was first derived by Heisenberg), the only 
way in which the observable A can be perfectly defined (AA —>■ 0) is by making completely undefined observable B 
{AB —>■ oo), or vice-versa. Hence, in the quantum formalism one cannot, in general, build a state of the system such 
that all its observables are well defined, what is completely opposite to our everyday experience. This property of 
quantum mechanics will play a major role in this thesis. 

Before going to the third axiom, let us comment one last thing. When the state of the system is given by a pure 
density operator p = we say that the system is in a pure state \ip) (if the density operator is mixed we then 

say that the system is in a mixed state). In this case, the expectation value of an operator B takes the simple form 
{'iplBl'ip). Moreover, the pure state can be expanded in the countable and continuous bases of the observables A and 
X as 

d /*+oo 

IV') = kt) and IV') = / dxtp (x) |a:), (A.27) 

j=i 

respectively, being ipj = {aflij)) and ip (x) = {x\ip). In this case, the probability distribution for the discrete outcomes 
2 d aad the probability density function for the continuous outcomes {x}xeT> are given by {pj = \'ipj\‘^}j^i 2 d 
and P (x) = \ip{x)\‘^, respectively. 

The introduction of the third axiom is motivated by the following fact. The class of self-adjoint operators forms 
a real vector space with respect to the addition of operators and the multiplication of an operator by a real number. 
Using the commutator we can also build an operation which takes two self-adjoint operators A and B to generate 
another self-adjoint operator C = i[A,H], which in addition satisfies all the properties required by a Lie product. 
Hence, even if classical and quantum theories seem fundamentally different, it seems that observables are treated 
similarly within their corresponding mathematical frameworks: They are elements of a Lie algebra. 

On the other hand, we saw that the generalized coordinates and momenta have a particular mathematical structure 
in the Hamiltonian formalism, they are the generators of the Heisenberg group. It seems then quite reasonable to ask 
for the same in the quantum theory, so that at least in what concerns to observables both theories are equivalent. 
This motivates the third axiom: 


Axiom III. I"Consider a physical system described classically within a Hamiltonian formalism by a set of general¬ 
ized coordinates q = and momenta p = {Pj}^^i', within the quantum formalism, the corresponding observables 

Q ~ P = satisfy the commutation relations 


[qj,Pi] = ihSji and [qj,m] = [Pj^Pi] = O.J 


(A.28) 
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The constant h is included because, while the Poisson bracket {qj^pi} has no units, the commutator has 

units of action; that the proper constant is h is seen only once the theory is compared with experiments. 

We can now discuss how to build the self-adjoint operator corresponding to a given observable. Suppose that in the 
Hamiltonian formalism the observable A is represented by the phase space function A (q, p) . It seems quite natural 
to use then A (q, p) as the corresponding quantum operator; however, this correspondence faces a lot of troubles 
derived from the fact that while coordinates and momenta commute in classical mechanics, they do not in quantum 
mechanics. For example, given the classical observable A = qp = pq, we could be tempted to assign it any of the 
quantum operators Ai = qp or A 2 = pq\ these two operators are different and they are not even self-adjoint, and hence, 
cannot represent observables. One possible solution to this problem, at least for observables with a series expansion, is 
to always symmetrize the classical expressions with respect to coordinates and momenta, so that the resulting operator 
is self-adjoint. Applied to our previous example, we should take A = (pq + qp)/2 according to this rule. This simple 
procedure leads to the correct results most of the times, and when it fails (for example, if the classical observable 
doesn’t have a series expansion) it was proved by Groenewold |182) that it is possible to make a faithful systematic 
correspondence between classical observables and self-adjoint operators by using more sophisticated correspondence 
rules. 

Of course, when the observable corresponds to a degree of freedom which is not defined in a classical context (like 
spin), it must be built from scratch based on observations and first principles. Nevertheless, we won’t be working with 
observables having no classical analog in this thesis. 

Note that the commutation relations between coordinates and momenta makes them satisfy the uncertainty relation 
AqAp > h/2, and hence if one of them is well defined in the system, the other must have statistics very spread around 
the mean. We will examine this relation in depth when studying the harmonic oscillator in the next section. 

The three previous axioms have served to define the mathematical structure of the theory and its relation to 
physical systems. We haven’t said anything yet about how quantum mechanics treats the evolution of the system. 
Just as with the last axiom, it feels pretty reasonable to keep the analogy with the Hamiltonian formalism, a motivation 
which comes also from the fact that, as stated, quantum mechanics must converge to classical mechanics in some limit. 
In the Hamiltonian formalism, observables evolve according to (EH), so that making the correspondence between the 
classical and quantum Lie products as in the third axiom, we enunciate the fourth axiom (for simplicity, we assume 
no explicit time dependence of observables): 

Axiom IV. [The evolution of an observable A is given by 

d A 

iA^ = [A,iJ], (A.29) 

which is known as the Heisenberg equation, and where H is the self-adjoint operator corresponding to the Hamiltonian 
of the system.) 

For the case of a time-independent Hamiltonian, this evolution equation admits the explicit solution 

A {t) = t/^ (t) A (0) U (t), being U {t) = exp[Ht/iti], (A.30) 

a unitary operator called the evolution operator. For time-dependent Hamiltonians it is still possible to solve explicitly 
the Heisenberg equation, but we won’t worry about this case, as it won’t appear throughout the thesis. 

Note that within this formalism the state p of the system is fixed in time, the observables are the ones which 
evolve. On the other hand, we have seen that on what concerns to observations (experiments), only expectation values 
of operators are relevant, and for an observable A at time t, this can be written as 

(i (t)) = tr{/3i {t)} = tr{H (t) plT^ {t) A (0)}, (A.31) 

where in the last equality we have used the cyclic property of the trace. This expression shows that, instead of treating 
the observable as the evolving operator, we can define a new state at time t given by 

pit) = Uit)p{0)UHt), (A.32) 

while keeping fixed the operator. In differential form, this expression reads 


(A.33) 
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which is known as the von Neumann equation. When the system is in a pure state \'ip), the following evolution equation 
is derived for the state vector itself 

(A.34) 

which is known as the Schrodinger equation, from which the state at time t is found as \tjj (t)) = U (t) \^p (0)). 

Therefore, we have two different but equivalent evolution formalisms. In one, which we shall call Heisenberg picture, 
the state of the system is fixed, while observables evolve according to the Heisenberg equation. In the other, which we 
will denote by Schrodinger picture, observables are fixed, while states evolve according to the von Neumann equation. 

We can even define intermediate pictures in which both the state and the observables evolve, the so-called inter¬ 
action pictures. To show how this is done, let us denote by As and ps (t), an observable and the state of the system 
in the Schrodinger picture. 

Suppose that we are in the Schrodinger picture, so that the expectation value of an observable A is written as 
tr{;Os(t)As}, and want to go to a new picture in which both the state and the operator evolve; all we need to do 
is define a unitary operator Uc = exp>[Hct/ih], with He some self-adjoint operator, and then a transformed state 
Pi = U^psUc and a transformed observable Ai = U^AsUc. This transformation leaves invariant the expectation value, 
which can be evaluated as trjpi (t) Ai (t)}, but now the evolution equations of the state and the observable read 

ih^ = [Hi,pi] and = [Ai, He], (A.35) 

so that within this new picture states evolve according to the interaction Hamiltonian Hi = U^HUe — He, while 
observables evolve according to the transformation Hamiltonian He. 

The last axiom specifies how the theory accommodates dealing with composite systems within its mathematical 
framework. Of course, a composition of two systems is itself another system subject to the laws of quantum mechanics; 
the question is how can we build it. 

Axiom V. [Consider two systems A and B with associated Hilbert spaces TLa and TLb', then, the state of the 
composite system pab as well as its observables act onto the tensor product Hilbert space Hab = Ha ® 'Hb-J 

This axiom has the following consequence. Imagine that the systems A and B interact during some time in such a 
way that they cannot be described anymore by independent states pA and pB acting on Ha and Hb, respectively, but 
by a state pab acting on the joint space Hab- After the interaction, system B is kept isolated of any other system, 
but system A is given to an observer, who is therefore able to measure observables defined in Ha only, and might 
not even know that system A is part of a larger system. The question is, is it possible to reproduce the statistics of 
the measurements performed on system A with some state pA defined in Ha only? This question has a positive and 
unique answer: this state is given by the reduced density operator pA = Hb{pab}, that is, by performing the partial 
trace respect system’s B subspace onto the joint state. 

These five axioms (together with the definitions of the previous sections) define quantum mechanics as we use it 
throughout the thesis. 

We would like to note finally, that in most of the textbooks about quantum mechanics one can find two more 
axioms. The first one refers to how multi-particle states have to be built: For indistinguishable integer (half-integer) 
spin particles the state must be symmetric (antisymmetric) with respect to the permutation of any two particles; we 
haven’t incorporated this axiom mainly because we don’t use it. In any case it finds full justification in the context of 
quantum field theory via the spin-statistics theorem, so we do not find it a true foundational axiom 

The second one is more controversial m (see also the Appendix E of [166]): It states that if the value aj is 
observed for observable A in an experiment, then immediately after the measurement the state of the system collapses 
to loj). Even though this axiom leads to predictions in full agreement with observations, it somehow creates an 
inconsistency in the theory because of the following argument. According to Axiom IV the evolution of a closed 
system is reversible (unitary); on the other hand, the collapse axiom states that when the system is put in contact 
with a measurement device and an observable is measured, the state of the system collapses to some other state in a 
non-reversible way. However, coming back to Axiom IV, the whole measurement process could be described reversibly 
by considering, in addition to the system’s particles, the evolution of all the particles forming the measurement device 
(or even the human who is observing the measurement outcome!), and a Hamiltonian for the whole ‘observed system -|- 
measurement device’ system. Hence, it seems that, when including the collapse axiom, quantum mechanics allows for 
two completely different descriptions of the measurement process, one reversible and one irreversible, without giving 
a clear rule for when to apply each. This is the sense in which there is an inconsistency in the theory. 
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There are three main lines of thought regarding to how this inconsistency might be solved. First, there are the 
ones who believe that the collapse is real, and that, even though we still don’t know it, there exists a rule explaining 
under which circumstances one has to apply unitary evolution or the collapse of the state. The second line of thought 
suggests that the collapse should be derivable from unitary evolution according with some procedure yet to be devised; 
for example, when the density of particles in the system exceeds some value, one cannot expect to track the reversible 
evolution of each single particle, and this “missing information” could give rise to the irreversible collapse. A third 
possible approach states that the collapse is just an operationally convenient way of describing measurements, but 
it is far from real; instead, the measurement is described as a joint unitary transformation onto the system and the 
measurement apparatus, leading to a final entangled state of these in which the eigenstates of the system’s observable 
are in one-to-one correspondence with a set of macroscopic states of the measurement device m- 

Real or not real, the collapse postulate offers the easiest successful way of analyzing schemes involving measure¬ 
ments, and hence we apply it when needed. Nevertheless, during practically all the thesis we consider only measure¬ 
ments in which the observed system is destroyed after its observation, the so-called destructive measurements, so we 
won’t need to worry about the state of the system after the measurement. 




B. LINEAR STOCHASTIC EQUATIONS WITH ADDITIVE NOISE 


In this Appendix we explain how to deal with one of the most simple examples of an stochastic equation: A one- 
variable linear equation with additive noise. This type of equation appears all along the thesis, see equations (j6.74p 
and (16.1051) for example, which indeed match the general form 

c = —Ac + r77(r), (B.l) 

where c(t) is the stochastic variable, A is a positive real parameter, T might be complex, and rjir) is a real noise with 
zero mean and two-time correlation {'>l{T)irj{T')) = 5{t — t'). 

The solution of the equation is readily found by making the variable change z (r) = c (r) exp (Ar), what leads to 
i (r) = r exp (Ar) rjir), and hence to 


c(t) 


c(0)e-^^ +r 


[ dTiT] {ti) 

Jo 


(B.2) 


or in the r ^ A ^ limit ^ 

c(T)=r f driT] (ti) (B.3) 

Jo 

Note that in this limit the solution does not depend on its initial value, and hence we can expect the process to be 
stationary in this limit [20) . 

The stochastic variable c(t) has then zero mean in the stationary limit, that is, (c (r ^ = 0- On the other 

hand, the two-time correlation function of c(r) can be written for r ^ A“^ as 


(c(r)c(T')) =Ue-^("+"') /"dn r dT2<5(Ti-r 2 )e^Oi+T 2 )^ (B4) 

Jo Jo 

Considering separately the cases t' > t and t' < r, this integral is easily carried out, yielding (again in the limit 
T » A"i) 

(c(r)c(T')) = ^e-^l-'--l, (B.5) 

where we see that this function depends only on the time difference \t' — r|, and hence c(t) arrives indeed to a 
stationary state for large enough times [5D] (it is invariant under changes of the time origin). 

The quantity we are usually interested in is the correlation spectrum of c(r), which is finally evaluated in the 
stationary limit as the integral 


c{n) = 


f+00 


dr'e {c{t) c{t + t')) = 


^2 r 


2A 


^+oo ^0 


A2 + f22 


(B.6) 


We make extensive use of this last result all along the thesis. 
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B. Linear stochastic equations with additive noise 



C. LINEARIZATION OF THE TWO-TRANSVERSE-MODE DOPO LANGEVIN EQUATIONS 


Following the linearization procedure we explained in 17.2.21 leads not to Eq. (17.3611 directly, but to the following one 

i (^b - 2pwo) 0 + b ==£b + gK. {6) C (r), (C.l) 


where 


/C (0 = diag (e‘^ e-‘^ e-‘^ e‘®) , 
5 = diag (- 1 , 1 , 1 ,- 1 ), 


and the rest of vectors and symbols were defined in the corresponding section. Note that the differences between this 
system of equations and the one used throughout the thesis (17.361) are the matrix K. (0) and the iQbO term. The latter 
is of order g^ (as the b’s and 9 are of order g), and hence it can be simply removed within the linearized theory. 

Understanding why K, (9) can be removed from the linearized equations is a little more involved. Projecting these 
equations onto the eigensystem of C (I7.39|) and defining the vector c = col (0, ci, C 2 , C 3 ) leads to the following system 
of equations (remember that we set cq = 0) 


c = —Ac + gBTZ [9) r] (t) 


(C.2) 


with 


A = 2 diag (0,1, cr — 1, ct) , 

B = diag(l/ 2 p,i, 1 , 1 ), 

7^(0) =7^l,3 (G7^2.4(-G, 

being TZij (9) the two-dimensional rotation matrix of angle 9 acting on the i — j subspace, and where the components 
of vector J 7 (r) are real, independent noises satisfying the usual statistical properties (12.821) . Now, we will prove that 
this system, and the same with TZ{9 = 0) are equivalent within the linearized theory, and hence (1C. II) and (17.361) are 
equivalent too. 

To show this, we just write the Fokker-Planck equation (12.801) corresponding to this stochastic system (which we 
remind is in Stratonovich form), whose drift vector and diffusion matrix are found to be 

A = Ac+|-col(0,0,1,0), (C.3) 

and 

V = g^BB^, (C.4) 

respectively. Note that in the last equation we have used that TZ {9) is an orthogonal matrix. 

The proof is completed by writing the stochastic system corresponding to this Fokker-Planck equation up to the 
linear order in g, which reads 

c = — Ac-I-(r), (C-5) 

corresponding to (1C.21) with TZ[9 = Q) as we wanted to prove. 

Hence, removing K. {9) and neglecting the iQh9 term from (1C. II) doesn’t change its equivalent Fokker-Planck 
equation within the linearized description, and thus equation (17.361) must lead to the same predictions as (1C. II) . 
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C. Linearization of the 2tmDOPO Langevin equations 



D. CORRELATION FUNCTIONS OF cos 6'(r) AND sin 6'(r) 


In this appendix we evaluate the correlation functions S' (ri, T 2 ) = (sin0 (ti) sind (T 2 )) and C (n, T 2 ) = (cosd (ti) cos 9 [j^)) 
starting from 

0[t) = ^/D f dr'rjo {r') , (D.l) 

which is found by integrating equation (l7.40aL and assuming that 0(0) = 0 at any stochastic realization, as explained 
in the main text. 

The correlation functions are easy to find by noticing that, as tjqIt) is a Gaussian noise, 0(r) is a Gaussian variable, 
that is, all its moments are determined from the first and second ones. Under these conditions, it is straightforward 
to show (for example by performing a series expansion) that the following property holds 

(D.2) 

or, as the combinations 9{ti) ± 6 {t 2 ) are also Gaussian variables, 


±i[e(Ti)±e(r2)]\ ^ „-{lS{'ri)±S{r2)f)p/'^ 


Now, given that 


we get 


{0{ti)9{t2))p = D f dr [ dr'8 {t — t') = DTaai{Ti,T 2 ), 
JO Jo 

{[9{ti) ± 9{T2)f'^ = D[ti+ T 2 ± 2min(Ti,r2)], 


and finally 

,S(ri,T 2 ) = (sin0(ri)sin0(T2)) = - J 


c.c. = e 2 


(D.3) 

(D.4) 

(D.5) 


' sinh[Z? min(Ti, r 2 )], 
(D.6) 


and 


^ + c.c. = e ?Ti+'r 2 ) 

(D.7) 


C(ri,T2) = (Sind (n) Sind (t2)) = \ + 1 


,i[6l(Ti)-e(T2)] 
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D. Correlation functions of cos 9{t) and sin0(r) 



E. DETAILS ABOUT THE NUMERICAL SIMULATION OF THE 
TWO-TRANSVERSE-MODE DOPO EQUATIONS 


In this appendix we want to briefly summarize the details concerning the numerical simulation of the Langevin 
equations (17.261) which model the 2tmDOPO. 

The first important property of these equations is that, irrespective of the initial conditions, the amplitudes 
corresponding to opposite orbital angular momentum modes become complex-conjugate after a short transitory time, 
i.e., ^ Hence, if the initial conditions are chosen so this property is already satisfied, we 

can be sure that these amplitudes will remain complex-conjugate during the evolution. In particular, we have chosen 
the above threshold stationary solution (17.3111 with 6 = 0 as the initial condition. Under these conditions, the 6 
Langevin equations (17.2611 get reduced to the following 4 (which we write in matrix form): 


with 


/3 = A{f3)+B{(3)-C{r), 





{ ^ \ 

/3 = 

/3+1 

> C (t) = 

0 

C (t) 






/ a- Po- \P+if \ 

. . O 


A(/3) = 


CT- 

—/?+! + Po [P+li 


V -/3ii + /3o+/3;i / 

B{f3) = g diag ( 0,0, 


(E.l) 


(E.2) 


In order to solve numerically these equations we use the semi-implicit algorithm developed in [144] . This algorithm 
is a finite-differences based method in which the total integration time Tend (the integration is supposed to begin 
always at t = 0) is divided in N segments, creating hence a lattice of times ^ ^ separated by time steps 

At = Tend/N. Then, a recursive algorithm starts in which the amplitudes at time t„, say are found from the 
amplitudes /3"“^ at an earlier time t„_i from 

pn ^ ^n-1 ^ ^ g ^ ^ (g 3) 


where /3" is an approximation to the amplitudes at the mid-point between t„_i and t„ (hence the name “semi- 
implicit” for the algorithm) and the components of W" are independent discrete noises with null mean and 
satisfying the correlations 

(H7, [WJ:]*) = ArSmnSjk. (E.4) 

The mid-point approximation is found from the following iterative algorithm 


^n.p ^ i^n-1 1 + B 


• W’’ 


(E.5) 


where f3"’^ =f3'^ being p the iteration index (two iterations are carried in all our simulations), while the discrete 
noises can be simulated at any step as m 


= \/a7 [r {zj, z'j) + ir (y^, 2/Q] , 


(E.6) 


with 


r (z, z') = \/ — log 2 : cos (2712:') , 


(E.7) 
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E. Details about the numerical simulation of the 2tmDOPO equations 


being Zj, z', yj and j/' independent random numbers uniformly distributed along the interval [0,1]. 

This algorithm allows us to simulate one stochastic trajectory. Then, by repeating it E times, the stochastic 
average of any function can be approximated by the arithmetic mean of its values evaluated at the different stochastic 
trajectories. 
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